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Typical boundary value bifurcation problems in
geomechanics

1. Borehole stability with applications in Oil and gas industry and Tunneling

artin 1997
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2. Multi-Layer buckling with application in the folding of geological formations
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3. Spalling and buckling of surface parallel cracks with application
in rock bursting in mining

He et al. 2012

(a) Vertical plate split (b) Buckling (¢) Rockburst
__ deformation

Figure 1—Rockburst damage and fragmentation (photograph W.D.
Ortlepp)
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1 Borehole stability

° Borehole failure is an important geomechanical
problem for the assessment of the integrity of
tunnels, wellbores and perforations in the field

* A common failure mode is the formation of breakouts
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Hollow cylinder test

* Typical test for studying hole failure
for borehole stability

Field Laboratory

/_\ HC tests
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Hollow cylinder test (with fluid flow)
(Papamichos et al. 2001)

— Fressurs call

W Typical system N
(SINTEF Petroleum Research, Norway)

— Heating slemeants

B Specimen size: Axidl plsan
0.d. 10/20 cm, i.d. 2/5 cm
B Isotropic confining stress up to 100 MPa

m Oil / Water flow up to 4 L/min or 40 MPa fluid
pressure

B Gas flow
B Temperature up to 80°C

?’f Specimen
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B Continuous sand production measurements
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HC sample from a North Sea core :

Hollow cylinder experiments
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Instrumented jacketed

Loading cell .
specimen

Photographs SINTEF Petroleum Research, Norway
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e Cavity deformations

— The deviation of the 2 measurements indicates cavity
failure

— AE location and borescope data confirm this

Cavity failure

External stress [MPa]
N W
(o] o
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Cavity deformation / Cavity radius ~ "YdroVS0
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Hollow cylinder failures
Effect of stress anisotropy on failure pattern

e CT scan sections normal and
parallel to the hole axis

e Cavity failure on Red
Wildmoor sandstone:

— (a) high lateral stress

— (b) high axial stress

(b)
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True triaxial apparatus

e  MTS True triaxial cell

100 MPa confining stress

50 MPa vertical deviatoric stress

50 MPa horizontal deviatoric stress
Truncated samples, 200 mm diameter
Hollow-cylinder tests

Radial flow
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Why bifurcation theory ?

* Underlying hypothesis of the bifurcation theory is that breakouts and shear
bands are the result of material instabilities, termed equilibrium bifurcations

e Bifurcation approach associates failure with the occurrence of the
instabilities in contrast to classical procedures where failure is usually
assumed ad hoc to be an intrinsic material property associated with the
elastic-plastic limit

e Elastoplastic solutions associated with a yield/failure surface
UNDER-PREDICT hole failure

* Conservative
* NO SIZE effect for the hole strength is predicted
* Small holes stronger than large holes
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* Many studies from the late 1980's studied hole failure
as a bifurcation phenomenon

e Vardoulakis |, Papanastasiou P, Papamichos E,
Sulem J, Guenot A, van den Hoek PJ, etc.

* BFURCATION
w2 ANALYSISIN
" 4 GEOMECHANICS

*  From Foreword by Cor J Kenter, Head Rock Mechanics,
Shell Research
e "Suddenly a technology that was initially regarded
as rather academic contributes to million dollars
savings."
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Physical boundary value problem

* |Insitu stresses = Stress concentrations around the hole
— Elasticity: Kirsch solution
— Elasto-plasticity: Solutions for Mohr Coulomb F, Q

Field
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Drilling of borehole/tunnel

e Stresses around a borehole essential for any borehole related problem

* Dirilling, production, hydraulic fracturing, water injection, waste disposal,
CO, injection, tunneling, mining, etc.

ﬂ oy Ag, =0 o,+Ao,
V Pres r\ =3 Pres
oy, = o
{— v | e
Oy Oy, ! |
& y
L —l Ori
Pw
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Stresses in cylindrical coordinates

* 3 normal stresses: Radial o, tangential o, and axial o,
* 3 shear stresses: 0,4 (Or T,4), Og, (O Tg,), 0,, (Or T,,)

1 1 . _
or = s (0x +0y) + s {0y — oy) cos 26 + Tyy sin 28

1 .
g = ;n:.z:r_,r + ay) — ;{r.l'_; — Oy) COS 28 — Ty 5i0 28
0; =0y
1

e = - (oy — ox) sin 28 + Try cos 28

.

Tr; = Txz COS 6 + Ty sinf

Tg; = Tyy COS6 — Ty sinf
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Axisymmetric problems

Examples ﬂ oy Ag, =0 o, +Ac,
V Pres N Pres

N

- . On I, Oy

1. Drilling of a vertical borehole under 5 {— o ! G
. . . . . |

isotropic in situ horizontal stresses g ;: ~)

- - r

Pw

2. Hollow Cylinder (HC) test
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Simplifications due to axisymmetry

Az
° us=0 ou u
’ grzarr’ 8‘9:Tr
© Oe =0, =0 ou 1(éu éu
= = E, = Z, &, == "+ z
© Ep=&,=0 * oz 2(82 6r)

* Equilibrium equations

oo, N oo,, L0 =0,

r - v
or 2 r Strains and stresses involved in the analysis of axisymmetric solids.
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further...

e Usually in our problems (drilling, tunneling, HC, HF, ....)
* Noshear: o,=¢,,=0
* Body forces due to gravity: e.g. in a vertical hole: f,=0, f,=-pg
* = equilibrium equations decouple and can be solved independently

aO'r_I_a%z_l_Ur_Ge_i_X:O do_f+0r_06’:0
or 0z r N dr r
633('2+602+%2+f2:0 do, _

or 0z r dz P9
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Elastic solution for axisymmetric problem

e Substitution of 0 - € and € — u, equations in equilibrium equations

. 2
c'?o'r_i_c)'r % _0 — dur_,.ldur_ur:o

or r dr’ rdr r°

e One unknown u, (pore pressure neglected for simplicity)
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e Equilibrium eqgn in terms of displacement u,

dzur+£dur_u d(duuru) d[&i

2 —=0 = =
dr ror r dridr r dr| r dr

(rur)}:o

* Direct integration 2 times gives

* ¢, and c, are integration constants to be solved from the b.c.

Il re

o (r=r)=o,;, o(r=r)=o
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Elastic solution for axisymmetric
problem

* Displacement u, and strains €, and &, Finalstresses + pore pressure
Internal radial stress [MPa]  SigRi = 0
External radial stress [MPa]  SigRe = -10
. 1— 2V O-re - O-ri 1_ 2V - I’iz/rz Internal pore pressure [MPa] pfi= 0
gl’ = O-I’i + 2 2 —ng External pore pressure [MPa] pfe = 0
2G 26 1-r’/r; |
——or —=-c0 oz —=pf
u 1-2v c,.—0,1-2v+r’/r? BT
=—L= o+ - Ve :
2] ri 2 2 z -20 -
r 2G 26 1-r*/r. :
. 15 -+
* Stresses g, 0y, O, S 10 |
2 5
1-r?/r? 7
— [ v -
Gr_gri+(0re_0ri)ﬁ 0——“&%::3 L aL
1_ri /re .
5 7
2 2 C
_ 1+r2/r 10
0-9 - O-ri + (O-re _ O-ri )l_ r_Z/rz 0 0.02 0.04 0.06 0.08 0.1
i /e r[m]
2v
o, = V(O'r +O_€)+ EEZ = ZVG“ +(6re —Gri)m-l- EEZ
i e
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——SigRef —m-SigTef
Elastoplasticity - Plastic region o
50 |
The stresses in the plastic region must satisfy: 8
_ . do. o -0 g 20
* Equilibrium equation: ryZr 70 5
* Yield condition: dr ' . :
1 1 0 0.1 0.2 0.3 0.4
F:E(Gr—09)+§(ar+09)Singo—CCOSg0:O = r[m]
= o0,=(1+M)o, - MT,
M — 25|r1¢ CT- C
1-sing tang
. . A . do o T
* Substitute in equilibrium equation: rM=-"t=-M-%
dr r r
* Solve equation with b.c. O, (r = ri) =0
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—+—SigRef -m-SigTef
-60

-50

-40

Elastoplastic boundary atr=r,

o :(Gri —T, )r—M+TC 10 //4*.

c

e Solution is: f 0 /

Effective stress [MPa]

rM 0 0.1 0.2 0.3 0.4
r|[m]
o, =(1+M)(o, _Tc)r_M+Tc
i rb

M
. . r
At EP boundary: o, = (O'ri _Tc)b—M+TC
r

* Radial stress must be continuous with stress from elastic region

[ (o) sing) "

i
Tc — 0y
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Stresses in the borehole

* Linear elasticity + perfect plasticity with Mohr-
Coulomb yield function

€
* Yield wheno,, =" UCS
. Material properties
(because of stress concentratlon) Elastic Young's modulus [MPa] E = 5000
Poisson's ratio [ - ] nu = 0.2
Biot's eff. Stress coeff. [ -] alfa = 1
Friction angle [deg] 35
60 Dilation angle [deqg] 20
i <1CS [MPa]  UCS = 20 >
Cohesion [MPa] c= 5.21
50
[ —SigR
E .
[aX
=
. Oext = 30 MPa
ext 3 e
z 2
87 w —_— Ot = 20 MPa
E e — Gext - 15 Mpa
—_— Oayt = 10 MPa
Ocyt = D MPa
0.07 0.09 0.11
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Cavity failure stress vs. UCS for sandstones

20 Experimental data

70
60
50

40
i o« Theoretical line
-7 o...= Y% UCS

ext —

30
20

Cavity failure stress [MPa]

10

||||I||||I||||I||||I||||I||||I||||I||||I
\
*\
*

Uniaxial compressive strength [MPa]
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Why?

* Rock near the cavity does not fail when it
reaches its peak strength

ext

* Instead it yields and plastifies creating a
plastic region

* Remaining rock supports more stress 1
until macroscopic localization - %0 - = 7]
o L
= 40 L
8 B Cavily failure
o i 1
% 307
o L
2 = =
5 ; Peak strength
10 =
0 T T T T T 1
0 0.02 0.04 0.06 0.08 01 012

Cavity deformation / Cavity radius HydroVS01
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Macroscopic rock failures
in laboratory tests
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Size or scale effect on failure stress

* Any size hole in the earth (an infinite medium) 3. 8 Berea od:id=3
has the same diameter ’ —¢~ Bereaodiid=6
—e— Castegate 0d:id=3

— Classic theories —— Castlegate od:id=6

° Experiments show that:
“Small holes are more stable than big holes”

— Theories with internal length are needed

Normalized External Stress

e NOTE: What is size/scale dependent is the
localization failure and not the continuum
behavior of the rock

0 50 100 150 200
Inner hole diameter [mm]
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Formulation of bifurcation criterion within a FE scheme

e Bifurcation criterion for the global BVP

e Criterion gives the onset of
deviation/bifurcation of classical
solution of uniform hole closure

* Formulation is based on the
assumption that in addition to the
trivial solution of cylindrical
convergence of the hole during the
primary loading path, there exists
another non-trivial warping solution
that fulfils homogeneous boundary
conditions

SINTEF Petroleum Research

External radial stress [MPa]

40

Simulation

35 isotropic

Test 21cav04
isotropic
30 . -
Simulation

plane-strain

Test 21cav09
plane-strain

25

20

15

m Hole failure

0.015 0.02 0.025 0.03

0 0.005 0.01
Internal tangential strain
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Lateral borehole failure

Spalling
exfoliation

* Warping of hole surface develops b Shear-banding

as (a) spalling or (b) shear banding
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Post-bifurcation numerical simulations
(Papamichos 2010)
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* Non trivial solution du =du,,, +da (orde = de, ;i + dE)

non_trivial trivia non_trivial — Etrivia

* Bothdu,,, 4y and du,;,, must satisfy the same equilibrium b.c.
(e.g. loading {t})

* For the incremental form of the virtual work equation this means

..{5d8} {d O-trlwal dV = j{5dg}T [Cep]{d tr|V|aI dV J. 5dU }dS

\Y V N,

..{5dg}T {d Unon_trivial }dv = J.{adg}-r |:Cep:|{d gnon_trivial dV = I §dU}{t}dS
\ v N,

* Then de (and di) satisfies a condition of zero additional loading or the
homogeneous system

[{ode} {d6}dv = [{sde} [C™]{d&}dv =0

\Y
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* Non trivial solution for lateral hole failure
r,0)=V,(r)cos(m@d) , da&;(r,d)=W,(r)sin(mo)
)=V, (r)sin(md) , day=0

dd. =0, dw, =0

° m=1,2,3,...isthe wavenumber of the warping mode
*  Wavelength W =2nr/m
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Bifurcation modes
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m= 8 m= 10

° he]

| Kf \’\ | Kﬁﬂx

3 3

5 k j - \qu Jj

x-coord x-coord
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e Shape functions relate displacements to nodal values

e Strain — displacement differential operator

* Gives finally

N, cos(mé@)

%Ni cos(mé)

r
0

(d2}=[B]{au)
0

?Ni cos(mé)

_m N; sin(mo) 1 N, sin(mé)

r
N, sin(mé)
0

0

0
0

N; sin(mé)

—N, sin(mo)
RN;, sin(mo)

m—rRNi cos(mé)
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(dd}=[N]{au)
(2} =[L]{a0)

=[ B? [sin(m6) +| B |cos(m@)
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Substitution into the virtual work eqn I{5d 5}T [Cep}{d £}dv =0

\Y

*  Gives I[B]T [éep][B]dV {du}=0

\Y

e Where [éep] contains only the relevant terms of [Cep}
* We can simplify by direct integration over 6 and z to obtain
[K]auj=0,  [K]- I (& [ e [B] [Co B jrar

* Within a FE scheme, the solution to this eigenvalue problem is obtained by requiring
that the global stiffness matrix [K] becomes singular, i.e.

e Bifurcation condition: det[K] =0
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Comments

* Reduction to an 1-d problem

e Each node has three degrees of freedom. These are the radial V, and tangential V,
displacement amplitude and the Cosserat microrotation W, amplitude

* The bifurcation problem requires that the global stiffness matrix becomes singular

* Ininhomogeneous problems like the present, failure of local stability conditions does
not necessarily imply loss of uniqueness

* Infact, the obtained bifurcation points correspond to loading states where elements
close to the hole have entered the softening regime. Although at these elements the
local stability criterion is violated, the global stiffness matrix remains positive.

* The loading stresses at which the bifurcation condition is satisfied depend on the
wavenumber m of the bifurcation mode. There exists a critical wavenumber m_, that
corresponds to the least required load.

* Itis obtained by solving the bifurcation condition for various m and selecting the m_,
corresponding to the least required load. It maybe, therefore, assumed that the hole
would fail under m,,.
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Simulation of hollow-cylinder experiments

* Hollow cylinder tests under isotropic and plane-strain loading
* |dentification of onset of bifurcation

40 + o,
. Simulation
_ 3BT Test 21cav04 isotropic
m B . .
- isotropic
S 30+ P o
= - Simulation
8 25+ plane-strain
2 ok Test 21cav09
S i plane-strain
S 54
1] N
= i
S 10 +
X - m Hole failure
5+
D - T I R S I R T I T R | I N Y S Y I
0 0.005 0.01 0.015 0.02 0.025 0.03

Internal tangential strain
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e [fthe internal length R is known we can make forward prediction
If R is NOT known, calibrate in one test and forward predict the other tests

e The minimum in each curve leads to the selection of the critical mode m,_,
corresponding to the least external radial stress

40 R =2um
v - R=5um
o

35
= ':l%ﬂ -~ R =10 pm
5 30 <R =15pm
{% quﬂ =R =20pum
= 25
3
® - \.J
T:E "ﬁ.ﬂ_wﬁ
S 15 e
=
L

1L e B e Iy

0 50 100 150 200

Bifurcation mode m

Aristotle University of

SINTEF Petroleum Research

Thessaloniki



Size effect of the failure stress

e Vary internal radius r; to obtain size effect (scales with R)

3 16 “ —+— |sotropic
w0 14 F —=— Plane-strain
D = - \ Radial at 14.5 MPa axial stress
7 5 1.2 + Radial at 12.5 MPa axial stress
T D r —— Radial at 7.2 MPa axial stress
SE 14+ —Scale effect eqn
e
c £ 08
i
PN 06 1
E E 04 1 2(D 2/5
T @ t O¢ ref
E% =3 EE DJ : D. =20 mm
o] 0.2 ¢ O-Fref
pd
0+ : : : : : |
0 20 40 60 80 100 120

Hole diameter [mm]
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250 |
. I + Theoretical data
([ J r y
m,, decreases with R/r; s 20l | o Power lan fi
— Large holes -> large wavenumber E 3
= i
O L i
£ 150 1 0.074
3 o 3 .
s [N m,=——, b=0.92
S 10 (R/r)
S 100 | \ i
8 i A
2 i S
G 50| Sl
L . SN _
Il S
——.— -
0 — : : : | |
0 0.0005  0.001 00015 0002  0.0025

R/ri

* Experimental and numerical evidence show that although localization
may initiate under a high mode, a lower mode may finally evolve

* Indeed experiments show that an initial mode m = 6 localization evolves
to an apparent mode m = 3 failure [Haimson 1993]
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Axial failure

L i L

T et

1)

e Axial warping of hole surface develops as
(c) spalling or (d) shear banding
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Axial failure

* Non trivial solution for axial hole failure
dd, (r,z) =V, (r)cos(mzz/H)

dd, (r,z)= V,(r)sin(mzz/H)
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* Following the same FE discretization, the solution to this eigenvalue
problem is obtained by requiring that the global stiffness matrix [K]
becomes singular, i.e.

[K]{dul=0,  [K]= j{ B [¢*][B]+ [BCT[C‘*"][BC]}rdr

e Bifurcation condition:  det[K]|=0

. Where £ = mi/H [ N, cos(&z) 0 0 .
%Nicos(cfz) 0 0
0 EN; cos(&z) 0
[B.]=| B |sin(&z)+| Bf cos(¢£z) = _gNisC:n(gz) Ni’rSI(r)](CfZ) —NI\;,S;?n(f;z))
0 0 —?Nisin(gz)
0 0 RN, ,sin(¢&z)
] 0 0 &RN, cos(&2) |
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2. Folding of elastic/viscoelastic layered media as a
bifurcation problem

* Constitutive equations of large strain
elasticity theory are used to study buckling of
elastic layered media

— Geometric non-linearity

* Buckling modes can explain various periodic
structures in geology such as folds

° Maurice Biot has presented an analysis of folding
of stratified sedimentary rock in a series of
pioneering papers and in his book "Mechanics of
incremental deformations" (1965)
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* The folding mechanism considered in Biot’s theory is the spontaneous
folding caused by instability under a compressive load acting in a direction
parallel to the layers

*  From the geological viewpoint, a purely elastic theory is not sufficient to
explain folding

— Time-dependent phenomena such as viscous behavior must be taken into
account
* Biot (1957) developed a general theory of folding of a compressed
viscoelastic layer embedded in an infinite medium of another viscoelastic
material
— In general, there exists a lower and a higher critical load between which folding
occurs at a finite rate with a dominant wavelength
— This is the wavelength whose amplitude increases at the fastest rate

— An experimental verification of Biot’s theory of folding of stratified viscoelastic
media in compression is presented by Biot et al. (1961)
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Buckling of a layer under initial stress

e Layer of thickness 2h under in situ stress o, , 0,

* Do they exist other solutions superimposed on the large strain uniform
compression?

— They will satisfy homogeneous boundary conditions
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Large strains/deformations

e C=initial configuration

e C = Current configuration
e C* =Resulting configuration

= stresses in C

* 0; =stressesin C

e Stress vectors in initial and
current configuration

\j

dtl — O-Ij nl (dS) 2 (b) 2 (e)
dt = ;n, (dS) 5,
— j -— E’UH - T[-ELTE“
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g, = Cauchy stress tensor (symmetric)

1; = 1st Piola-Kirchoff stress tensor (non-symmetric)
A7Z'ij =T; —0; = ATU. + Aa),kakj —O'ikAgkj + O'ijAgkk

° AT, = objective part = Jaumann stress increment of the
Cauchy stress

Awy o, — oy A& +0Ag = geometric part

* Jaumann stress increment is related to strain increments through
hypoelastic laws (constitutive)
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* Jaumann stress increment is related to
strain increments through hypoelastic
laws (constitutive) for anisotropic
materials in plane-strain

dT, =C,de, +C,de,,
dT,, =C,de, +Cpde,,
dT, =2Gd¢,,

* Incemental equilibrium equations dr; =0

* Incremental boundary conditions dmn, =dr,

from the current configuration C_bar to
the resulting configuration C* are
written in terms of the 1st P.K. stress
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e Substitution into the equilibrium equations

C,du,,, +(G-7)du,,, +(C,+G+7)du,,, =0
(C,+G—7)du,,, +(G+7)du,,, +C,,du,,, =0

« where 7=(0,-0,)/2

* Assumed displacement to be given in terms of two unknown amplitude

functions
du, =U (y)sin(px),  U(y)=Ae" x=x/L y=x/L
du, =V (y)cos(Bx),  V(y)=Be” W =27L/p
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e Substitution in the equilibrium equations gives
A|-C,+(G-7)Z% |+B[~(C,+G+7)Z|=0

A[(C,+G—7)Z]+B[~(G+7)+C,22]=0 Z=y/p

* For non-trivial (non-zero) solutions for the displacements: det=0
aZ’—bZ*+c=0

a=C,(G-1)
b=C,C,,—C,C, —C, (G — Z') -C,, (G + r)
c=C, (G + Z')
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* Four roots give four solutions: Complete solution is a linear combination of the
solutions w/ a, integration constants

y=h  TIIII] T M'_

k=1

 Tractions dz; =dzn; are ] o T;Lf e

dﬁlz%(y)sin(ﬁx), d@:%s(y)cos(ﬁx)

4
* where S(y) = Zaksk y Sk :(C21 -7 p)Uk +C22Vk,/ﬂ
k=1

(G-7)U;/B+(G-p)V,

_|
—~
<
N—
Il
o
i
|
Il
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At layer boundaries -

* Eigendisplacements and tractions

U =Yau, (h/L), Vi=YaV, (hL)
U?= ) a U, (-h/L), vzzi

k=1

aV, (-h/L)

Zak (h/L), T'=>aT,(h/L)
Zak (-h/L), T2= iaka (-h/L)
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In matrix form solution for 1 layer

 Fori=1upperlayerandi=2 lower layer

U U U, U U(a
JVI L = Vl.l VZ.I V3.I V4.I <a2¥
S' S S, S; S,||a
T T, T T e
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Buckling of a layer system—the transfer matrix
technique

G v diq

%, G® v@12 s

|
\
I I
|
\

* System of n layers of different
materials and different initial
stresses parallel to the layer axis
with a global coordinate system
located at the top layer

=

]

__.___——l-"__ e ——
B

$n-1 n
Gl":' V{n} *ri n41

]

* Assuming perfect adherence at
the interfaces
— |Incremental stresses and

displacements are continuous
along the interfaces
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E‘I i=1
GV Ly

%, G2 v}z 5

|

| —
bl | —

|

\

]

__._,_——_..-—-—-‘—'-—-.-_.___

 Amplitude of the incremental stresses
and displacements for the
" interface of the jt layer

GU‘, V{n} 11 na1

]

U’ [ul vl uloul]fa

Vi (VAR VARRRVARNRVAREFY i\ _ i | Al
HER D I A P B S =R i)
SJ SlJ SZJ SBJ S4J aSJ
T O 1) 1) T)

“ J L 1\
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E1 i=1

- . I GV 4 , \ o
- [ x, G2 v@{2 5 \ —
- . \ 13 ) J —
e Continuity of the incremental \ }
displacements and tractions at all n1
interfaces, the integration constants of Som ™~ :+1 ‘\ R

every layer are linked to the integration
constants of the top layer as follows

(w}=[F{a}. [FI=[Fr][F7]. [F*]=[F ] [F]

* In order to formulate the eigenvalue problem we have to consider boundary
conditions only at the upper and lower boundary surfaces of the layered
medium
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i'I i=1

1
GV 4y - 0
— 2
X, G2 v@ {2 3 | =—0®

|
(
R O A P
|

N
\

n+1

Example

]

e Zero tractions at the upper boundary surface o
(i=1,j=1) and zero displacements at the ——— | GPvY 4n
lower boundary surface (i = n+1, j =n)

[V ]{a)=0, [¥"]{a"}=0 (A} =[FI{A
2 [Yl] = 2 last rows of [Fll]
. [Yn] = 2 first rows of |:F(n+1)n:|

* Homogeneous algebraic system of equations for the integration constants
'] [F]
A

For non-trivial solutions det([Y]) =0

The least load o, that satisfies the bifurcation condition

{A}=0 or [Y}{A'}=0
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Buckling of homogeneous half space

* The buckling condition for a homogeneous half-space is independent of the
wavelength of the considered mode

— No length appears in this problem and consequently the various modes corresponding to
different wavelengths cannot be differentiated

@ ATz
ﬂn12 X1,U| c
— =

:(2,U2 |—

7
L

1

1 .IE.

T.IS

1.4
lo g snuin

1.3
pbiL

critical buckling stress normalized by G

.2
b_lllillll

LIS L L LA - B B B L e |
0.1 0.2 0.3 0.4 0.5
Poisson's ratic
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Buckling of layer on a half space

* Introduce length to select a particular buckling mode

* An example is the buckling of a layer with height h on
top of a half-space due to a horizontal

homogeneous strain field
AT 22
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Critical buckling stress vs wavenumber B = 2rth/W

e GL/G=0.5-1.5

1.7 —
—— EG=05 i
7 —_— GIG=DE
° Forf—> Oor—> —
16 — | = = = cles=12 :
* O =0 _half_space = | | - - - Gle=15 1
T
g 1.5 —
* For stiffer layer at the top 5
. = I vy ==
a dominant wavelength 3 R
. . 2 14 . e T
is obtained 3 NN
1.3 — " P
12 — T T T T T T
0 1 2 3 4 5
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Buckling of a half-space under

ATt oz
geostatic com pression ;ﬁmw X, s o G, G
 (A) Buckling of a layer on a — Ptz — .
rigid base under constant — G —
horizontal load: W, — 0 T |,
e (B) Buckling of a half-space Gibson half-space under horizontal compression o.

under horizontal load
increasing with depth W, — oo

1.56

* (C) Buckling of a layer under
horizontal load increasing with
depth W, = selected

* Two competing factors lead to
wavelength selection

.52 c

, 48

.44

normalized buckling stress
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Interfacial instability

0.8

* Buckling load for stiff layer
 Symmetric mode only

-
o
[ B R B I A B S S B A |
N \

O
>
D
s
= N~ — GI/G=2
5 1 T GI/G=3
= ---- GlI/C=4
< --- Gl/G=5
204 7 -~~~ CI/G=10
w
(] -
@ R e
. i I
@ . el L —een T
_80.2 . . o
= 3 S~ e mm =TT
[E - N Sk -
= ] ~ . -
a . e
0.0_|||||||||[rr_|_||_11_|'|_lT_r|_':|_|1_'|||1l1|||‘l
0.0 4.0 8.0 12.0 16.0
wavelength normalized by hl
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Viscoelastic materials

e Exists dominant wavelength for fastest growth at given stress level

e Critical buckling stress of a viscoelastic layer on a viscoelastic half space with
relaxation constant ratio r/rL = 0.01 (Maxwell material) and rate of growth p.

(x10"%)

45.0—

36.0f
g

G, 30.0f

2b.0f

?0.0 F [¢N

16.01

10.0F

b.0f

il 1 R 1

D‘ D L | - 1 e ] i [______I—i:
0.00 0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32 0.36 D.40 0.44 0.48 (xm)
6]
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3. Spalling and buckling of surface parallel cracks with
application in rock bursting in mining

Extenrion rest oy
e Axial splitting in uniaxial :
Efle redrm | Cs
loading, spalling of a free Borehole breatons | © 25

surface and rock bursting are
common phenomena in
brittle materials, like rock and
concrete, under compressive
stresses parallel to a free
surface

Slabking of mining pilfar o,

v

UCS rest

(al
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(@) 10

s o T~
e Axial splitting and spalling as the result of ) i =
interaction between surface instabilities st
and surface parallel Griffith cracks or
 Surface instabilities in a uniformly stressed L
half-space, produce secondary tensile T
stresses, which, for material points close to ® “r
a free surface remain unbalanced in the P ——
direction normal to the surface ) ol =
* These tensile stresses cause latent, surface i
parallel cracks to open and thus magnify the 251
effect of diffuse bifurcation el L
* Tensile stress concentrations develop at the o . X
crack tips resulting in unstable crack growth 0l
and finally axial splitting and spalling of the r —
material. ol
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Buckling of a half space with a single crack

* Analytical solution exists

(Nazarenko 1985, 1986) 1.0
[HR:] o
fa) 10
05 —
. =
% sk :
a0k
sk
20f
25}
30
asla1 I i 1 | T B
2 1 o 1 2
Xl |
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Buckling of half space with arrays of cracks

* Distributed damage in the material

* Numerical solution (Vardoulakis +
Papamichos 1991) based on Displacment
Discontinuity method

* For 1 periodic array of cracks (Keer 1981)

y
g X (9]

1 h
—_—— T —
: | I | N | b
— 20 21 —
] ]
————FI | ——e
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Muliple arrays of cracks ZE] AT T

1
1
]
i
]
]
1
I
i
]
|
1
1
'
1

- o w m  we e ome en e e

e Eigendispalcements affect
primarily the row of cracks

* Progressive spalling that starts
close to the free surface and
subsequently progresses deeper
into the material

spalling failure in Berea sandstone specimens. The dimensions of the specimen are
height 90 mm and length 110 mm
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Stress intensity factor at the tip of a pressurized crack
(Papamichos and Vardoulakis 1989)

(@) 40p

05
/-—\\\
0.0
.y g‘r_ 05k .-ci::.:h:.
* Boundary conditions at the crack ok
A5
ﬁnxy,:(), |XI {m,y= ""h 2.0k
25
Arn,, = —p, x| <a, y= —h a0
-35 1 1 1 i L 1 1 1
1 1] 1 2

®la

* A way of estimating stress intensity factors derives from the strain energy associated
with the crack

* The strain energy for one-half crack

2 N
W= *%pf a,(x)dx = —3p 3, b'Dj

0 i=1
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* Linear elastic fracture mechanics solutions which do not usually take into
account the initial stress field give a standard relationship between the strain
energy rate 0W/0a and the stress intensity factor K

* Repeat calculation by including initial stress field

ow _ Mgy — q,)/(0; — 52]K1
oot 2G

* By compute numerically W for slightly different crack lengths and solve for K
* Kcombines K and K,modes: K?=K}+K;
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Results for K/K_ for h/a =1

e K, = pVa  Crack in an infinite medium

e Foro=0:K/K, =1.4968
* Erdogan et al (1973) solution

Y ISV RN NN SN N [ NN N BN
000 005 010 045 020 025 030 035 040 045 050

o/G
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