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Simplified methods of analysis  (slide © )

Assumptionsp
Failure is of localized type

St t f il fStress at failure surface

But
What if failure is of diffuse type?

But…

Stress inside failure surface

So?



Finite elements + classical plasticity (Mohr Coulomb)



But…
Data from Lizcano, Herrera & Santamarina (2007)



Types of Failure

Slides: Localized

DiffuseDiffuse

Liquefied
Zone



q q/p’q

Softening (dense sand, drained)

q

p’ p

Softening (OC clay, undrained)

q q/p’q

 p’

/ ’q

Liquefaction (very loose sand, undrained)

q

 

q/p’q
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IIa ConstitutiveIIa. Constitutive
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Tensor representation Vector representation
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Effective Stresses

p   ij ij w ijp  

wp I   

' wm p  

CorrectionCorrection

'' wm p   
SK Vol. Stiffness particles

1 T

s

K
K

   TK Vol. Stiffness skeleton

1  soils



Total Stress Tensor


Eff ti St TEffective  Stress Tensor

'wp I  wp

wp Pore Water Pressure

Hydrostatic and deviatoric components
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Deviatoric stress tensor

ff i d i'p Effective Hydrostatic stress



Invariants
ijStress tensor ij

Eigenvalues and eigenvectors
  d 0I.n n   det 0I  

Characteristic Polynomial
3 2

1 2 3 0P P P     3 2
1 2 3 0P P P     

y

 P t  1

2

ijP tr

P



     



  2

2 2 2

xx yy yy zz zz xx

xy yz zx

P      

  

 

  

 3 det
y y

ijP 

1 2 3, ,P P P Do not depend on reference system



Alternative I
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Hydrostatic and Deviatoric Components

ij ij ijs pI s p     

Alternative II
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Uniaxial test
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1

Hydrostatic axis
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Plane p’-q
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Lode’s Angle
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Failure surfacesFailure surfaces
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Uniaxial Behaviour

D1 F

Uniaxial Behaviour

C1
D1

B1

A
B2

C2 D2 
B2

Yield Stress: B1 Yield Surface: B1 C1 D1 F

Failure Surface: F



Von Mises Surface
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Failure Surface   0ijF  

Example: Von Mises
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Tresca Surface
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q  (Kg/cm2)

21 5 < wf < 22 7%

q ( g )
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Drucker-Prager SurfaceDrucker Prager Surface
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Improvements
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Classical PlasticityClassical Plasticity
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Classical Plasticity

Perfect plasticityp y

 
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Classical Plasticity

  
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Hardening



Classical Plasticity

 

 

Softening



Classical Plasticity

I : Decomposition of strain increment
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Classical Plasticity
II : Yield surface in the stress space
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Necessary elements
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Plastic Modulus
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Hunting of the Yield Surface
(I) Assume f = F
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Yield and Failure Surfaces
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Limiting loads by different meshes
for foundation problemfor foundation problem
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Limiting loads by different meshs
for vertical cut problem
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GeHoMadrid
• Constitutive Models

– Elastoplastic ModelsElastoplastic Models
– Generalized Plasticity

Cam Clay– Cam-Clay
– Nova

C t– Concrete

Special Techniquesp q
Adaptive remeshing
Adaptive Timestepping
Backwards Euler Integration
Consistent Stifness
StabilizationStabilization ... 



Slope Stability: FiniteSlope Stability: Finite 
Element Model

4        8        3

5 7 8 nodes for displacements
4 nodes for pressures

1        6        2



• Boundary Conditions
Pw = 0 kPa

Ux = 0 pUx  0

0
 wp

0


n
wp

Ux = 00n
wp

Ux = Uy = 0

0
 wp
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Excavation ( 3 months)



psps



Failure



Slow consolidation S ow co so dat o
Fast failure



Critical state based
models
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Critical State ModelsCritical State Models

Hydrostatic Compression

Gi H d i R l- Gives Hardening Rule

Triaxial tests
- Plastic Potential
- Yield Surface

Triaxial tests

Improvements

- Yield Surface

- Overconsolidated Clays
- Granular SoilsGranular Soils



Hydrostatic Compression
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3
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Conclusions (so far)

- Plastic strains during 
Hydrostatic CompressionHydrostatic Compression
Oedometer

- Yield surfaces MUST be closed

A B C D



Hardening Rule ded  
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Triaxial
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Consolidated Drained



Consolidated UndrainedConsolidated Undrained

wp
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Compression and extension
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Conclusions CD

- Material tends to compact
- Failure at q/p=M
- Strength increases with confining pressure

F il t k l t t t l- Failure takes place at constant volume

Conclusions CUConclusions CU

- PWP IncreasesPWP Increases
- Failure at q/p=M
- Strength increases with confining pressure
- strength smaller than in CD
- Failure takes place at constant Pw



Normal Consolidation and Critical State Lines



Critical State Models

Origin : work of: g
- Drucker and Prager 1952
- Drucker, Gibson and Henkel 1957
- Cambridge group

IngredientsIngredients
- Normal Consolidation and Critical State Lines
- Failure takes place at Critical State LineFailure takes place at Critical State Line 
- Hardening depends on volumetric plastic strain
- Plastic Potential and Yield surfaces

........
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Critical State Models
Hardening LawHardening Law
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Behaviour of sands (CD)
Influence of DensityInfluence of Density
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Sand Behaviour : CD
(Predictions)

q

3
2

3

1 2

q

Axial 
straine

1

3

2

3

1

3
1 p'

2
Axial 
strainstrain



Sand Behaviour : CU
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Liquefaction of very loose sands (CU)
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Behaviour of sands (CU)
Influence of Confining Pressure
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Limitations of CS models
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Limitations of CS models

q(Undrained)
q

p' p'p

Experimental

p

Predicted
q q

strain strain



Generalized PlasticityGeneralized Plasticity
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Generalized plasticity
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Direction of stress increment

Introduce a direction n such thatIntroduce a direction n such that
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Decomposition of strain increment
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Classical Plasticity

q n given by normal to f

g
n ng

CSL given by normal to ggn
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f
H given by consistency 

condition
(unloading is elastic)



A Generalized Plasticity Model for sand (1991)
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Liquefaction of very loose sands

ExperimentalExperimental
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Cyclic Mobility (Experiments)



Cyclic Mobility (Predicted)



  exp p
D d vH   



3a2 Debonding3a2  Debonding
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Debonding

R d ti f i ld f i Lagioia & Nova, 1995Reduction of yield surface size
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GPM for bonded geomaterials
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A generalized plasticity model for debonding
(JA Fernández Merodo et al 2003)(JA Fernández Merodo et al 2003)
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GPM for bonded geomaterials 
Fernández-Merodo et al CMAME 2004Fernández-Merodo et al., CMAME 2004

ValidationValidation
Lagioia & Nova, 1995

CD test at cell pressure 1300 kPa

Isotropic compression test

Oedometric test



F.E. modelling of Las Colinas landslide u-pw modelF.E. modelling of Las Colinas landslide

• Las Colinas landslide in Santa Tecla San Salvador• Las Colinas landslide in Santa Tecla, San Salvador
El Salvador Earthquake, 13-01-2001



F.E. modelling of Las Colinas landslide u-pw model

• Material: Tierra Blanca – pumice ash: loose cemented soil
Imperial Collège (Bommer & al.)

before static triaxal test after static triaxal test

interior of the shear band exterior of the shear band



F.E. modelling of Las Colinas 
landslide

u-pw model

• Geommetry
• Finite element model: Coupled formulation (pore fluid is air)

a ds de

p (p )

• Boundary conditions : 
  free stress boundaries p =01, 2 free stress boundaries, pa 0

3, 4 :  a) Base motion+absorbing boundary 
b) Base motion + infinite stratum conditionb) Base motion + infinite stratum condition

1

2
4
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F.E. modelling of  Las Colinas landslide u-pw model

t= 0.s t= 6.s

t= 2.s t= 8.s

t= 4 s t= 11 4st= 4.s t= 11.4s



F.E. modelling of Las Colinas landslide u-pw model

t= 0.s t= 6.s

g
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t 11 4t= 4.s t= 11.4s



F.E. modelling of Las Colinas landslide
u-pw model

t= 0.s t= 6.s

F.E. modelling of Las Colinas landslide

t= 2.s t= 8.s

t 11 4t= 4.s t= 11.4s



F.E. modelling of Las Colinas landslide u-pw model

Pt (Pa)

Excess
pore pressure
(Pa)(Pa)

Time (s)



F.E. modelling of Las Colinas landslide u-pw model

Mean effective
stress
(Pa)

Ux (m)

Ti ( )Time (s)



Debonding

R d ti f i ld f i Lagioia & Nova, 1995Reduction of yield surface size
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3a3 State Parameter3a3  State Parameter
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U d i d T i i l T t (f Li & D f li 2000)Undrained Triaxial Test (from Li & Dafalias, 2000) 



Behaviour of sands (CU)
Influence of Confining Pressure

T S d

2000

T S d

2000

Toyoura Sand
 (Dr = 37,9%)

1000

1500

r s
tre

ss
, q

 [k
P

a] Toyoura Sand
 (Dr = 37,9%)

1000

1500

to
r s

tre
ss

, q
 

[k
Pa

]

po´= 3000kPa

0

500

D
ev

ia
to

r

0

500

0 0 05 0 1 0 15 0 2 0 25 0 3

D
ev

ia
t po = 3000kPa

po´= 2000kPa

po´= 1000kPa

po´= 100kPa

0 1000 2000 3000 4000

Effective mean normal stress, p´ [kPa]

0 0,05 0,1 0,15 0,2 0,25 0,3

Axial strain



e e Been & Jefferies (1985)
ce e  Been & Jefferies (1985)
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Modified flow rule (Li & Dafalias 2000)( )
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E i t (Y d Li 2004)
Predicción del modelo
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Loading - Unloading discriminating direction
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Modified Plastic Modulus
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Simulations: CD Triaxial Test

Model simulations
T S d300

350
Test results

T S d300

350

Toyoura Sand 
(p´=100kPa)

150

200

250

300

at
or

 s
tre

ss
, q

Toyoura Sand 
(p´=100kPa)

150

200

250

300

vi
at

or
 s

tre
ss

, q

0

50

100

0.8 0.85 0.9 0.95 1 1.05

D
ev

i

0

50

100

0.8 0.85 0.9 0.95 1 1.05

D
ev

Void ratio, eVoid ratio, e

Model simulations
Toyoura Sand 
(p´=100kPa)

300

350

q

Test results
Toyoura Sand 
(p´=100kPa)

300

350

q (p 100kPa)

100

150

200

250

D
ev

ia
to

r s
tre

ss
, q(p 100kPa)

100

150

200

250

D
ev

ia
to

r s
tre

ss
, 

0

50

0 0.05 0.1 0.15 0.2 0.25 0.3

Axial strain

 D

e = 0 831 (sim) e = 0 917 (sim) e = 0 996 (sim)

0

50

0 0.05 0.1 0.15 0.2 0.25 0.3
Axial strain

D

0 831 ( ) 0 917 ( ) 0 996 ( ) e = 0.831 (sim) e = 0.917 (sim) e = 0.996 (sim)e = 0.831 (eny) e = 0.917 (eny) e = 0.996 (eny)



Simulations: CD Triaxial Test
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CU Triaxial Test
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CU Triaxial Test

Test results
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Banding sand (Castro 1969)
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M d id S dMadrid Sand
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3a3 Unsaturated3a3  Unsaturated
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Basic definitions (1/2)

Suction a ws p p 

Cementation Parameter 
(Haines 1925, Fisher 1926, Gallipoli and Gens 2003)

  
 

23 3 83 12
4 2

s s sT T Tf s s
s R R R
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Relationship between stabilizing pressure 
at a given suction s and at zero suction
Ts surface tension
R radius particles
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Effective stress (Bishop,…Schrefler)
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Work (Houlsby 1997)
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From Vanapalli et al 1992



Basic definitions (2/2)

Wetting-drying
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Basic aspects of behaviour (1/5 )

CSL on (e,p’) plane
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B i t f b h i (2/5 )

CSL on (e p’) plane: normalization Gallipoli et al 2003

Basic aspects of behaviour (2/5 )

CSL on (e,p ) plane: normalization Gallipoli et al 2003
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Basic aspects of behaviour (3/5 )

CSL on (e,p’) plane: alternative normalization Manzanal 2008
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Basic aspects of behaviour (3b/5 )
Proposed
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Basic aspects of behaviour (4/5 )
CSL on (p’,q) plane
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Enfoque con Sr
Basic aspects of behaviour (5/5 )
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Generalized Plasticity Model (1/2 )

Main ingredients

y ( )

Effective stress  ' r a rS s I p I S     

Work conjugate pairs
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Wetting-drying with hysteresis
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Generalized Plasticity Model (2/2 )y ( )
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C
(A)  Constant v , constant s tests, 

pw and pa increased to keep
the volume and the suction constant

A

the volume and the suction constant  

(B) Constant ¯p , constant s tests,  A
B pw and pa increased 

to keep ¯p and the suction constant  

(C) Fully drained constant s test, 
pw and pa  kept constant
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R1 What is rheology?

In a fluid, shear stress depends on rate of shear strain

z
v (newtonian)

v  


(newtonian)

x

z
 


x



R1 What is rheology?

Differences with elastoplasticity
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R1 What is rheology?

Differences with viscoplasticity
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R1 What is rheology?

Similarities with viscoplasticity  1D
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R1 What is rheology?

In a fluid, shear stress depends on rate of shear strain

z
v (newtonian)

v  


(newtonian)

x

z
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
x



R1 What is rheology?  Generalization to 3D

Rate of deformation tensor D
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R1 What is rheology?  

Simple shear flow
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E l li ti f N t i fl id

R1 What is rheology?  

Example: generalization of Newtonian fluid
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Newtonian Fluid
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Bingham Fluid
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Bingham’s fluid    
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D1 Introduction. The infinite slide 
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D2 Some simple examples: Newtonian
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R3 Behaviour of fluidized soil
Shear stress

Rate of shear strain
2
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0-A Constant voids ratio:
Pressure increases with

R3 Behaviour of fluidized soil

Pressure
A

Pressure increases with 
strain rate

0 B0 B
0-B Constant pressure:
Voids ratio increases with 
strain rate

Rate of shear strain2

strain rate



Voids ratio

R3 Behaviour of fluidized soil: volumetric component
Voids ratio

Drained path

Rate of deformation increases 

p

Undrained path

Ln p’



R3 Behaviour of fluidized soil: volumetric component

 
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Infinite landslide: Perzyna, Von Mises Model

y

Plug
x

E            8.e7 Pa
Poiss      0.3
D 2000 K / 3

Shear zone
Dens      2000 Kg/m3
Yield      0.285 e5 Pa
gamma 0.1gamma   0.1
delta       1.
Slope       1:4 Velocity ProfileVelocity Profile



Infinite landslide: Perzyna

y

x

Velocity Profile



Infinite landslide: Perzyna Von Mises

Von Mises Perzyna
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Infinite landslide: Perzyna, Cam Clay Model

y

x

Shear zoneE            1.5 e7 Pa
Poiss      0.3
D 1500 K / 3

Shear zone

Dens      1500 Kg/m3
Mg         1.1
Lambda 0.51 k 0.09Lambda  0.51  k 0.09
Pc0        0.285 e5 Pa
gamma   0.1 Velocity Profile
delta       1.
Slope       1:4

Velocity Profile



Infinite landslide: Perzyna Cam Clay

Cam Clay Perzyna
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