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1. Governing equations
Biot’s equations
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Reduced formulation > U-Pw
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Dafalias 08 ,
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1. Governing equations
Biot’s equations
Linear momentum of the mixture
div [o" — pu, I] — pti — p,W + pg = 0.

Linear momentum of the fluid phase

—gradpw—ﬂ—w’lb—l—pw (g—'&—g> = 0.
k n

Mass conservation

Po + div i+ div b = 0
Q)
where:
Solid phase displacement U
Total water displacement U

Relative water displacement w =nS, (U — u)




1. Governing equations

Biot’s equations Lewis & Schrefler (1998)

Linear momentum of the mixture

div [o" — p, I] — pit — p,W + pg = 0.

Linear momentum of the fluid phase

—gradpw—u—w'tb%—pw (g—il—g> —()
k n
Mass conservation
%+divu+divw20

<‘ deriving on time...

Pw = —Q (div u + div w) + pyo.



1. Governing equations
Biot’s equations \Weak forms

—/ o' : grad(du) dv —/Qdiv(u)[ : grad(ou) dv
LMBm : -

E / Q div(w)I : grad(du) dv + /

|—pti — p,W + pg] -5udv+/ t-duds=0.
B B

0B

i / Q div(w)div(ow) dv — / Q div(w)div(dw) dv — / %w.awdu
B

B

/w— ow dv +/pw(g—ﬁ,)-5wdv—/ t, - dwds = 0.
OB

LMBw



1. Governing equations
Explicit scheme

Newmark central differences

A’lbk_H = kathvAtAwkH

LMBw - LMEm : incremental form

pw [V (A0 — Apy), — Pu Atdgss + p Agyyy] =

oy 1 w I
p [—Vprk B Ekat — (EyAt — %) AWpi1 + puw AGji
... after rearranging terms: where:
saqw—1 ARS = VAO"k,
[Mwa G ] g
n AR =1TVIAD

AR, + AP, + AtM°Cw,| = AW
GEESEE Bl = e AR AR — AR

s1—1 s w s w A o .
[M°]7" [AR; + AR}y + AP; | — MY A1) = Adigy AR AP = p AP



1. Governing equations
Explicit scheme

Newmark central differences

A’lbk_H = kathvAtAwkH

LMBw - LMEm : incremental form

pw [V (A0 — Apy), — Pu Atdgss + p Agyyy] =

Ly 1 w I
P [—VAPwk iy Ekat = (EWAt ¥ %) AWpi1 + pw AGpy
... after rearranging terms: where:

spqw]—1 (TR e

[Mwa Y Tl ok ] M=

n MS ig

AR} + AP, + AtM*C1iy] = Aty
Ot =

[M*)] 7 [AR; + ARY + AP | — MY A%i1] = Adigys



1. Governing equations

Explicit scheme
Explicit algorithm

1. Explicit Newmark Predictor (v = 0.5, 8 = 0) 5. Remapping loop, reconnect the nodes with their new material neighbors
Uppr = g + Aty + 0.5ty = up + Augyy 6. Update density and recompute lumped mass
Wg+1 = Wg it Atwk =i O.5At2 wk == A”wk+1

: ; 5 Prr1 = Ney1Pw + (1 — Nag1) ps
Upr1 = Up+ (1 —y)Atiiyg

I S R ST AT 7. Constitutive relations from the Elasto-Plastic model: 0’41 and Ry 4

it ThL T [ W . i i
8. Computation of iz and w4

2. Material points position update
9. Explicit Newmark Corrector

3. Deformation gradient calculation

4. Logarithmic strain and Pore pressure: C = F'F Up+1 = Ugy1 + YAL Upyq

1

divi(w)l { = itrlepd )= tr (5 log Ck+1>

W1 = Wht1 + VAL Wy

I
div-{w) | = tr(ely) = tr (5 log C}fﬂ)

Py = —Q(div u + div w) + py,



1. Governing equations

Implicit scheme

'H’k—{—l = a1AUk+1 = (XQT.I,k 134 Ozg’iik Rk—I—l s Cuk—l—l + Muk—l—l = Pk—l—l‘

Up11 = g Augi1 + asty + agtiy

M [OélA’U,k+1 = Oég’l.l,k = Oég’ijlk]

& L BlAlt2 Gk+1

e C [044A’U,k_|_1 S 045’1.I,k g OéGﬁk]

+ oyRpy1 — Pr—0gAPp 1 =0
G(x,m, Au)tl =~ iteratively:
e - T
Fr=1s 2o (e ) % L ' S b 2 2w 3 '
G(X;N)i1 T DG(X,M)jy1 Auk:f = 0, [@1M + ayC + &7K}L€+1} Au’]L{—Fl k- _G(u;e—l—l)?
e B et i i+1
1083 T8 AR ACTRILN I RSB T where w, ' = wp, + Auls.

linearization Newton-Raphson



1. Governing equations
Implicit scheme Weak forms after time integration scheme

LMBm

LMBw

—a7/ o’ : grad(du) dv —047/ Q div(u)div(ou) dv

B B

—a7/ Q div(w)div(du) dv —041/ pu + puw] - du dv
B B

+a8/pg-6udv+a8/ t-duds=0
B 5B

B

—044/ 'u—ww~5’wdv—oq/ p—ww-dwdv
B k B N

—&1/pwu'5wdv+&8/pwg-5wdv
B B

—/Boz7QdiV(U)diV(5w) dv—/oz7Qdiv(w)diV(5w) dv

—048/ t, dwds=0.
5B



1. Governing equations

Implicit scheme

Linearization

DGLms DGLmw

grad(dw) : (Q [div(Au) + div(Aw)] I) dv

grad(du) : c¢? : grad(Au) dv — oy

i

— oz7/Ba’ . grad’ (0u) grad(Au) dv
/B ) O A (A v (b)| Py

grad(du) : p, grad’ (Awu)dv

1—n

grad( du) : py div(Au)Idv

Q
\']
e

n

ou - [pAu + p,Aw

Puwou - g div(Au) dv e oz8/ Puwow - g div(Awu) dv
B
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1. Spatial discretization: OTM

Optimal Transportation Meshfree
Optimal Transportation Meshfree (OTM) (Li, Habbal and Ortiz, 2010)
DAAS (Saucedo and Yu, 2012)

Material
point

Node
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1. Spatial discretization: OTM

Local Max-Ent
M. Arroyo and M. Ortiz (2006)

the unique solution is:

where

First derivatives expression is:

where

fs(x,p)

subject to

VA
\.O
o
T
[Em—
B

Da

5]
S]
|
—

[
S
5
||
P

O

Oxlog Z(x, \) Zpa X, A, B)(X — Xa)



1. Spatial discretization: OTM

Optimal Transportation Meshfree




OTM

1. Spatial discretization

Li, Habbal and Ortiz (2010)

Optimal Transportation Meshfree
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2. Constitutive law
Hyperelastic

Neo-Hookean with compaction point

i Ji

il
et L R R 1
£ |: 1 J+n0—1}

J?+ (1 —ng)(1 —2J)
(J +ng—1)2

A |ten



2.

q>cl L

cP =

Constitutive law
Elasto-plastic

Drucker-Prager flow rule

SOzQK

Classical

st — 2GAY + 3a, [piid — 3K o, AY] — Begia

9 K
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4. Benchmark examples

Consolidation
P=P(t)
A)
BREER
SNEe 5
&
%’ v I,
s
r2
5,8
vl
|« >

B) Dynamic consolidation

P(t) 1
P -

max

T

C) Large deformation consolidation
P(t) A

P

max

G [MPa] 3125 K, [MPa] 10

% 0.2 K, [MPa] 10%
n 0.333  p, [kg/m?®] 1000
Ve [m/s] 3205  p, [kg/m’] 3003
A [MPa] 29 | K, [MPa] 22-10%
G [MPa] 7 |K,[MPa 10%

n 0.42 | pw [kg/m3] 1000
k[m/s] 0.1 | p,[kg/m’] 2700




4. Benchmark examples
Dynamic Consolidation

I, — Ve HQZwQH%
ghWH% Q%H27 ‘/02

w k
Lz & [rad/s] [m/s]

OSSO 14 1 3: 2217 102

=Lt AT 32210

P
P, [ {100 :10:3 | “10.141 [ |3.22:-: 10
P
P

N T G S 7 8 e M o DR (0

1072 1 102

Zone (I) - Slow phenomena: U and W can be neglected

Zone (Il) - Moderate speed: w can be neglected
Zone (Ill) - Fast phenomena: only full Biot eq. valid

O.C. Zienkiewicz, C.T. Chang, and P. Bettes. Drained, undrained, consolidating and dynamic behaviour assumptions in soils.
Geotechnique, 30(4):385-395,1980.



4. Benchmark examples
Dynamic Consolidation

0 1 I:,IPmax
0 | . |
P3
2/H Implicit Eulerian scheme
_______________________________________ (Zienkiewicz 80. Navas et al. 16)
- = = = Explicit Lagrangian scheme
(Navas et al. 17, a)
e —— Implicit Lagrangian scheme

(Navas et al. 17, b)




4. Benchmark examples
Large strain consolidation

0.0
E 02 A Complete formulation:
5 - = = = Explicit Lagrangian scheme
0.4 ¢ (Navas et al. 17, a)
0.6 1 — - — - Implicit Lagrangian scheme
' | (Navas et al. 17, b)
T Li et al. (2001):
-1.0 5 N\ ———  Small deformation
g Finite deformation
-1.4 -
-1.6 + \\\ \\"‘——.—_’- e i e T T
=g e
-2.0
0.0 0.1 0.2 0.3 0.4 0.5

t(s)

C. Li, R.l. Borja, and R.A. Regueiro. Dynamics of porous media at finite strain. Computer Methods in Applied Mechanics and
Engineering, 193:3837-3870, 2004.



4. Benchmark examples
Rigid footing in a saturated square plate

S l l l l luy=t/200[m]
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i ]
10 m |
K = 8333 kN/m? K, = 50000 kN/m? i u=0, w=0
G = 3486 kN/m? k =0.0001 m/s = Uy=0, Wy=0
c, = 100 kN/m? n=0.33 My: w=0
H = -10 kN/m? o, = 2700 kg/m?® FiemtuCh b set
® = 20° 0. = 1000 kg/m?® L—fres

=102 0P 10°-20°

L. Sanavia, B.A. Schrefler, E. Stein, and P. Steinmann. Modelling of localisation at finite inelastic strain in fluid saturated porous media. Proc. In: Ehlers W (ed.),
IUTAM Symposium on Theoretical and Numerical Methods in Continuum Mechanics of Porous Materials, Kluwer Academic Publishers, pages 239-244, 2001.



4. Benchmark examples

Rigid footing in a saturated square plate
Explicit scheme: 2e-2 m/s

® =20° t=25s

t=25s t=50s W =10°

a

1205 84

Ep Ep Ep
0.0 0.062 0.12 0.19 0.25 0.0 0.062 0.12 0.19 0.25 0.0 0.062 0.12 0.19 0.25
Ll It

0.0 0. 062

-

t=50s

Ep
0.12 0.19 0.25
w ||||||| |11l l“



4. Benchmark examples

Rigid footing in a saturated square plate
Explicit scheme: 2e-2 m/s

® =20 t=25 t=45
Y =Q° s | S t=25s t=45s
Pore Pressure (Pa)
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4. Benchmark examples

Rigid footing in a saturated square plate
Explicit scheme: 2e-2 m/s

x 103
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4. Benchmark examples
Rigid footing in a saturated square plate

Implicit scheme: 5 mm/s

Y = 2(Q° Y =10°

N
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Pore Pressure (kPa)

Benchmark examples

Rigid footing in a saturated square plate
Implicit scheme: 5 mm/s
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4. Benchmark examples

Rigid footing in a saturated square plate
Implicit scheme: 5 mm/s

Cavitation

Pore Pressure [Pa]
-1.5e+05 -9.899e+04




4. Benchmark examples
Rigid footing in a saturated square plate

Implicit vs Explicit scheme: 5 mm/s Comparison between velocities
— o
Implicit Explicit 11540
Y = 20° L
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||||\|\|H||||\|\|||||| |||||| i '
gp
02+
0.1}
0 . : ; .
v=>51073 v=2-107
0.075 0.15 0.22 0062 012

\‘I\HHHH\I\I\I“IHH ||||||||||||||||||



4. Benchmark examples
Rigid footing in a saturated square plate

Implicit Explicit
Pore Pressure Pore Pressure
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5. Embankment application

26
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E = 50000 kN/m?
G = 19230 kN/m?
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H = -20 kN/m?

® = 15°

Y =-3°, 5°

K, = 10000 kN/m?
k =0.00001 m/s
n=0.322

p, = 2647 kg/m®
p, = 1000 kg/m?



5. Embankment application

Y = 5°
Ep
0,000e+00 0,025 005 0075 1.000e-01
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6. Conclusiones and future work

Conclusions
Implicit
Complete formulation <
u-w Explicit
Implicit
Dynamic consolidation <
Explicit
Implicit
Large deformation
consolidation
Explicit
Implicit
Plastic square loaded <
by a strip footin
y P d Explicit

Robustness

Easyness

Stability

Oscillations

. Dynamic effects

Stability

Oscillations

Embankment Implicit Excellent performance



6. Conclusiones and future work

Future work

Employment within different computational methods
G-PFEM

MPM
Traditional techniques: FEM

Different constitutive models

Cam-Clay

Multi-phase governing equations

Unsaturated soils

Time integration schemes assessment

Explicit - Implicit
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