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Avalanches: Valtellina (July 1987)

28 th July 198728 th July 1987
40106 m3

1550 - 2350 m



Flow slides

(Aberfan, 1966)



Flow slides (unsaturated soils)

Las Colinas (Sta Tecla)







http://www.theatlantic.com/Abi Barik village in Badakhshan



Debris Flows

Prof.Sucheng Zhangg g

(Chengdu’s Institute for Natural Hazards 
in Mountain Areas, CAS)



Mudflows:
Yunnan 2004Yunnan 2004



Problems to be solved
Which model?

G l l hGranular avalanches

Single phase

Flowslides

Debris flows, lahars 

v-pw

Mudflows

vs-vw-pw

Mudflows

Single phase



Foundations of marine structures



Mustapha’s breakwater Algier (1934)Mustapha s breakwater, Algier (1934)



Vaiont, 1963   2043 victims



“Megatsunamis”: waves induced by landslides



Río Grijalba   Mexico (2008)



Río Grijalba
Mexico (2008)



Complex phenomena: Lake Sarez (Tayikistán)







Sichuan province, China
(2004)
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General Model: Unknowns 

Soil grains
Pore fluid (water + air)

volumefractionsn n n

Pore fluid (water + air)

s

, , volumefractions
, , stresses

l iti

a w

w a

n n n
p p

, , velocities
, , rateof deformation

s w a

s w a

v v v
d d d

E tiEquations
• Balance of mass (water, air, mixture)

B l f t• Balance of momentum
• Constitutive or rheological
• Relations velocities – rate of deformationsRelations velocities rate of deformations



Coupled model for saturated geomaterials (OCZ+Shiomi) 

Balance of mass

    
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Coupled model for saturated geomaterials (OCZ+Shiomi) 

Balance of momentum

       
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Classical Approach: Soils What are Biot Equations?

Balance of momentum (mixture)

Balance of momentum (pore fluid: water
air,...))

Balance of mass (fluid)

ConstitutiveConstitutive

Kinematic relations strain-displacement

Biot, Mandel, Zienkiewicz, 
d B Ehl S h fl Cde Boer, Ehlers, Schrefler, Coussy,...



Biot-Zienkiewicz equations

/w s w sv v v 

w
/ (Darcy)w s

wv
n



• Velocities of pore fluids relative to solid skeleton (small)
• Skeleton    (lagrangian)  

fl id ( l i l i k l )• Pore fluids (eulerian relative to skeleton)

Unknowns (Saturated) Equations :( )
,
,

sv w
p

q
B1 Balance of momentum (mixture)
B2 Balance of mass (fluid)
B3 Balance of momentum (fluid), wp


B3 Balance of momentum (fluid)
B4 Constitutive (solid and fluid)
B5 Kinematics



Biot-Zienkiewicz equations: u-pw model

B1  'sdv b div pI
dt

    

B2+B3  0*

1 div +div gradw
v w w

p v d k p
Q t


  



B4

 
Q t

' '.d D d  0 Extra dilatancyvd

B5 1
2

ji
ij

uu
 

     2j
j ix x   

Unknowns :

,
s

w

v
p





Coupled model for saturated geomaterials (v-pw) 

Balance of momentum
( ) ( )w sd d d
dt dt dt

 
 11

s w

n n
Q K K


 

s w

di ' ddv bdiv ' grad wp b
dt

    

 1 dp  1 +div div grad 0w
s w w

dp v k p
Q dt

 



Single phase model

Equations

div 0d v
dt
  

divdv b
dt

   

d d  : :d dd D D d
dt dt
    

1d  1
2

ij ji
ij

j i

d vvd
dt x x
  

      



Evolution of the interfase, pressure and velocity vectors



Problems to be solved
Which model?

G l l hGranular avalanches

Single phase

Flowslides

Debris flows, lahars 

v-pw

Mudflows

vs-vw-pw

Mudflows

Single phase



Alternative Approaches

Classical 1st Order equations

2 2
2u u  v   

2
2 2c
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0F 
  0

t x
 

 



Viscoplasticity

   e vpE E   
       E E
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 F s
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 

 
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2D problems

v 
Constitutive Eqn. Balance of Momentum

1
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22 21 22

0
0 .
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vD D
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 
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2 12 22vt x y        

y 

11 1 12 211 0D v D v       
      

12 2 22 222
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0
0

D v D v
D v D v

t x y



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/ / 0
0/ /

t x y
v
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   
   
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      
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2D problems
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0yx FF 
   0

t x y  

or di 0F
or div 0F

t

 



Viscoplasticit div F s
 Viscoplasticity div F s

t
 





Depth Integrated Models  I. Single phase

Unknowns: 0 , ( , ) and wv d p0 ( ) wp
Problems:

• Interfaces (or free surface)( )

h

3x
Unknowns:

1 1 3hv v dx 
h p p dx h

Advantages:

3w wh p p dx 

1x

• No interfaces
• Less unknowns (1 dim less)Z

1x



F 3D M d l
Depth Integrated Models  I. Single phase

From 3D Models…
0

m m
Dv div b
Dt

   
3x

h

0 0div v  (Incompressible)

Use Leibnitz rule
1x

Z

       , , , ,
b b

a a

b aF r s dr F r s dr F b s F a s
s s s s
   

  
    

A l it t b l f ti 0diApply it to balance of mass equation

   
3 3

Z h Z hi
i i iZ Z

Z h Zv dx v dx v v
x x x x

     
  

     0

0 0div v 

1,2i 
i i i iZ h Z

x x x x


   

1 1 3hv v dx 
   1 2

1 2
R

h hv hv e
t x x

  
  

  
1 2

1 2
R

dh v vh h e
dt x x

 
  

  1 2
1 2

dh h h hv v
dt t x x

  
  
  

i
Eulerian Pseudo- Lagrangian

Erosion rateRe



B l f
Depth Integrated Models  I. Single phase

Balance of momentum
3x

h
0

m m
Dv div b
Dt

   

Q i l i f

1x
Z

Apply Leibnitz rule

Dt

Quasi lagrangian form

 21 grad graddvh h b hb Z e v      

3 body forcesb

 3 3grad grad
2 b Rh h b hb Z e v

dt
     

mixture density

shear stress at bottomb

 0

erosion coefficient

ln /
R s

fi l

e E h v

V V



 0ln /
(Hungr)

distance
final

s

V V
E 



Depth Integrated Models  II. v-pw

div R
dh h v e
dt

 

 2
3 3

1 grad grad
2 b R

dvh h b hb Z e v
dt

      

1D consolidation along depth
2

3
3 0 21w w

m v w m
dp x pdhb E d k E
d d h

      
 

3 0 2
3

m v w mdt dt h x
    

Edometric modulusmE Edometric modulusmE

0 extra dilatancyvd

permeabilitywk



Depth Integrated Models  II. v-pw (consolidation along depth)

dp pd   1
01

3 3

w w
v m V

dp pd c E d
dt dt x x

  
     

Use a FD explicit schemeUse a e p c t sc e e

Notes:
Depth changes: 

Mesh changes tooMesh changes too

Total stress and Pwp change
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Biot-Zienkiewicz equations: u-pw model

u ˆu N u ˆw p wp = N p

2
Td uM B d Q f 0  T

uw2M B . d Qp f 0
dt

dpdu


    

T w
w p

dpduQ H.p C. f 0
dt dt

   

T T
u u p p*

1d C d
Q 

     M N N N N

T T
w p p w pQ S B m d H k d

 



       N N N



Biot-Zienkiewicz equations: u-pw model

2d2
T

uw2

d uM B . d Qp f 0
dt

dpdu


    

T w
w p

dpduQ H.p C. f 0
dt dt

   

n T n 1 n n 1
w u uM u B tQ p F 0          

T n n n 1
1 w p ptQ u ( t H C) p F 0           






What can go wrong?What can go wrong?

 v(t)

 v(t)

 t to

• Numerical damping
• Numerical dispersion

v at x = L/4



What can go wrong? (II)



Alternative Approaches

Classical 1st Order equations

2 2
2u u  v   
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  t x
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Viscoplasticity
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2D problems

v 
Constitutive Eqn. Balance of Momentum
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2D problems
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Discretization: 2 steps Taylor Galerkin
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Linear triangles (2D) or tetrahedra (3D)

• Equal order of interpolation
• Faster codes

E t l d f i b di• Extremely good performance in bending
• Robusts in plasticity
• Require stabilizationRequire stabilization 

when material is incompressible
(Babuska-Brezzi conditions)



Example: 1D BarExample: 1D Bar
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Velocity at at x = L/4 (Newmark vs Taylor Galerkin)
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1D Viscoplastic bar
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Example: Bending of a Cantilever Beam
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Example: 2D LocalizationExample: 2D Localization
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Example: Vibration transmissionExample: Vibration transmission
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1st order equations: coupled problems divv b
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Stabilization with fractional step
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Application: localization in a Cam Clay viscoplastic specimen

(a) (b)( ) ( )
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SPH: what is it?

Used in 
• CFD
• Animation
• Solid dynamics• Solid dynamics
• Soil mechanics
• …..

Advantages Disadvantages 

• Lagrangian
• Large deformation

M l i h i

• Boundaries
• Searching neighbours

E li i• Multiphysics
• …..

• Explicit
• …..



Smooth Particle Hydrodynamics 
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SPH (I) Basic Model

     ' ' 'd  

Basic identity

      ' ' 'x x x x dx  


 

 
0

0 0
x

x
x


 

  

Dirac’s Delta

  0 0x 

 
x

  1x dx




Dirac’s Delta is a singular distribution

   0  



Distributions or generalized functions:
li ti f ti llinear continuous functionals

   ( )́ ' 'WT W x x dx   T f i   ( )W  


Kernel

Test function

Singular distributions

   0  

Can be obtained as limits of series of regular distributions

   



We build the series 

     ', ' 'W k kT W x h x dx 

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 
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

   lim W kT   

   0  
   W kk
 





Integral approximation of functionsg pp

     ' ' , 'x x W x x h dx 


   


     
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Kernel properties 
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( ' ) 0 'W x x h if x x kh   ( , ) 0W x x h if x x kh

Monotonous decreasing function of x



Numerical model – Smoothed Particle Hydrodynamics (SPH)

 Numerical meshless method based on integral approximations (kernel approximation) 
and approximations on set of discrete points (Gingold and Monaghan 1977 ; Lucy 1977)pp p ( g g ; y )

 Integral approximation of a function      using a kernel  W

     ' ', 'x x W x x h dx  

h is the smoothing length

      



 Integral approximation of the derivative of a functiong pp 
     grad ' grad ', 'x x W x x h dx 



   



SPH discretization of Integral Approximations (Functions)
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Introduce Nodes
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J



     ' ' , 'x x W x x h dx 
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   Numerical Integration      
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Properties of SPH approximations

h h
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Numerical model – Smoothed Particle Hydrodynamics (SPH)

 Particle approximation

 
1

PN
J

I J IJ
J J

m x W 



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Numerical model – Smoothed Particle Hydrodynamics (SPH)

 Particle approximation

 
1

PN
J

I J IJ
J J

m x W 




 ,IJ I JW W x x h with

 
1

grad grad
PN

J
I J IJ

J J

m x W 




 Boundary deficiency problem Normalization of the approximations (Chen 1999)



Boundary deficiency
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Numerical model – SPH tensile instability

 SPH presents a tensile instability for dynamics problems with material strength (Li and 
Liu 2003)

 Results in particle clumping y collapse of the computation

 Solution 1: Adding intermediate stresses point where stresses are calculated (Dyka and 
Ingel 1995 ; Dyka et al. 1997 ; Randles and Libersky 2000)

 Solution 2 : The Runge‐Kutta Taylor‐SPH model



Numerical model – The Runge-Kutta Taylor-SPH model

 Based on the mathematical model described in the first part

 Discretization in time following the two‐step Taylor‐Galerkin method

h h h h f ll l Discretization in space with the SPH method using the following particles grid

We calculate and in
1n nWe calculate           and                in 

the SPH nodes

We calculate in the SPH


1

2n 
We calculate                   in the SPH 

elements

 Implemented in Fortran 90 with 



p
output files for a visualization with 
GID software



Example 1 – 1D elastic bar

 Bar under tension test of stability



Example 1 – 1D elastic bar

 Bar under tension test of stability

 Comparison with the results given by Dyka and Ingel (1995)

 0 0 
 

1

41

0 0,

0 0,
node

node

t

v t

   

  



Example 1 – 1D elastic bar

 Velocity at the left extremity of the bar

 Similar amplitude and less oscillation



Example 1 – 1D elastic bar

 Axial stress history at the middle of the bar

 Similar amplitude and less oscillation



Example 1 – 1D elastic bar

 Same example with a Courant’s number equals to 1

Velocity Stress

 Solution given by the Runge‐Kutta Taylor‐SPH match with the analytical solution

 Our algorithm allows avoiding the SPH tensile instability



Example 2 – Strain localization in 2D soil sample

 2D soil sample (plane strain condition)

 Viscoplastic material (Cam‐Clay) with constant initial stress state

0 0 0

4
11 22 12 2 10 Pa       



Example 2 – Strain localization in 2D soil sample

Compression shock wave (negative velocity)



Example 2 – Strain localization in 2D soil sample

 Viscoplastic strains

 Localization in shear bands



Example 2 – Strain localization in 2D soil sample

 Orientation of the shear bands (Desrues 1987)

4 2shear band
   

f f Good prediction of the inclination of the shear bands



Example 3 – Vertical slope stability

 Vertical slope is 10 meters high– Von Mises material without softening
 Shear stress reduction method to find the stability factor of the vertical slopey p
 Initial size of the yield surface                          which decreases along time until failure of 
the vertical slope

0 200000 Pa 

 Stability factor

0,

3
failureFS

H



3 H



Example 3 – Vertical slope stability

 Determination of the vertical
slope failurep

0, 86024 Pafailure 

0.253Taylor SPHFS  



Example 3 – Vertical slope stability

 Taylor‐s abacus

0 26FS 0.26Taylor abacusFS 

0.253Taylor SPHFS  

 Accurate prediction of p
the factor of stability



Example 3 – Vertical slope stability

 Same example of the vertical slope but with softening

 Localization of the viscoplastic strains along a well defined shear band and failure of 
the vertical slope
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Requiered modification of the model

 Large deformations  Updating of the particle position at each step

Modification of the mathematical model equations

 bl f l f Problem of Hourglass deformation

 Updating of the smoothing lengthp g g g

 Boundary condition and free surface



Mathematical model equations

 Large deformations  Updating of the particle position at each step

 Large deformations  Stress rate        replaced by the Jaumann stress rate                        
 takes into account the rotation in the solid

Where the spin rate tensor is p



Mathematical model equation

 Hyperbolic system of equations in the large deformation theory

Jaumann stress rate



Boundary conditions

 Conditions which can be directly applied on the boundary:
• o
•

h f f Conditions on the free surface
• = 0    y           = 0

 Updating the SPH nodes position
Which nodes define the free surface ? 
h h l f fWhat is the normal free surface ?

Algorithm of free‐surface detection and calculation of the normal to the free‐surface

Modification of the algorithm proposed by Marrone and al. (2010) 



TSPH d2 Boundary conditions:
D t ti f b d d (M t l 2010)Detection of boundary nodes  (Marrone et al 2010)

If any particle is insideIf any particle  is inside 
the scan region 
of the particle , 
then the particle  
does not belong 
to the free surfaceto the free-surface



TSPH d2 Boundary conditions:
C t ti f it l 1 PNComputation of unit normals

1

1 P

JPN 

 I IJn f



Boundary conditions

 Algorithm:
•First step: Free‐surface detection (similar to the algorithm of Marrone et al 2010) p ( g )

• Second step: Calculation of the normal



Boundary conditions

 Example:

First 
step

Second 
step

With algorithm proposed by Marrone et 
al

Proposed algorithm



Example 1 – Failure of an extremely low cohesive vertical slope under gravity

 Boundary conditions of the vertical slope



Example 1 – Failure of an extremely low cohesive vertical slope under gravity

 Boundary conditions of the vertical slope

 Viscoplastic material – Von Mises without softening and with cohesionp g



Example 1 – Failure of an extremely low cohesive vertical slope under gravity

 Displacements
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 Large deformation problem
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Example 1 – Failure of an extremely low cohesive vertical slope under gravity

 Displacements

 Large deformation problem

 Viscoplastic deformations 150 %

 Updating of the SPH nodes

R t ti i id th lid Rotation inside the solid



Example 1 – Failure of an extremely low cohesive vertical slope under gravity

 Displacements

 Large deformation problem

 Viscoplastic deformations 150 %

 Updating of the SPH nodes

R t ti i id th lid Rotation inside the solid

 Change of the free‐surface



Example 2 – Failure of a vertical cut under constant loading

 Boundary conditions of the vertical slope



Example 2 – Failure of a vertical cut under constant loading

 Boundary conditions of the vertical slope

 Viscoplastic material:
 Von Mises without softening and cohesion

h f h Von Mises with softening                             and cohesion



Example 2 – Failure of a vertical cut under constant loading

 Analytical solution: Limit load  Panalitycal = 1154 
NN

d 
(N

/m
)

Lo
ad

Displacements (m)



Example 2 – Failure of a vertical cut under constant loading

 Viscoplastic deformations and displacements



Example 3 – Failure of a shallow stratum under wide strip footing

 Boundary conditions

 Viscoplastic material:p
 Von Mises without softening and cohesion
 Von Mises with softening                             and cohesion



Example 3 – Failure of a shallow stratum under wide strip footing

 Analytical solution: Limit load  Panalitycal = 89027 
NN

d 
(N

/m
)

Lo
ad

Displacements (m)



Example 3 – Failure of a shallow stratum under wide strip footing

 Viscoplastic deformations and displacements



Conclusions of part 2

 Modification of the initial model to study problems in the framework of the large 
deformation theory

 Elimination of the Hourglass deformations and new free‐surface detection algorithm

 Stabilized model ( Shockwave propagation example in one‐dimensional bar)

 All d i l li d f il i t i l ( ll d fi d h b d ) Allows reproducing localized failure in geomaterial (well‐defined shear bands)

 Large deformation (Deformations until 150 %)

 Complicated failure mechanisms

 Accurate model(comparison with analytical solution) 
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Fractional step

1st order equations: coupled problems
divv b

t
  

 


grade s e vpD v D
t
 
 




div ' grad w
v p b
t

  
  



grade s e vp

t

D v D
t
 




 




 *

1 div grad divw
w

t
dp k p v

Q dt



 

Incompressible, impermeable limit

Q dt

 *

1 div grad divw
w

dp k p v
Q dt

 

div 0v 



Stabilization with fractional step
* n

gradv p b
t

 
  

 1 *

n

n

v v b
t










div 0
t
v



1

1

1

grad

di 0

n
n

n

v v p
t









 


1div 0nv  

 
1 *

11div div grad
n

nv v p


 
 

* 2 1div ntv p 
  div div grad p

t 
   

divv p


  

* nv vv v b
t

 



t

FS1

* 2 1div ntv p



  

1 *
1d

n
nv v


FS2

FS3 1grad nv v p
t

  


FS3



Fractional Step method

 Initially introduced for incompressible fluid dynamics problems (Chorin 1968)

 Technique used to stabilize formulations which use the same order of  interpolation 
for the pore pressure and the velocity. (Schneider 56 ; Kawahara and Ohmiya 57)

 Various application in solid and soil dynamics problems with Finite elements 
(Zienkiewicz and Wu [60], Zienkiewicz et al [58], Pastor et al [61, 62], Mira et al [5], X.Li et al [63], Mabssout et al ( [ ], [ ], [ , ], [ ], [ ],

[12], White and Borja [6] )



Example 1 – Saturated soil column under harmonic loading

 Soil column



Example 1 – Saturated soil column under harmonic loading

 Soil column



Example 1 – Saturated soil column under harmonic loading

 Comparison of he results with analytical solution (Zienkiewicz et al. 1980)
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Example 1 – Saturated soil column under harmonic loading

 Comparison of he results with analytical solution (Zienkiewicz et al. 1980)



Example 2 – Strip foundation on elastic soil stratum

 Boundary condition



Example 2 – Strip foundation on elastic soil stratum

 Boundary condition

 Elastic material
 Incompressibility condition: 



Example 2 – Strip foundation on elastic soil stratum

 Pore pressure obtained with a classical 
finite element formulation

 Pore pressure obtained with the v‐pw
Runge‐Kutta Taylor‐SPH modelg y



Example  3 – Strain localization in saturated soil

 Viscoplastic material (Cam Clay)

 Permeability



Example  3 – Strain localization in saturated soil

 Viscoplastic deformations and displacements

 Localization in shear bands



Conclusions 

Modification of the initial model to study coupled problems in the framework of the 
small deformation theory

 Based on the Biot‐Zienkiewicz theory and the notion of pore pressure and effective 
stress

 Accurate model (comparison with analytical solution) 

 Stabilized model

 Reproduce localized failure in saturated geomaterials with well‐defined shear bands
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Benchmarks:    Flowslide at Aberfan (21 Oct 1966)

Tip of  a loose colliery 
wastewaste
200 m above of  Aberfan 
slope 25º

100000 m3100000 m
(144 dead)



Flow slides

(Aberfan, 1966)



Dam break problem: Saturated soil
4 2 14 2 11 0 2 10tan . .vC m s   

t = 0 s

10 m



Dam break problem: Saturated soil
4 2 14 2 11 0 2 10tan . .vC m s   

t = 0.5 s



Dam break problem: Saturated soil
4 2 14 2 11 0 2 10tan . .vC m s   

t = 1 0 st = 1.0 s
t = 1.0 s



Dam break problem: Saturated soil
4 2 14 2 11 0 2 10tan . .vC m s   

t = 1.5 s



Cross sections of Aberfan Tip 7 before and after the flowslide p



Cross sections of Aberfan Tip 7 before and after the flowslide p





t = 0 s

t = 6 s

t = 10 s



t = 15 s

t = 20 s

t = 30 s



Aberfan: Front position (m)

700
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500
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SPH fully coupled

0

100

0 10 20 30 40 50 60
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Aberfan Flowslide   (1966)( )
t = 0

t = 5 t = 10

t = 20 t = 30
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