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Presentation Plan 

ÅOutline of the general mathematical model 
 

ÅThree applications of biological interest 
 

ÅRecent advances and perspectives 

Concrete at early age 

Tumor growth 

General conclusions 

ÅOutline of the general mathematical model 
 

ÅRelevant hydration-dependent constitutive relationships 
 

ÅApplications: massive structures and repairs 



Thin structures Massive structures 

TCM models 

é...... 
Other concrete 

structures 

HCM models 

Assumptions unidirectional coupling THCŸM: 

Å partial saturation 

Å small displacements and small crack opening 
 

Peculiarities of the model 
 

Å Effect of age on the desorption isotherm and 

Biotôs coefficient 

Å Autogenous and drying shrinkage computed in 

a unified way 

Å Mechanical damage coupled with creep 

Å 3D implementation in Cast3M that simplifies 

model exploitation 

MECHANICAL part

Equation 9. 
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THC part

Equations 6, 7, 8. 
THC part 

Mechanical part 

THCM 

Background:  

Gawin D., Pesavento F., Schrefler B. (2006)  

Benboudjema F. and Torrenti J-M (2008) 



Concrete is treated as a porous solid and 

porosity is denoted by Ů, so that the volume 

fraction occupied by the solid skeleton is 

Ůs=1- Ů.  

The rest of the volume is occupied by the 

liquid water (Ůl); and the gaseous phase (Ůg).  

ωAnhydrous cement: Cs 

ωAggregates: As 

ωHydrates: Hs 

1 Solid phase s:  

ωLiquid water   1 Liquid phase l: 

ωWater vapour: Wg 

ωDry air: Ag 
1 Gaseous phase g:  

The MULTIPHASE system 
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Anhydrous cement: 

Aggregates: 

Hydration products: 
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Summing the previous three equations gives:  

Cement paste 

6 

Intra-phase exchange of mass 

Intra-phase exchange of mass 

Inter-phase  exchange of mass 

Mass balance equations: SOLID PHASE [ s ] 



Mass balance equations: LIQUID PHASE [ l ] 
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Vapour water: 

Dry air: 
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Summing the previous two 

equations gives:  
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Mass balance equations: GAZEOUS PHASE [ g ] 
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Governing equations 

Water (liquid + vapour): 

Dry air 

ENTHALPY BALANCE EQUATION: 

MASS BALANCE EQUATIONS: 

LINEAR MOMENTUM BALANCE EQUATION: 0
t t
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Arrhenius type law with the rate of hydration is a function of: 

Å Hydration degree 

Å relative humidity 

Å temperature () ()
exp a

ũ h

Edũ
A ɓ

dt RT

å õ
= -æ ö

ç ÷

with:     A(ɻ)     chemical affinity 

             ɓ(h)       function of relative humidity [0 ï 1] 

             Ea       activation energy 

Degree of reaction 

(hydration advancement) ()

hydr
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m
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With:               chemically combined water mass at time t 
 

                        chemically combined water mass at time t = Ð 

hydr

tm )(

hydrm¤
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The hydration model 



T.C. Power model  (Enhanced by Jensen and Hansen to account silica fume, 2001) 

Hydration degree 

and LeChatelier contraction 
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w, c and s are respectively the masses of water, cement and silica fume present in a cubic 

meter of concrete.  
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Cement paste 
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Å Porosity function 

Å Self-desiccation 

Å Autogenous shrinkage 
obtained from stochiometry 

Volume fractions of phases during hydration 



Hydration-dependent desorption isotherm 

ɼ=0.8 

Pore radius 
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Experimental results for w/c impact Porosity evolution 

Baroghel-Bouny et al. (1999) 

Van Genuchten (readapted): 
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Parallelism Laplaceôs equation 



Visco-elastic damageable model 

() ()( )cl st re hhG G
= = - - -E E e et e e e
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Shrinkage computed 
consistently with the effective 
stress principle of porous 
media mechanics. 

      is the effective stress 
(in the sense of damage 
mechanics): 

t
t t
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Anhydrous grain 

Hydration 

shell 

Cement Paste

Capillary pore

pl
pg

Hydrated grain 
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Effective stress  
in the sense of porous media mechanics 

.ƛƻǘΩǎ coefficient       

‌ ρ ὑ ὑϳ  
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*This law is used for Youngôs modulus, tensile strength and 

fracture energy. 

 ( a )  ( b ) 

Mechanical properties vs hydration degree 



0                       10-4 2·10-4

Strain [ - ]

Stress 

[ MPa]

4

3

2

1
gft

ft

ft

c

G
g

l
=

Regularization 

2

2

t
t c

t
ft c

f
B l

f
G l

E

=

-

fracture energy 

finite element 

characteristic length 

0

20

1 N

2 m
ft t

t

e
g tde f

B

¤

=
å õ è ø

= +æ ö é ù
ê úç ÷

ñ

Tensile branch of the t-e relationship (J. Mazars) 

The damage model 
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Max crack width: 

(a): 118 ɛm 

(b): 125 ɛm 

(c): 127 ɛm 

The damage model 

Four points bending test 

(a) (b) 

(c) 



RG8: Large specimen with restrained shrinkage 

 
DESCRIPTION OF THE TEST 

The longitudinal strains of the structure are globally 
restrained by two struts. 
 
-During the first 2 days after the cast, the structure is 
isolated. 
 
  

-Then the isolation and the formwork are removed 
and the structure is conserved during 2 months in 
the environment 
 
 

-Therefore after this two months, the structure is 
submitted to a static bending test.  

*ConCrack (2011) is an international benchmark for Control of Cracking in reinforced concrete structures.  

This benchmark is part of the national French project CEOS (Comportement et Evaluation des Ouvrages Speciaux vis-à-vis de la 

fissuration et du retrait) dedicated to the analysis of the behaviour of special construction works concerning cracking and shrinkage. 17 

ConCrack Benchmark* 

http://www.ceosfr.org/


From the left to the right: image of the structure, finite element mesh of the concrete and of the reinforcement 
bars (a). Adiabatic calorimetry ǘŜǎǘ όōύΦ 9Ǿƻƭǳǘƛƻƴ ƻŦ ǘƘŜ ¸ƻǳƴƎΩǎ ƳƻŘǳƭǳǎ ǿƛǘƘ ǘƛƳŜ όŎύΦ Autogenous (d) and total 
(e) shrinkage tests. Loss of mass test (f). Loss of mass versus drying shrinkage (g). 

ConCrack Benchmark 


