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thermodynamic state (pure solids)
Helmholtz free energy 
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3) From equations 1 and 2 ✏̇eij (�ij , ✏̇ij) ⌘ 0
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✏̇eij (�ij) ⌘ 0

Summary. Under the following three assumptions: 
(1) energy dependent only on elastic strain;  
(2) rate independence; and  
(3) steady state, 

we find

failure state (pure solids)

‘failure criterion’ F (�ij) ⌘ 0



stress free

shaking

thermodynamic state (general soils)
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Helmholtz free energy 

Rates of internal variables %̇ = %✏̇v

✏̇eij = ✏̇ij � ✏̇pij
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thermodynamic state (‘classical’ soils)
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thermodynamic state (‘classical’ soils)

3) From equations 1 and 2

4) Rate independence ✏̇eij (%,�ij ,�✏̇s) = �✏̇eij (%,�ij , ✏̇s) ⌘ 0

        since ✏̇v = 0

✏̇eij (%,�ij , ✏̇ij) = 0

✏̇eij (%,�ij , ✏̇s) = 0



Summary. Under the following three assumptions: 
(1) energy dependent on elastic strain and density;  
(2) rate independence; and  
(3) steady state, 

we find

critical state (‘classical’ soils)

F (%,�ij) ⌘ 0critical state ‘line’
e =
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Summary. Under the following three assumptions: 
(1) energy dependent on elastic strain and density          

  
(2) rate independence; and  
(3) steady state, 

critical state (the ‘α’ soil)

and a vector of internal variables αij;

critical state ‘field’ F (%,�ij ,↵ij) ⌘ 0
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Summary. Under the following three assumptions: 
(1) energy dependent on elastic strain and density          

  
(2) rate independence; and  
(3) steady state, 

critical state (‘crushable’ soils)

and breakage B;

F (%,�ij , B) ⌘ 0critical state ‘field’



critical state (‘crushable’ soils)
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critical state (‘crushable’ soils)
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EB from Linear Elasticity EB from Nonlinear Elasticity



critical state (‘crushable’ soils)
Fit with one free parameter (Tengattini et al 2016) 

(Dog's Bay sand data by Bandini & Coop (2012))



sub-conclusions
‘Critical State Theory’ (CST) builds on 
the assumption that steady state will 
eventuate at large strains under very low 
shear rates  

critical state is necessarily dependent on 
the form of thermodynamic energy
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empirically based  
(constant shear rate tests)
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low rates = 
geotenics?



non-critical state (stick-slip)
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non-critical state (stick-slip)
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non-critical state (stick-slip)
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non-critical state (stick-slip)
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non-critical state (stick-slip)
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non-CST  
(rate and state friction law)

(Scholz, 1998) 
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The critical slip distance L is interpreted as the sliding distance required to 
renew contact population. In this view θ represents average contact lifetime.



Helmholtz free energy 
La

nd
au

 (1
95
3)
  

de
 G

en
ne

s (
19
93
) 

Jia
ng

-L
iu 

(20
09

)

stress free

shaking

thermodynamic state (granular soils)
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Helmholtz free energy 

Granular Solids Hydrodynamics 
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conclusions
CST builds on the assumption that steady 
state will eventuate under very low shear rates 

which violates transient stick-slip 
observations  

adding granular temperature to describe 
thermodynamic state can resolve this issue


