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Editorial

The twenty-third session of the ALERT Doctoral School = European Graduate School
entitled Soil-Structure Interaction is organized by Panagiotis Kotronis, Claudio Tamagnini and Stephane Grange. It proceeds with the tradition established last year and
offers the school book as a freely downloadable pdf file from the ALERT website
.
The new ALERT website has become an attractive blog for the news in the field of
geomechanics. Conference and workshop announcements, PhD positions or research
prizes are being published regularly there. In the last 12 months there were more than
21 thousand visitors counted. Many of them downloaded the book from the ALERT
Doctoral School 2012. I am sure that the present book will be equally successful.
On behalf of the ALERT Board of Directors and of all the members of ALERT, I would
like to thank the organizers of this School 2013 for their intensive work invested into
the preparation of the published volume and the oral presentations during the event in
the Paul Langevin Centre in Aussois.
Ivo Herle
Director of ALERT Geomaterials
Technische Universität Dresden, Germany
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Soil-Structure Interaction: Foreword

The contributions in the present volume have been prepared and collected to be used
as lecture notes for students and researchers attending the 2013 ALERT Geomaterials
Doctoral School devoted to “Soil-Structure Interaction”. The School has been organized and coordinated by Panagiotis Kotronis (Ecole Centrale de Nantes), Claudio
Tamagnini (University of Perugia) and Stéphane Grange (Université Joseph Fourier,
Grenoble). The coordinators would like to warmly acknowledge all the contributors
for the work done in order to obtain papers of high quality in due time.
The volume is divided into 8 chapters: The first chapter, written by Carlo G. Lai and
Mario Martinelli presents a general overview of the soil-foundation-superstructure interaction analysis and its importance when assessing the response of structures subjected to earthquake loading. Chapter 2, written by Luc Thorel, is specific to centrifuge modelling of foundations subjected to cyclic loading and chapter 3, by Sandra
Escoffier, to earthquake loadings. In chapter 4 Philippe Gueguen uses strong and
weak motions to study the dynamic characteristics and the response of buildings considering soil-structure interaction. In the next chapter Ronaldo I. Borja shows the capability of the extended finite element formulation to accommodate quasistatic crack
propagation and spontaneous fault rupture dynamics. In chapter 6 Mario Martinelli
and Claudio Tamagnini focus on the modeling of soil-structure interaction on piled
foundations. The last two chapters, written respectively by Panagiotis Kotronis and
Stéphane Grange, present simplified modelling strategies for soil-structure interaction
problems based on the multifiber beam and the macro-element concepts.
We hope that all the papers collected herein will provide a good overview of the soilstructure interaction research field and will be a useful complement of the lectures
given at the doctoral school.
Panagiotis KOTRONIS
Claudio TAMAGNINI
Stéphane GRANGE
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_____________________________________________________________________________________

Soil-Structure Interaction Under Earthquake Loading: Theoretical Framework
Carlo G. Lai¹,² and Mario Martinelli¹
¹ Department of Civil Engineering and Architecture,
University of Pavia, Italy
² EUCENTRE, Pavia, Italy
____________________________________________________________________

This chapter presents a general overview of soil-foundation-superstructure interaction (SFSI) analysis. It focuses specifically on the importance of SFSI when assessing the response of structures subjected to earthquake loading. Both shallow
and deep foundation typologies are examined. Two approaches are presented: the
so-called direct method and the substructure method. Capabilities and shortcomings
are highlighted for both techniques. To overcome the assumption of linearity underlying the substructure approach, the macro-element approach is also briefly introduced. This technique is particularly suitable when certain nonlinear phenomena of
SFSI like sliding at the soil-foundation interface, uplift and/or pile-soil relative displacement need to be taken into account. The chapter includes an illustration of the
most common procedures used to calculate the frequency-dependent, dynamic impedances matrices in the application of the substructure method. The last section
shows two applications of SFSI analysis conducted using the substructure method.
The first example concerns with the seismic design of the foundation of EUCENTRE
(Pavia, Italy) shake table, which is the Europe most powerful. The second example
concerns with the seismic demand assessment of a long-span viaduct founded on
large-diameter shafts.

1. Definition of the problem and historical sketch
The vast majority of structural design is performed under the assumption that the
structural elements are fixed at the foundation level against translation, settlement,
and in some cases, rotation. Structures excited by earthquake ground shaking develop inertial forces that introduce base shears and bending moments at the structurefoundation interface. If the foundation system and supporting soil are not rigid, these
internal forces induce displacements and rotations at the structural base. For highly
flexible structural systems (e.g. slender towers), foundation displacements and rota-
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tions may be small compared to those in the superstructure and may be neglected.
Vice versa, for stiff structural systems (e.g. buildings with shear-walls) the foundation movements may represent a significant contribution to the flexibility of the
overall system. Thus, ignoring these effects may lead to gross errors in the assessment of the response under earthquake loadings.
ATC-40 (1996) [ATC96] presented an example, shown in Figure 1, that represents a shear wall connected to a flexible frame. This highlights how dramatically
different are the results of the analysis if the system is considered connected to a
strong and stiff supporting soil (where the SFSI can be neglected) or contrariwise to
weak and flexible ground. In case of stiff supporting soil (Figure 1, left), the shear
wall (sensible to loads) is completely cracked and the connected frame, subjected to
small displacements, is perfectly intact. On the other hand, the shear wall rotation
produced by the flexibility of the base, decreases the force demand inducing large
displacements into the connected frame, thus, no damages will occur into the wall
however significant cracks are developed into the frame (Figure 1, right).

Figure 1: Comparison between the response of a structural system characterized
by either a stiff/strong (left) or flexible/weak foundation (right) (modified from
[ATC96]).
The above example highlights situations drawn from the real design practice
when SFSI may be either important or negligible. However, a formal definition of
what a soil-structure interaction (SSI) problem is, has yet to be given. This may not
be a simple task, particularly if the definition pretends to be rigorous [Kau10]. Using
an approximate description, it may be stated that the term soil-structure interaction
(SSI) is often used to denote a particular category of contact problems where along
the surface of a structural element (e.g. shallow/piled foundation, earth-retaining
structure) in contact with the surrounding ground, the stresses acting along the interface cannot be defined without simultaneously determining the deformation and
displacement fields along the very same interface.
SSI problems are thus coupled problems as there exist a coupling between the
“action” (e.g. the contact pressure) and the “reaction” (e.g. the displacement of the
soil-structure interface) along the contact surface by which the former can only be
determined jointly with the latter. Mathematically, the SSI problem defined above
may be formalized through an integral equation where the unknown function is for
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instance the contact pressure. The term “interaction” is instructive of the meaning of
the phenomenon since the “action” depends upon the “reaction”.
Interaction problems are numerous in physics and engineering. Some of them
may be fairly involved (e.g. the well-known three bodies problem of classical mechanics). In engineering, solution of a SSI problem requires an idealization of the
behaviour of two systems: “the structure” and the “soil” and also of the boundary
conditions of the interface (e.g. unilateral constraint, glued/unglued, smooth interface, etc.). Linear elasticity is one natural assumption for the constitutive modeling
of the structural material even though sometimes the structure is assumed rigid.
As far as soil modelling is concerned, the so-called Winkler model is one of the
most common idealizations of soil response. In statics the Winkler model is composed by a continuous distribution of linear/nonlinear, non-connected, springs.
Among the major shortcomings of Winkler model is its inability to account for the
shear stiffness of soils a fact that is responsible of well-known paradoxes (e.g. a
continuous, uniformly-loaded beam resting on a Winkler soil undergoes a uniform
settlement, despite experimental evidence shows that settlement is larger at the center of the beam if compared with that at the edges).
In dynamics, the work by H. Lamb in 1904 can be considered the first attempt to
study the response of an elastic, homogeneous, isotropic half-space to dynamic loadings. Lamb actually extended the solution of the classical Boussinesq’s problem (i.e.
that of finding the stress-strain-displacement fields induced in an elastic half-space
by a concentrated, vertical force applied at the boundary of the half-space) to dynamic loading. For this reason sometimes the Lamb’s problem is referred to as the
dynamic Boussinesq problem. Lamb in fact calculated the displacement field induced in an elastic half-space by an oscillating vertical force applied at the free surface of the half-space.
However, only in 1936 the theory of dynamic Soil-Structure-Interaction (SSI) has
been properly formulated for the first time through an article by Erich (Eric) Reissner [Rei36] in which he examined the behavior of circular disks lying over elastic
half-spaces subjected to time-harmonic, vertical loads. Actually, he did not solve a
true mixed boundary value problem but he only assumed a uniform stress distribution underneath a plate jointly with assumption that the displacement at the center of
the load equals the displacement of the plate. Soon after, in another paper Reissner
(1937) [Rei37] dealt with the problem of an elastic half-space excited at the free
surface by concentrated and distributed torsional loadings. He also took into consideration the case of a finite thickness soil layer and discussed the generalization to
soils whose properties vary continuously with depth. Despite the simplifications
adopted in either paper concerning the distribution of contact stresses, he introduced
the concepts of radiation damping and that of an equivalent mass-spring-dashpot
analogue system. Therefore, as suggested by Kausel [Kau10], Reissner can be considered as the father of the dynamic SSI.
After Reissner contributions, several rigorous solutions of mixed boundary value
problems have been provided, such as the Sagoci’s paper proposed in 1944 in which
he examined a rigid circular plate loaded in torsion at arbitrary frequencies. A large
number of papers dealing with dynamically loaded plates resting over elastic halfspaces and finite thickness layers have been studied. Some articles are remarkable
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and deserve special citations. Among them the works by Quinlan (1953) [Qui53],
Sung (1953) [Sun53] and Bycroft (1956) [Byc56], all listed in Kausel’s recent stateof-the art paper [Kau10].
Most of the papers mentioned above focus on the calculation of the dynamic response of a foundation where the source of vibration is located in the superstructure
(e.g. wind turbines, off-shore platforms, turboalternators). However the elastic
waves generated by an earthquake are transmitted to a structure from the ground
through the foundations. Thus seismic excitation constitutes an alternative mechanism of dynamic loading. Once the seismic waves hit the structure, the input motion
excites the superstructure and simultaneously it gets modified by the movement of
the latter relative to the ground. This interaction phenomenon is called “soilfoundation-superstructure interaction” (SFSI).
The first attempt to study the phenomenon of dynamic SFSI was carried out in
Japan in 1935 by Katsutada Sezawa and Kiyoshi Kanai [Sez35a, Sez35b, Sez35c].
In this work, the structure was modeled as a thin cylindrical rod with a hemispherical tip at the base completely embedded in a homogeneous half-space. The model
took into account the propagation of plane, vertical P-waves through the medium.
They were scattered in all directions and partly transmitted into the rod, once they
hit the foundation. Despite the simplifying assumptions, the results obtained from
these Japanese researchers are considered a milestone in modern earthquake engineering. Among other things, they introduced the concept of energy loss due to
geometrical spreading of the waves which tend to reduce the seismic demand on the
superstructure, limiting resonance effects.
Several contributions were given after the work by Katsutada Sezawa and Kiyoshi Kanai (1935). A complete account of the early-history of SSI is reported in the
already cited paper by Kausel [Kau10]. One of the reasons why SSI has been studied
over a period of more than eighty years is that the response of a structural system
can be quite different if the supporting ground is not rigid. The actual difference will
depend on the characteristics of the soil medium, the source of excitation and the
particular type of foundation. Additional important factors influence the response.
They include (a) non-vertically incident body waves; (b) presence of surface waves
which induce coupled rotational and translational motion; (c) dissipation of strain
energy through a combination of geometrical radiation and inelastic soil response;
(d) relative displacements induced by a flexible foundation can cause high localized
stresses; (e) in presence of a stiff embedded foundation, the free-field input motion
transferred from the soil to the structure is modified by the interaction, rotational
motion may arise and get transmitted to the superstructure; (f) in presence of unsymmetrical structures, coupling effects may occur such as torsional vibrations induced by horizontal excitations at the base; (g) the influence of surrounding buildings may be significant in the sense that vibration of nearby foundations can act as
additional wave sources for the structure under consideration.
The objective of this work is to investigate some of the phenomena mentioned
above focusing on some approaches that have been adopted to solve the SSI problem associated with earthquake loading.
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2. Kinematic and inertial interaction
In accordance with the concepts introduced in the previous section, there are two
phenomena that occur due to the presence of a dynamically excited structure at a soil
site. These phenomena are widely known as kinematic and inertial effects.
The term “kinematic interaction” represents the phenomenon by which the seismic input in the absence of the structure (also denoted as free-field motion) is different than that with the structure sitting at the site. Kinematic interaction is essentially
a scattering phenomenon due to a mismatch in the dynamic impedance between the
foundation structure and the surrounding ground. In fact, the foundation stiffness is
different from that of the adjacent soil and this causes reflection and refraction of the
incoming seismic waves as these waves approach the soil-foundation interface.
Therefore, the kinematic interaction represents the difference between the structural response due to the free-field ground motion in absence of the scattering effect
and the response computed using the ground motion when the presence of the structure is considered. The magnitude of the phenomenon depends on the geometry of
the structure, the foundation size and embedment, the kinematics of the incident
free-field motion and the angle of incidence of the seismic waves. As a special ideal
case, no kinematic interaction occurs if the foundation is built at the ground surface
(i.e. a shallow foundation) and is hit by a vertically propagating S wave (Figure 2).

Figure 2: Building with shallow foundation subjected to vertically propagating
transversal (i.e. shear) waves.
The second phenomenon occurring when a structure lying on a soil deposit is dynamically excited is the “inertial interaction”. This is the result of the dynamic coupling between a structure and its supporting ground. The deformability of the soil
increases the kinematic degrees of freedom of the structure. In addition the ground
can dissipate the vibrational energy through radiation of the seismic waves away
from the structure and through inelastic deformation. In general, the inertial and
dissipative properties of the soil-foundation system make the dynamic response of
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the foundation frequency-dependent. Figure 3 shows the inertial forces arising from
the excitation of the ground.

Figure 3: Inertial forces arising in a structure from ground motion.
If the deformability and energy dissipation of a supporting soil is accounted for, the
response of a structure to a given ground motion would be substantially different
from that of a fixed-base structure. The magnitude of this difference will depend on
the mismatch between the stiffness of the superstructure-foundation system and the
stiffness of the supporting ground. Thus, the inertial interaction would be negligible
for structures founded on rock or very stiff soils, because in such cases the structural
response would be almost identical of that of a fixed-base structure. On the other
hand, the interaction effect could be quite significant for structures founded on highly-deformable, soft soils.
For example, the response of a single-degree of freedom (SDOF) system fixed at
the base and composed by a mass M and a spring with flexural stiffness K (Figure 4)
subjected to a horizontal displacement, is controlled by M and K. The fundamental
period !"#$% & of the system is given by the following relation:
"#$% ' 2)/+,/-

(1)

Instead, if the same SDOF system is connected at the (fixed) base through a rotational spring capturing soil compliance (Figure 4), the base can rotate and the global
response of the system would then be obtained from the solution of the following
pair of equations:
. ' ,/0 1 ' ,234 1234 ' ,1#5/%
1 ' 1234 6 1#5/%
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Figure 4: Single-degree-of-freedom (SDOF) fixed at the base and connected at
the (fixed) base through a rotational spring.
where the equivalent stiffness (,/0 ) and the fundamental period ("/0 ) of the system
are given by the following relations:
9

9

:

:;<=

,/0 ' 1/ 8 6

>

"/0 ' 2)/+,/0 /-

(4)
(5)

From this simple example, it is worth noticing that accounting for the SSI effect
typically amounts in lengthening the natural period of the structure. This is due to
the deformability of the ground and by an increase of the damping coefficient due to
geometric damping. However, it is not possible to a-priori determine whether inertial interaction has always a beneficial effect in the dynamic response of a structure.
Gazetas and Mylonakis in 2000 [Gaz00] have in fact shown that for certain ground
motions and soil types, an increase of the fundamental period due to SSI may be
detrimental for it increases the displacement demand of the structure.

3. Methods of analyses
The general methods by which soil-structure interaction analyses are performed
can be categorized as direct and indirect or substructure approaches. Some peculiarities of both methods will be described in the next sections. It will then follow a brief
introduction of the notion of macro-element which is a relatively recent (in geotechnical engineering) and innovative concept to solve SSI problems that takes advantage of the individual merits of the direct and substructure approaches without
however inheriting their shortcomings.
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3.1. Direct approach
In the direct approach, the soil volume and the structure are both part of the same
model (Figure 5) which is analyzed in a single step by using one of several numerical discretization techniques (e.g. Finite Element Method, Spectral Element Method,
Finite Difference Method, etc.). For example in the Finite Element Method (FEM),
the soil can be modeled with solid 3D elements and the structure as beam and/or
frame elements. The equation of motion can be written as follows:
-434?5 1434?5 6 ,1434?5 ' −-434?5 1#?$/

(6)

where 1#?$/ represents the input motion applied at the base of the model, -434?5 and
, are respectively the mass and stiffness matrix of the global system, 1434?5 and
1434?5 are respectively the acceleration and displacement vectors of the system.
Equation (6) can be integrated using standard explicit or implicit schemes (e.g.
Newmark and Wilson-θ method) and is valid for linear as well as nonlinear analysis.
The direct method allows for instance to take into account also geometrical nonlinearities like foundation uplift and gaps forming at the soil-pile shaft interface both
under static and dynamic loading. With this technique soil-structure interaction and
the associated phenomena are automatically taken into account.
However, the direct approach may be computationally very expensive depending on
the size of the model, the constitutive laws adopted to describe the dynamic response
of soils and structural elements, the type of kinematic boundary conditions at the
soil-structure interfaces, in saturated soils whether the analysis is conducted under
drained or undrained conditions. For the results to be meaningful, the direct method
also requires a detailed geotechnical characterization of the soil deposit.
During the numerical simulation, once the structure is hit by the seismic waves, it
becomes a vibrating system, so waves emitted from the soil-foundation interface
will eventually propagate downward in the unbounded medium. Artificial, adsorbing
boundaries are introduced at an appropriate distance from the structure to correctly
simulate the radiation of energy in a deformable, unbounded continuum. Several
techniques may be adopted to solve this problem including the so-called infinite
elements that are a particular formulation of finite elements characterized by shape
functions describing a displacement field which attenuate exponentially with the
distance. Alternative methods include the introduction of non-reflecting boundaries
(e.g. using local, consistent or integral formulation) or absorbing layers like PML
(Perfectly Matched Layer). The adsorbing boundaries act as transmitting surfaces
and reflections of the outwardly propagating waves are avoided (Figure 6).
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(a)

(b)
Figure 5: Example of using the direct approach to model SSI for a bridge pier on
piled-raft foundation. (a) Two-layer soil deposit: soft top layer (green colour) overlying a stiff layer (brown colour). (b) Model view without top layer.(from [Mar12])
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Figure 6: Boundary conditions imposed along the artificial borders of the model
to simulate the radiation of energy in a deformable, unbounded continuum
(from [And04])
Despite the presence of the artificial boundaries, accurate calculations require the
model to have a significantly large volume of soil next to the structure. As a result,
the number of degrees of freedom of the combined soil-structure system is very
large. Furthermore, the need to capture the response of the soil and of the structure
at relatively large frequencies, requires a very fine discretization of the system
which in turn implies an extraordinary computational effort, especially for 3D nonlinear analyses. For this reason, the direct approach is not routinely used in the engineering practice and when it happens only for very important projects.

3.2. Substructure approach
The substructure approach or indirect method of analysis is a technique by which
a SSI problem is solved by decomposing the superstructure-foundation-soil system
into two subsystems whose response is determined independently, separating the
effects caused by kinematic interaction from those due to inertial interaction. The
response of the overall system is then obtained from the application of the superposition’s theorem [Kau74].
Despite a rigorous application of the substructure approach is restricted only to
linear or linear-equivalent systems, data from the literature show that the superposition of the effects of kinematic and inertial interaction assessed independently, is a
reasonable engineering approximation also in cases where the response of soils is
expected to be moderately non-linear (for example: [Myl97] and [CLT99]).
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From a design and practical standpoint, the substructure approach is routinely
used for the computation of the foundation loadings due to external as well as earthquake excitation. The method is computationally affordable and quite flexible as it
does not require a re-implementation of the whole steps of the procedure should the
changes occur only in the superstructure. The complete seismic response of the
superstructure-foundation-soil system is computed through the implementation of
the following three steps (Figure 7):
1.

solution of the kinematic interaction (KI) problem, that is assessing the modifications of the seismic wavefield induced by the presence of the foundation with
respect to the free-field ground motion. This task allows to compute the socalled “Foundation Input Motion” (FIM) which is in general different from the
free-field motion because the stiffness mismatch between the foundation and
the surrounding soil makes the foundation unable to comply with the free-field
soil deformation pattern;

2.

calculation of the frequency-dependent, dynamic impedance matrix representing
the dynamic response of the soil-foundation subsystem which is considered detached from the superstructure (Figure 7). The dynamic impedance matrix is
complex-valued and in general fully populated because of the coupling existing
between the six degrees of freedom of the foundation (three translational and
three rotational). The real part of the elements of the impedance matrix reflect
the compliance of the soil-foundation system and it may be represented by a
spring with a frequency-dependent coefficient. The imaginary part captures the
two forms of energy dissipation occurring in the soil as the foundation vibrates.
They are represented by geometric or radiation damping and material attenuation due to the inelasticity of the ground when subjected to dynamic loading. A
dashpot with a frequency-dependent coefficient may be used to denote the imaginary part of the dynamic impedance. Various analytical and numerical methods exist to compute all the elements of the impedance matrix. A brief account
of some of these methods will be given in the next sections;

3.

calculation of the dynamic response of the whole system constituted by the
superstructure, the foundation and the surrounding soil subjected to the FIM
computed at the step 1 above. This analysis is carried out by connecting the finite element model of the superstructure with the foundation-soil subsystem
through the frequency-dependent, dynamic impedance matrix computed at the
step 2 above. Inertial interaction is taken into account in this step. The dynamic
analysis of the whole system may be carried out using the so-called Response
Spectrum Method (RSM) or the Time-History Method (THM). Because of the
frequency-dependence of the dynamic impedance matrix, the analysis is carried
out iteratively.
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Figure 7: SSI using the substructure approach. (a) geometry of SSI problem; (b)
decomposition of the problem into kinematic and inertial response; (c) two step
analysis of inertial interaction (from [Myl06])
In step 1 above, it can be shown that the FIM due to kinematic interaction alone, can
be computed by assuming a massless foundation and a massless superstructure
(Figure 7). Thus, the equation of motion can be written as follows:
-$3$5 1%$& 6 ,1%$& ' −-$3$5 1#?$/

(7)

where 1#?$/ represents the input motion applied at the base of the model, -$3$5 is
the mass matrix of the global system (i.e. superstructure-foundation-soil) after having assumed equal to zero the mass of the foundation and the mass of the superstructure, , is the stiffness matrix of the global system and 1%$& is the vector of kinemat-
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ic displacements that gives the FIM (Foundation Input Motion). The response of the
global system (accounting for inertial interaction) is computed by solving the following equation:
-434?5 1$& 6 ,1$& ' −-$42'(4'2/ !1#?$/ 6 1%$& &

(8)

where -$42('4'2/ is the mass matrix of the global system assuming the soil to be
massless, !1#?$/ 6 1%$& & represents the FIM and 1$& is the vector of inertial displacements relative to the base motion.
A prove of the correctness (for linear systems) of the substructure approach is given
by the following equation which combines the superposition of the effects represented by Eq. (7) and (8):
-434?5 1$& 6 -$3$5 1%$& 6 ,[1%$& 6 1$& ] ' −[-$3$5 6-$42'(4'2/ ] 1#?$/ −
-$42'(4'2/ !1%$& &
(9)
and, since [1%$& 6 1$& ] ' 1434?5 and -$3$5 6 -$42'(4'2/ ' -434?5 , the equation get
converted into the original equation of motion (6), namely:
-434?5 1$& 6 -$3$5 1%$& 6 ,1434?5 ' −-434?5 1#?$/ − -$42'(4'2/ !1%$& &

(10)

-434?5 1$& 6 [-$3$5 6-$42'(4'2/ ]1%$& 6 ,1434?5 ' −-434?5 1#?$/

(11)

-434?5 1434?5 6 ,1434?5 ' −-434?5 1#?$/

(12)

It’s worth noticing that the FIM (Foundation Input Motion), in particular for embedded foundations, may include a non-negligible rotational part. Ignoring it, may lead
to gross unconservative errors particularly in tall, slender structures [Vel75]. However, if the foundation dimensions are small compared to the characteristic wavelength (determined from the frequency range of interest), the kinematic interaction
has negligible effects in the response.
As shown in Figure 7, the inertial interaction response is obtained in two steps:
the first one is devoted to the computation of the dynamic impedance matrix associated with each mode of vibration. The second step consists in calculating the seismic
response of the superstructure connected to the ground by means of the dynamic
impedance matrix. Six are the modes of vibration: three translational (displacements
along axes x, y and z) and three rotational (rotations around the same axes).

3.3. Macro-elements
The main limitation of the substructure approach is the assumption of linearity of
the overall soil-structural system required for the application of Kausel’s superposition theorem [Kau74]. Nonlinearities in SSI may arise in a variety of ways, from
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geometrical non-linearity occurring along soil-structure interfaces, to soil non-linear
hydromechanical response to nonlinear constitutive behaviour of structural materials. Non-linear effects may significantly influence the overall response of a structure
sitting on the ground and they are likely to occur under both static and dynamic
loadings. For instance sliding at the soil-foundation interface can occur in shallow
footings if the horizontal force exceeds the soil-foundation frictional resistance. In
deep foundations, pile-soil gaps and relative displacement can also occur along the
shaft. Other examples include foundation uplift which occurs if the overturning
moment yields tensile stresses at the soil-foundation interface. Under strong earthquakes, foundation uplift can significantly modify the seismic response of slender
structures. The bearing capacity mechanism is also characterized by non-linear effects such as permanent displacements and rotations induced in shallow foundations,
particularly during earthquake loading. The capacity design principles in structural
engineering (see [Pau92]) allow the development of plastic hinges in the structural
elements of the superstructure to reduce the seismic demand with respect to that of
the elastic response. However to prevent geotechnical failure, large, widespread
nonlinearities at the soil-foundation interface are not acceptable except perhaps for a
limited amount of sliding and rotation. This may be beneficial to the overall structural response as it may reduce the seismic demand and avoid over-sized foundations.
The inherent inability of the substructure approach to take into account strong
nonlinear effects, poses severe restrictions upon the applicability of this technique
for the solution of nonlinear SSI problems. For shallow foundations, an approach
that can be adopted to overcome the above limitations and that have had a moderate
success is the so-called Beam-on-Non-linear-Winkler-Foundation (BNWF) method.
This approach is based on replacing the soil by a continuous distribution of independent, non-connected, nonlinear springs characterized by an appropriate constitutive relation (see for example Harden et al. 2005 [Har05]). Energy dissipation due to
both radiation and material damping can be accounted for by introducing a continuous distribution of dashpots. The BNWF method is unable to properly take into
account the coupling among the various degrees of freedom of the system. Furthermore, the spring and dashpot parameters of the non-linear constitutive relations
should be frequency-dependent and their determination is non-trivial.
An alternative, innovative approach to account for non-linear effects in SSI which
is having considerable success, is that associated with the notion of macro-element,
where the whole soil-foundation system is replaced by a single element at the base
of the superstructure having in general six and three degrees of freedom (DOFs) for
three-dimensional and two-dimensional problems respectively. The macro-element
can properly describe foundation response under horizontal, vertical and rotational
loadings. The first application of the concept of macro-element in geotechnical engineering was made by Nova and Montrasio in 1991 [Nov91] who proposed a new
method to compute the settlements of a strip foundation (i.e. a 2D plane strain problem) on cohesionless soils and quasi-static monotonic loading. In their work the
authors represented the loading by a set of generalized forces which induced a set of
generalized displacements of the foundation (Figure 8). Incremental, constitutive
equations formally similar to the ones used in rate-independent plasticity theory,
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were then introduced to link the generalized forces to the generalized displacements.
In the formulation of the macro-element, the overall domain of the SSI problem is
divided into two sub-domains: the first one is named “far-field” and it refers to the
portion of soil that is distant from the soil-foundation-structure. In the far-field, the
nonlinearities induced by the soil-foundation interaction are assumed to be negligible. The second sub-domain, called “near-field”, identifies the portion of the soil
close to the foundation where the response is characterized by strong nonlinearities.
The notion of macro-element was first applied to seismic loadings by Paolucci in
1997 [Pao97] who adopted the same soil type and foundation configuration of Nova
and Montrasio [Nov91] to study the response of a structure subjected to dynamic
loading taking into account non-linear SSI. In this work the superstructure was represented by a single-degree-of-freedom mass. Cremer et al. in 2001 and 2002
[Cre01, Cre02] proposed the first application of the macro-element for purely cohesive soils with no resistance to tensile stresses. A recent review of existing macroelement models for shallow foundations is illustrated in Chatzigogos et al. in 2009
[Cha09], Figini et al 2012 [Fig12] and in Grange 2013 [Gra13].
For the strip foundation, the macro-element formulation requires the definition of
a set of generalized force and displacement vectors Q and q respectively (Figure 8).
They are usually written in dimensionless form as follows:
5
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(13)

(14)

where v, u and θ represent the vertical displacement, the horizontal displacement and
the rotation respectively; Vmax is the maximum normal force applied at the foundation system under pure vertical loading; V, H and M are respectively the vertical
force, the horizontal force and the moment. Finally B is the foundation width. The
generalized force and displacement increments are related through a generalized
non-dimensional stiffness matrix Cep:
+A = B4C 8A

(15)

This stiffness matrix Cep is usually fully populated because of the coupling effect
between forces and displacements The standard elasto-plasticity theory (or alternative theories like hypo-plasticity) can be used to compute each element of Cep. The
reader can refer to the work of Salciarini and Tamagnini [Sal09] as the first macroelement for shallow foundations on sands that has been developed based on the
theory of hypoplasticity.
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Figure 8: Macro-element formulation: generalized forces and
displacements in case of a strip (shallow) foundation.
For piled foundations, macro-elements have been developed for connecting each
node of the pile to the corresponding node of the soil in the far-field (free-field conditions). Taciroglu et al. (2006) [Tac06] and Rha & Taciroglu (2007) [Rha07] developed a macro-element for piles subjected to quasi-static loading conditions
whereas Boulanger et al. (1999) [Bou99], Curras et al. (2001) [Cur01], Gerolymos
& Gazetas (2006) [Ger06a],[Ger06b] and Varun (2010) [Var10] for dynamic loadings. Figure 9 below shows the macro-element developed by Varun (2010) for piles
in liquefiable sites, which take into account the pore pressure build-up.

Figure 9: Macro-element formulation: sketch showing the various components for
an application to pile foundations in liquefiable soils (from [Var10]).

4. Dynamic impedance functions (DIF)
4.1.Construction of DIF for shallow foundations
The key aspect of dynamic soil-structure interaction is the calculation of the
force-displacement relationship at the nodes along the soil-structure interface. Under
the assumption of linear soil response, rigid and mass-less foundation, the displacement of each node of the soil-structure interface, can be computed from the dynamic
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response of the global foundation system. For such a system, the steady-state response to harmonic external forces and moments can be computed once the matrix
of dynamic impedance functions S(ω) is determined for the frequency (ω) of interest.
For each particular frequency of excitation, the dynamic impedance is defined as
the ratio between the applied force (or moment) F(t) [or M(t)] and the resulting
steady-state displacement (or rotation) u(t) [or θ( t)] at the centroid of the base of the
mass-less foundation. For example, for the vertical mode of oscillation (Figure 10),
the harmonic force F(t) and the displacement u(t) can be written, using the complex
number formalism, as follow:
6D 8E: = 6D F <G>

(16)

.D 8E: = .D F <G>

(17)

where .D and 6D are in general complex-valued numbers. The dynamic impedance is
defined as by the following relation [Gaz91a]:
HD 8I: =

JK 8>:
'K 8>:

HD 8I: = DD E LIBD

(18)

(19)

where in general DD and BD are function of frequency. The term DD is the dynamic
stiffness and represents the stiffness and inertia of the soil. The dashpot coefficient
BD reflects the phenomenon of energy dissipation in the ground which is composed
by two contributions. The first is the radiation damping generated by the spreading
of the waves away from the excited foundation over increasingly large volume of
soil. The second form of energy dissipation is due to the inelasticity of the soil
which is called material damping.

Figure 10: Dynamic impedance function for a vertically oscillating
mass-less foundation (modified from [Gaz91a])
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The dynamic impedance functions associated to the other modes of vibration may be
derived by following a similar approach, as it was shown by Gazetas [Gaz91a,
Gaz91b]. Overall, in a shallow foundation there are a total of six different dynamic
impedances corresponding to the six degrees of freedom (DOFs) which characterize
its motion (Figure 11). The coefficients associated to the main diagonal of the dynamic impedance matrix are defined as follows:
1.
2.
3.
4.
5.
6.

Sz = vertical impedance for the motion acting in the vertical direction;
Sy = transversal swaying impedance for horizontal motion in the short direction;
Sx = longitudinal swaying impedance for horizontal motion in the long direction;
Srx = rocking impedance for rotational motion around the x-axis;
Sry, = rocking impedance for rotational motion around the y-axis;
St, = torsional impedance for rotational oscillation around the vertical axis (z)

Figure 11: Modes of vibration of a shallow foundation
and associated DOFs (modified from [Gaz91a])
In foundations embedded into the ground the 6 × 6 dynamic impedance matrix is a
non-diagonal matrix because some DOFs of the foundation are cross coupled, for
example swaying and rocking oscillations (Figure 12). This happens because the
centroid of the foundation cannot be approximated with the corresponding point at
the base. Any base reaction due to the application of an horizontal force at the centroid of the foundation generates a moment that induce rotation and vice versa.
Therefore, the off-diagonal terms of the dynamic impedance matrix include two
more coefficients called cross-coupled horizontal-rocking impedances. They are
usually negligible in shallow foundations but their magnitude becomes more significant at large depths of embedment.
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Figure 12: Cross-coupling between horizontal and rocking modes of oscillation
(modified from [Gaz91a])
The dynamic impedance matrix of a shallow or embedded foundation can be derived
from analytical solutions which are available for simple foundation geometries and
soil models (see for instance the works by Veletsos and Wei, 1971 [Vel71]; Luco,
1974 [Luc74]; Kausel and Roesset, 1975 [Kau75] ; Luco, 1976 [Luc76]; Wong and
Luco, 1976 [Won76]; Kausel and Ushijima, 1979 [Kau79] just to name a few of
them). Alternatively, the can be calculated through advanced numerical modeling
using the boundary-element method, the finite element method and hybrid methods
which combine analytical and finite-element approaches. However nowadays these
methods are adopted to directly solve a given SSI problem with the so-called direct
approach (see Section 3.1) which makes the computation of the dynamic impedance
matrix a superfluous exercise particularly in case of nonlinear analyses. A more
practical approach would be that of using empirical correlations that have been developed based on rigorous and approximate analytical solutions and on the results of
advanced numerical analyses (see Gazetas, 1991 [Gaz91a]). Computer programs
implementing these solutions have also been made available (e.g. Novak et al., 1994
[Nvk94]). Section 4.3 will illustrate an original approach that has also been proposed
to derive analytical dynamic impedance functions based on certain physical approximations that simplify the mathematical formulation of the problem.

4.2.Construction of DIF for pile foundations
The dynamic impedance functions of piled foundations are calculated from the impedance functions of a single pile which are modified through appropriate (dynamic)
interaction coefficients to take into account the so-called group effects. The dynamic
response of a head-loaded pile has been studied in the literature and the state-of-theart paper by Novak [Nvk91] provides a comprehensive overview on the subject.
The dynamic impedances at the pile head may be derived using three different
approaches: the viscoelastic continuum formulation, advanced numerical techniques
and the modified Winkler method. In the viscoelastic continuum formulation the pile
is embedded in a soil deposit idealized as a homogeneous, isotropic, elastic halfspace. Radiation damping in this method is automatically taken into account in the
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imaginary part of the pile impedance function. However, this approach is only applicable to viscoelastic materials and the nonlinear behavior of soils can only approximately taken into account using strain-compatible deformability parameters.
Advanced numerical techniques such as the Finite Element Method (FEM), the
Boundary Element Method (BEM) or the Finite Difference Method (FDM), can be
used in a manner similar to that described in the previous Section for the construction of dynamic impedance functions for shallow and embedded foundations.
The modified Winkler method is a modification of the standard Winkler model
originally proposed by Winkler in 1867 [Win67] in which he considers that the
deflection at any point of the soil in contact with the pile is linearly related to the
corresponding contact pressure at that point (Figure 13). In the Winkler model the
soil is assumed to have negligible shear stiffness and shear resistance. As a result,
soil reaction along the shaft maybe considered equivalent to that of a continuous
distribution of disconnected springs with constant Kh (Figure 13). In the modified
Winkler model the springs may be characterized by a nonlinear, frequency dependent, constitutive relations. In addition dashpots may be added in parallel to the
springs to represent energy dissipation (i.e. radiation and material damping). The
method and its generalization is also known as the Beam-on-Non-linear-WinklerFoundation (BNWF) technique and it was briefly mentioned in Section 3.3 when
discussing the macro-element concept for shallow foundations.
Pile
Displacement

u(z,t)

z
Kh

Kh(z)[uS(z,t)-u(z,t)]

uS(z,t)

Soil Deformation
Induced by
Seismic Excitation

Figure 13: Dynamic pile-soil interaction using the Winkler soil model.
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The main drawback of the BNWF model is the lack of connectivity within the soil
mass caused by the assumption of negligible shear stiffness and strength. This implies that the soil reaction at one point is not influenced by the pressure at other
points. However, the BNWF model has been widely used in the engineering practice
because it is simple to implement, it is familiar to structural engineers and to a certain extent, it can take into account soil non-homogeneity and nonlinearity.
Gazetas (1991) [Gaz91a] presented very useful graphs and tables containing simple,
empirical formulas for the computation of the dynamic impedance of a single pile
for different soil models. The formulas are valid only for “flexible” piles, that is piles
with length larger than the active length defined as the length along the pile in which
the displacement is non-negligible.

Figure 14: Pile head dynamic impedances as defined by Gazetas (modified from
[Gaz91a])
In this formulation, the dynamic impedances for the single pile, shown in Figure 14,
are assumed to have the following expression:
M E LIB̅
H8I: = D

(20)

M is the “dynamic” stiffness of the pile that and it is expressed as the product
where D
of the static stiffness K and a dynamic coefficient OP, assumed as a function of frequency:
M 8I: = D ∙ OP8I:
D

(21)

The global damping coefficient is composed of two parts, reflecting the contributions of radiation and material damping. It is given by the following relation:
̅
̅
M 8I:-/I
8I: = BOMR<M><L&
8I: E 2D
B>L>MN
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where ξ is the soil hysteretic damping coefficient.

Figure 15: Simple analytical solution developed by Dobry & Gazetas (1988) to
the problem of dynamic pile-soil-pile interaction in uniform soils: (a) analogy between the cylindrical wave assumption for group of piles and cylindrical water
waves; (b) distribution of displacement amplitudes along the shaft of an active and a
passive pile; (c) pile head deformation and reactions during rocking; (d) waves radiating from a laterally oscillating pile (from [Dob88]).
Gazetas (1991) remarks that the real difficulty in using the above formulas is the
selection of the proper soil profile and strain-compatible shear modulus for the soil.
In fact, even considering a uniform soil deposit, the shear modulus will depend on
the magnitude of the induced shear strain. Moreover, phenomena of geometric nonlinearity like gap formation at the soil-pile interface close to the ground surface, may
also occur, and this further complicates the analysis.
Another complication to the problem is the calculation of the dynamic impedance
of a group of piles from the knowledge of the impedance of a single pile to account
for pile-to-pile and soil-to-pile interaction. In fact, the dynamic impedance of a
group of piles in any mode of vibration cannot be computed by simply adding the
impedances of the individual piles, because each pile in addition to its own loadings,
is affected by the response of the neighboring piles transmitted through transversal
and longitudinal waves.
The pile-to-pile and soil-to-pile interaction is frequency-dependent and the interaction coefficients can be determined by adopting the Poulos’ superposition approach (Poulos and Davis, 1990 [Pou90]) extended to dynamic loading. By this
approach the response of the pile group is obtained through the introduction of ap-
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propriate interaction coefficients derived from the study of only two piles at a time.
Dynamic impedances have been computed by Kaynia and Kausel in 1982 [Kan82]
through rigorous approaches (using the boundary element method). Dobry and
Gazetas (1988) [Dob88] (see Figure 15) and Makris and Gazetas (1992) [Mak92]
provided a very simple analytical solution by using the results obtained by Wolf
[Wol94] to the problem of dynamic pile-soil-pile interaction in uniform soils for
vertical and horizontal modes of deformation. Lastly, Mylonakis (1995) [Myl95]
extended this work to layered soil conditions.

4.3.Construction of DIF using the cone model
An original approach to define approximate relations for the dynamic impedance
functions of shallow and deep foundations has been proposed by Wolf (1994)
[Wol94]. It is named the cone model approach because it is based on replacing the
soil deposit, for each degree of freedom of the foundation, by a truncated semiinfinite elastic cone with the apex located at a height z0 from the ground surface
(Figure 16). The cone is assumed homogeneous, linear-elastic, with mass density ρ.
Initially material damping is neglected. The stress-strain relationship is specified by
two independent elastic constants (e.g. the shear modulus G, and the Poisson ratio
ν). The foundation is idealized by a rigid, circular, mass-less disk with area A0 and
radius r0 which imposes a displacement pattern in the material beneath.
With the cone model the complicated, exact formulation of three-dimensional
elasto-dynamics is replaced by a simple, (strength of materials approach) onedimensional description of the kinematics like assuming that plane sections remain
plane. Figure 16 shows both translational and rotational cones that can be used to
compute the vertical, horizontal, rocking and torsional dynamic responses of a shallow foundation.

Figure 16: Representation of the cone models associated to
various modes of vibration (from [Wol94]).
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For each degree of freedom, only one type of body wave is postulated to exist: for
horizontal and torsional motions, S-waves propagating with the shear-wave velocity
whereas for vertical and rocking motions, P-waves propagating with the velocity of
longitudinal P waves.
For example, the vertical response of a rigid, circular, mass-less disk with area A0
and radius r0, placed on a semi-infinite, perfectly linear elastic material (no internal
damping), can be obtained through the cone model represented in Figure 17. In the
figure u represents the axial displacement, N the axial force, c denotes the appropriate velocity of longitudinal waves, ρ the mass density and ST U is the corresponding
constrained modulus. Writing the equation of motion of an infinitesimal element of
cone taking into account the inertial forces, leads to:
WX

−V E V E

WD

YZ − S[YZ

W\ X
WD \

=0

(23)

Substituting the force-displacement relationship:
V = ST U [

W'

(24)

WD

leads to the one dimensional wave equation in the zu variable:
W\ 8D':
WD \

−

W\
W> \

D'

` \b = 0
(

(25)

For harmonic loading with frequency of excitation ω, the response is given by
.8E: = .8I:F <G> , and substituting .8I: = IU .8I: in the previous equation, leads
to:
W\ 8D'8G::
WD \

−

G\ W\
( \ W> \

8Z.8I:: = 0

(26)

The interesting solution of Eq. (26) is that corresponding to outward propagating
waves. In fact because of the radiation condition the inward propagating waves may
be neglected. Thus the solution is:
.8I: = B*

D^
D

`

F _< a 8D_D^:

(27)

where C1 is the integration constant. Enforcing the boundary conditions
.8I:|DcD^ = .d 8I: and computing the global force 6d 8I: acting on the rigid disk,
yields:
6d 8I: = −V8I:|DcD^ = −ST U [d

W'8G:
WD

M E LIB̅ ].d 8I:
|DcD^ = [D
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and B = ST[d are respectively the spring and damping coeffi-

cients. Introducing the dimensionless frequency parameter a0 defined as:
gd =

GO^
(h

(29)

where cs is the shear wave velocity, the dynamic impedance can be rewritten as a
function of the static stiffness D and the dimensionless parameter a0 as follows:
H8gd : = D[OP8gd : E Lgd T̅8gd :]

(30)

where in general OP 8gd : and T̅8gd : are function of a0 however for this particular
example the corresponding values are constant and equal to OP 8gd : = 1 and T̅8gd : =
D^ (h
.
O^ (

It is worth noticing that the damping coefficient represents the dissipation of energy
by radiation of the waves through infinity. The other source of energy dissipation is
the material damping that to first approximation may be considered frequency independent because it involves frictional energy losses. It can be introduced into the
solution for harmonic loading by multiplying the elastic constants by the factor
1 E 2L- where ξ is the material damping ratio.
The opening angle (Zd /id ) of the cone is determined by equating the staticstiffness coefficient of the cone to that of a disk on a half-space determined using the
three-dimensional theory of elasticity. In case of nearly-incompressible materials
(i.e. materials with a Poisson’s ratio larger than 1/3), the model is still applicable if
the velocity of longitudinal waves is limited to twice the shear-wave velocity and a
trapped mass and mass moment of inertia are introduced for the vertical and rocking
degrees of freedom, respectively.
Cone models can also be used to simulate the dynamic response of foundations
resting on a half-space composed of several soil layers, in which reflected waves and
refracted waves are taken into account through the introduction of their own cone.
Fixed and free boundary conditions as well as embedded foundations may also be
represented. The interested reader is referred to the already cited work by Wolf
[Wol94].
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Figure 17: Vertical response of a rigid, circular, mass-less disk using the cone
model (modified from [Wol94]).

5. Applications using the substructure approach
In the following Sections two applications of SSI analysis are presented. The first
one involves the seismic design of the foundation of EUCENTRE shake table in
Pavia, Italy, which is the Europe most powerful shake table. The second example
concerns with the seismic demand assessment of a prestressed concrete viaduct
whose foundations are constituted by large diameter shafts. The evaluation of seismic response of large-diameters shafts is important for the dynamic behavior of
bridge piers.

5.1.Design of shake table foundation at EUCENTRE
The high-performance of the shaking table at EUCENTRE has forced the designers to face the challenging problem of having a large reaction mass to control and
possibly reduce the vibrational impact of the table. Therefore detailed analyses had
to be performed in order to solve a complex dynamic soil-structure interaction problem.
In the area of study, geotechnical investigation campaign was carried out to define the stratigraphy and the static and dynamic properties of the soil deposit, such
as the shear wave velocity profile illustrated in Figure 18.
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Figure 18: Shear wave velocity profile used for design. (from [Cal05])
The configuration shown in Figure 19 refers to a rigid block formed by the reaction
mass and an additional mass constituted by 3.0 meters of concrete that have been
added to the original precast system increasing the overall weight of the reaction
mass.
The evaluation of the dynamic response of the shaking table and the foundation/soil mass has been performed through a three DOFs lumped mass model. A
rigid block placed over a deformable and dissipative ground under harmonic and
transient excitations was used to model the behavior of the dynamic testing facility.
Considering the uniaxial motion of the shaking table, the three DOFs shown in Figure 20 are: x-displacement (horizontal), z-displacement (vertical) and rotation in the
x-z plane. These three DOFs may be defined either with reference to the centroid G
or with respect to the center of the soil-structure interface O. The equation of motion
is:
D. = 6
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Figure 19: Competing configurations studied for the reaction mass/foundation design of the EUCENTRE shaking table. (from [Cal05])

Figure 20: Lumped model of the reaction mass/foundation for the EUCENTRE
dynamic facility (from [Cal05])
where K is a symmetric complex-valued matrix and it represents the dynamic impedance matrix defined as:
D = DJ − IU r

(32)

where KF is the impedance matrix of the mass-less foundation and M is the mass
matrix of the block:
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(33)

M and the damping coefficient B̅ are frequency-dependent functions
The stiffness D
obtained using the computer code DYNA4 [Nvk94] for the frequency range 0-20Hz.
They are plotted in Figure 21 and Figure 22. The impedance functions refer to the
case of a rectangular footing base resting on the surface of a shallow, non-uniform
layer (top shear wave velocity of 200 m/s, bottom VS = 300 m/s).
Figure 21 shows the stiffness and damping coefficients for both vertical and horizontal motion whereas Figure 22 shows the contributions of the rocking around the
y-axis and of the coupling between the rotation and the horizontal motion of the
rigid block. Once the dynamic impedance matrix K is computed, the solution of the
equation of motion is represented by the complex-valued displacement zcomponents, x-component and the rotation in the x-z plane of the rigid block. They
are shown in Figure 23 and Figure 24.

Figure 21: Dynamic Impedance Functions (DYNA4): stiffness and damping coefficient for vertical and horizontal motion (from [Cal05])
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Figure 22: Dynamic Impedance Functions (DYNA4): stiffness and damping coefficient for rocking and coupled motion (from [Cal05])

Figure 23: Response functions related to the horizontal DOF (harmonic excitations) of the 3.0 m thick rigid foundation (from [Cal05])
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Figure 24: Response functions related to the rotational DOF (harmonic excitations) of the 3.0 m thick rigid foundation (from [Cal05])
The foundation response was then assessed for earthquake loading. The strongmotion records were chosen with the criterion of reproducing the excitation that
would be used in carrying out the experimental tests with the shaking table on a
scaled (1:3-1:2) bridge pier specimen. The reader is referred to Pavese et al. [2004]
[Pav04] for the geometrical data and reinforcement details of the full-scale bridge
pier. The time-histories of base shear and overturning moment from the analysis of
the short bridge pier S250 specimen under the Coalinga ground motion are shown in
Figure 25. The horizontal acceleration and displacement time-histories are illustrated
in Figure 26 with reference to both the base and the centroid of the reaction mass.

Figure 25: Excitation action time-histories (at the centroid of the reaction mass):
Coalinga Earthquake, scaled 1:2 bridge pier S250 (from [Cal05])
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(a)

(b)
Figure 26: Response functions related to the translational DOF (Coalinga earthquake): (a) horizontal acceleration, (b) horizontal displacement (from [Cal05])
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5.2.Kinematic interaction effects of large-diameter shafts
foundations
The rigorous assessment of seismic SSI of a structure founded on deep foundations
is an extremely complicated problem and the difficulties are mainly represented by
the evaluation of kinematic interaction and scattering effects generated by the foundation system. The study illustrated in the following, summarizes the work done by
Beltrami et al. [Bel05] in trying to evaluate the kinematic interaction effects and the
FIM (Foundation Input Motion) at the base of a prestressed-concrete viaduct founded on large-diameter shaft foundations. These are essentially rigid cylinders that are
not expected to induce very large nonlinearities in the surrounding soil during seismic shaking; therefore, they are well suited to be studied within the framework of
the superposition’s theorem and the substructure approach.
The basic assumptions made in the study concerning the geometry of the foundation and soil constitutive model are as follows: (i) rigid circular cylinder of radius R
embedded in a soil layer of constant thickness H and infinite extent in the horizontal
plane (no topographic effects); (ii) the soil is modeled as a linear viscoelastic material with frequency-independent properties, and the damping and shear modulus are
strain-compatible with the level of excitation by a preliminary equivalent-linear
response analysis of the stratum; (iii) both the base of the cylinder and the layer are
considered to undergo a space-invariant, uniform horizontal motion.
Furthermore the soil was assumed to deform according to the plane-stress hypothesis as it was originally proposed by Veletsos and Younan in 1995 [Vel95] for a
better representation of the displacement field around a large-diameter pile. Their
solution is based on the classical Baranov-Novak (BN) idealization of the medium,
where the soil is represented by a series of independent thin layers with a circular
hole placed at the center of the system. The shear stiffness of each thin layer is given
by its dynamic impedance K. In the far-field the BN layers behave as a cantilever
shear beam. The basic idea of the constrained layers is to add at each BN thin layer a
system of mass-less linear springs (elastic constraints) equally directed along the
two horizontal radial u and circumferential ν directions (Figure 27). Finally, a rotational and horizontal displacement impedance are added at the base of the shaft to
represent the effect of deformable supporting layer rather than fixed base conditions.
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Figure 27: Schematic view of the model used to study the soil-foundation kinematic interaction problem (from [Bel05])
Afterwards, such analytical model has been validated through a benchmark test
conducted with the finite element code SASSI [SAS99] and it was used to perform
dynamic soil-structure-interaction analyses of the bridge foundations.
Figure 28 shows the longitudinal view of the bridge of balanced cantilever girder
type forming a continuous segmental pre-stressed concrete deck of 110m spans. The
bridge is symmetrical with respect to the central mid-span and crosses a wide valley
characterized by the presence of a soft top soil stratum of variable thickness overlaying the bedrock. The piers have heights of 75m, 50m to 30 m, connected with largediameter shaft foundations passing through the soil layer and founded on the top of
the bedrock roof.
The dynamic response of the bridge is used to study the effects of seismic SoilFoundation-Structure Interaction (SFSI) by means of the substructuring approach
which assumes the validity of the Kausel’s superposition theorem through the evaluation of the kinematic and inertial interaction (as discussed in Section 3.2). The
effects of soil deformability and energy dissipation occurring in the soil surrounding
the foundations have been evaluated through a set of complex-valued, frequencydependent, dynamic impedance functions computed for all degrees of freedom of the
nodes at the base of the piers using the computer code DYNA4 [Nvk94]. The inertial interaction has been carried out by performing linear, dynamic transient analysis
of the bridge through the finite element program ADINA [ADI03] where the Foundation Input Motion (FIM) has been previously computed using the kinematic interaction model for large-diameter shafts.
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Figure 28: Longitudinal view of the viaduct used to study soil-foundationstructure interaction and longitudinal section of the foundation subsoil. (from
[Bel05])
The main objective of this study was to evaluate the importance of the contribution of coupled swaying-rocking FIM excitation in the seismic demand assessment
of the bridge. This was carried out through a comparison of the internal actions (i.e.
axial and shear forces, bending and torsional moments) at the base of the piers computed initially considering the only translational component of motion and, afterwards, even the coupled swaying-rocking components of motion.
The first observation that came out was that the expected increase in the first natural period of the structure (T1) resulting from the soil deformability is almost negligible (T1 = 2.5 sec) with respect to the one fixed at the base of each pier (T1 = 2.4
sec). This happened because the large-diameter shaft foundation with the surrounding soil forms a relatively rigid system that restrains the deformability of the structure at its base as if the bridge foundations were clamped.
Figure 29 and Figure 30 illustrate the internal actions at the base of each pier obtained from the linear, dynamic, transient analysis of the bridge. They have been
computed for each of the four values of shear wave velocity VS that have been considered for the soil layer surrounding the foundation shafts. The figures show that in
all cases the effect induced by coupled swaying-rocking excitation is to increase the
seismic demand of the piers in terms of both bending and torsional moments, and
shear and axial forces. This effect is more pronounced for the longitudinal components which is the direction where the piers are more constrained and the structure
behaves as a frame. These frame actions induce a large increase of longitudinal base
moment demand that can reach up to + 40% in the tallest piers.
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Figure 29: Transverse (MX) and longitudinal (MY) base-pier moment demand:
The percentages shown indicate the increment induced by coupled swaying-rocking
excitation. (from [Bel05])

Figure 30: Axial force (FZ) and torsion (MZ) base-pier demand: The percentages
shown indicate the increment induced by coupled swaying-rocking excitation. (from
[Bel05])
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Centrifuge Modelling of foundations subjected to cyclic loading
Luc Thorel
LUNAM University, IFSTTAR, GERS Dpt., Earthworks and Centrifuge Lab., Route de Bouaye, CS4, 44344 Bouguenais Cedex, France.
____________________________________________________________________

Soil-structure interaction is one of the main topics that may be studied using centrifuge modeling technique. Small-scale models of instrumented foundation subjected
to cyclic loading at the required g-level give data for a better understanding of several configurations of loading. An overview of centrifuge modeling and its limitations are presented in the first part, including the scaling laws and the scale effects.
Then experiments performed in the IFSTTAR geo-centrifuge are presented. The case
of a building founded on shallow foundation in clay and subjected to horizontal
loading is a first attempt to simulate the effect of an earthquake. The last part is
about deep foundations installed in sand, subjected to vertical or horizontal cyclic
loading. In each example the experiment is detailed and some illustrative results are
presented.

1

Introduction

Foundations subjected to a non-monotonic loading needs special attention during
their design, because of a lack of design rules (only [API11] and [DNV77] take into
account cyclic loading). The Eurocode 7 [NFE05, §2.4.2] mention that loads applied
in a repetitive way and loads with a variable intensity must be identified in order to
be considered in a specific way with regard to continuation of motion, soil liquefaction and changes of stiffness and resistance of the soils.
The French Standard devoted to deep foundation [NFP12] does not take into account
the behavior of deep foundation subjected to cyclic loading, but it is suggested to
refer to specialized literature and, when the intensity of the cyclic load is significant,
to consider the possibility to decrease progressively the soil resistance due to fatigue
phenomenon.
The wider knowledge on foundations subjected to cyclic loading has been historically developed by the off-shore industry with its specific needs. More recently, the
development of wind-turbines, especially near-shore or off-shore, open a new field
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of application where potentially deep foundations may be subjected to complex
cyclic loading. A recent state of the art has been done for off-shore piles [Jar12].
In parallel to this new orientation, a French National Program has been launched for
the study of piles subjected to cyclic loading: PN SOLCYP [Pue08, Pue12, SOL13].
This R&D project has been conducted to: 1) understand the physical phenomena
conditioning the response of piles to vertical and horizontal cyclic loads; 2) develop
advanced design method; 3) initiate pre-normative development of methodologies.
The PN SOLCYP has included a multi tool approach with in field tests, laboratory
soil characterization, small scale physical modeling at 1×g and under macrogravity
in the geo-centrifuge, and numerical modeling.
Centrifuge modeling of foundations subjected to cyclic loading is presented here
from the basics of physical modeling in geo-centrifuge to applications performed in
the IFSTTAR geo-centrifuge.

2

Centrifuge modelling

The$ idea$ to$ test$ a$ small$ scale$ model$ in$ a$ centrifuge$ dates$ from$ 1869,$ when$
Edouard$ Phillips$ [Phi69]$ described$ the$ principles$ of$ the$ methodology$ and$ es@
tablished$the$main$scaling$laws$that$link$the$small$scale$model$to$the$full@scale$
structure.$The$first$experiments$[Gar01,$Tho02,$Tho08]$date$back$to$the$1930’s.$
The$ development$ of$ experimental$ techniques$ for$ use$ in$ centrifuges$ has$ fol@
lowed$ a$ scenario$ built$ by$ both$ the$ means$ available$ and$ the$ time$ required$ to$
produce$ instrumentation$ devices.$ As$ emphasized$ by$ Bachelard$ [Bac86],$ the$
various$ages$of$a$science$can$be$identified$by$the$technique$inherent$in$its$meas5
urement$instruments.$Without$necessarily$ascribing$the$word$science,$advances$
in$ centrifuge@based$ physical$ modeling$ can$ be$ divided$ in$ four$ major$ phases:$
model$ observation$ before$ and$ after$ testing;$ instrumented$ models$ (correlated$
with$the$development$of$electronics);$in@flight$use$of$models;$and$lastly,$in$con@
junction$with$the$advent$of$robotics,$the$organization$of$model$testing$sequenc@
es$without$having$to$stop$the$centrifuge$[Der03].$
Physical$modeling$with$a$centrifuge$is$a$widespread$technique$in$the$geotech@
nical$field,$as$can$be$observed$when$consulting$the$proceedings$from$thee$Cen@
trifuge$ symposia$ held$ periodically$ since$ 1988$ [Cor88;$ Kim98;$ Ko91;$ Leu94;$
Ng06;$ Phi02;$ Spr10].$ This$ technique$ makes$ it$ possible$ to$ reproduce$ in$ situ$
stresses$ in$ a$ small$ scale$ model,$ and$ from$ a$ practical$ standpoint,$ all$ types$ of$
geotechnical$ structures$ are$ capable$ of$ being$ studied$ on$ reduced@scale$ models.$
Centrifuge testing has proved its efficiency in conducting extensive series of tests, as
it allows a large range of parameters to be varied while keeping associated costs
relatively low, when compared to in situ testing [Cra88].

2.1

Scaling laws
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The$ full@scale$ geotechnical$ model,$ named$ prototype$ (P)$ and$ the$ small$ scale$
model$ (M)$ are$ linked$ together$ through$ scaling$ laws$ [e.g.$ Cor89,$ Gar07],$ de@
duced$ from$ equilibrium$ equations.$ The$ main$ scaling$ factors$ X*=XM/XP$ used$ for$
foundations$are$listed$in$Table$1,$in$which$N$is$the$centrifuge$acceleration$or$‘g@
level’.
The reproduction of both the stress and strain levels on the small scale model, similar to the one existing on the prototype, is an important advantage of this technique.
Especially whatever is the nature of the material behavior (linear, non-linear, elastic,
elasto-plastic…), it will be correctly reproduced on the small scale model by applying the required g-level.
The centrifugal acceleration (ω² R) depends on both the angular rotation speed ω
and radius R at which the model is positioned. It is useful to work with large-radius
centrifuges (≥5m) in order to minimize acceleration gradients within the modeled
soil mass. Such a set-up also make possible to work on relatively large reduced-scale
models with respect to the size of instrumentation.
Table 1: Scaling factors
Parameter
Length, Displacement
Density
Acceleration (centrifugal and seismic)
Stress, Presure
Force
Mass
Energy
Time (dynamic)
Frequency
Strain
Bending stiffness

2.2

Scaling Factor
*=1/N
ρ*=1
g*=N
σ*=1
F*=1/N2
m*=1/N3
E *=1/N3
t*=1/N
f*=N
!*=1
(EI)*=1/N4

Scale and size effects

The size reduction applied to a small scale model generates two types of problems
that would not be encountered if the size of the tested geotechnical structures was
not modified: the “size effect” and the “scale effect”.
The “size effect” is clearly linked to the size of the geotechnical work. For physical
modeling in a centrifuge, it corresponds to the differences in the results obtained for
several prototypes tested. In other words [Cor89], if the value of a dimensionless
parameter is a function of one of the characteristic dimensions of the structure, all
other things being equal (including the gravity field), there will be a “size effect”. A
classic illustration [Ove79] is provided by the bearing capacity coefficient: “the
larger the prototype diameter, the smaller the bearing capacity and the less tendency
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to peak”. In figure 1, size effect may be observed by using models and g-levels located on a diagonal line descending to the right.
The “scale effect” is observed if, for the simulation of the same prototype, the results
at the prototype scale are different. This should be the case of models located on the
diagonal ascending to the right on figure 1. The comparison of such models is
known as the “modeling of models technique” [Sch80], which is specific to centrifuge modelling. The existence of scale effect is mainly due to the fact that it is more
convenient to use the same soil in the centrifuge model than for the prototype. The
ratio between the size of the model foundation and the grain size needs to be large
enough in order to avoid scale effect (table 2). It is also said that there may be a
“grain size effect”.

Figure 1: Chart representation for a separation of scale and size effects [Ove79].
Table 2: Conditions for scale effect for the main geotechnical works [Gar07].
B is the diameter or width of a foundation, d50 is the mean grain diameter.

Clay

Sand

No scale effect
Bearing capacity of shallow footings (circular or strip)
pile tip, penetrometer
Response of piles to lateral loads
Pull out load of anchor plates (circular or rectangular)
Stability of tunnel face (B=tunnel diameter)
Grain size effect on frictional interface

B/d50 >35
B/d50 >45 or 60
B/d50 >48
B/d50 >175
B/d50 >50 or 100

The rules identified [Gar07] give a general idea of the B/d50 ratio that should be
respected to avoid “grain size effect” and “scale effect”. The problems are quite
complicated to understand for the different phenomena that occur in a soil foundation interaction; for instance there is certainly an influence of the soil density (more
grains are in contact with the foundation for denser sand) which cannot be taken into
account with d50 alone.
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2.3 Geotechnical centrifuge around the world
Nowadays centrifuge modeling is developed in each continent (table 3). This method enables conducting parametric studies, ultimately taking structures to their failure
and obtaining data that can be applied either for drawing comparisons with actual
structures or for calibrating numerical models.
Table 3: Geotechnical centrifuge with a radius R≥3m. Bold characters indicate geocentrifuge similar to the IFSTTAR’s one, constructed by Actidyn Systèmes (formerly Acutronic France). gmax = maximum g-level, mmax = maximum payload.
Centre / City

Country
CEA-CESTA/Le Barp
FR
NIISISM/Baku
SU
Sandia University /Albuquerque
US
Simon Eng. Lab. /Manchester
UK
CUED/Cambridge
UK
AZNIISM/Baku
SU
Port & Airport Research Institute/Yokosuka
JP
Yangtze River Scientific Research Institute/Wuhan
CN
Chengdu Hydroelectric Investigation & Design Inst.
CN
IFSTTAR (LCPC) / Nantes
FR
Rhur Unviversität / Bochum
DE
Univ. California/ Davis (California)
US
Univ. Colorado/ Boulder
US
Chuo University
JP
Deltares / Delft
NL
Rensselaer Polytechnic Institute/Troy (New York)
US
Kajima Co. /Chofu-Tokyo
JP
Inst. Water Conservancy & Hydroelectric Power /Beijing
CN
Nanjing Hydraulic Research Institute
CN
Shimizu Co.
JP
Nakase Nikken Sekkei Institute/ Kawasaki
JP
Center for Cold Ocean Resources Engineering/ St John’s CA
Takenaka Komuten/Chiba-Tokyo
JP
US Army Corps of Engineers-Waterways Experiment US
Station /Vicksburgh (Miss.)
Fisheries Agency
JP
National Central Univ/ Chung-li
TW
Nishimatsu Construction Co. / Kanagawa
JP
Public Works Research Institute, Ministry Constr. /Tsukuba JP
Daewoo Institue of Construction Technology/ Suwon
KR
Dundee University / Dundee
UK
Hong Kong University of Science and Technology/Kowloon HK
Technical Research Institute of Obayashi / Tokyo
JP
Mansoura University / Alexandria
EG
IIESS Téhéran
IR
Téhéran Univ.
IR
Tongji Univ. / Shangai
CN
Univ. Norte Fluminense / Campos
BR
KAIST / Daejon
KR
Zhejiang Univ. / Hangzhou
CN

Year of
opening
1964
1966
1968
1971
1972
1974
1980
1983
1985
1985
1987
1987
1987
1988
1988
1989
1990
1991
1991
1991
1992
1993
1993
1993

R
[m]
10,5
5,5
7,6
3.2
4,3
5,5
3,8
3
5,4
5,5
4,1
9,14
5,49
3,05
6
3
3
5,03
5,5
3,35
3
5,5
6,5
6,5

gmax
[g]
100
100
200
140
150
500
113
300
100
200
250
300
200
150
500
200
200
300
200
100
200
200
200
350

m max
[t]
2

1994
1995
1997
1997
1997
1999
2000
2000
2001
2004
2004
2006
2007
2008
2009

3
3
3,8
6,6
3
3,5
4,47
3,5
3,5
3,5
3,5
3
3.5
5
4.5

150
200
150
150
100
130
150
120
130
130
130
200
100
130
530

0.25
0.55
1,28
5
1,2
0,8
4
7
0,8
0,8
0,8
1.5
1
2.4
4
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1
2.5
2,76
0,5
3
2
2
3,64
2
0,66
5.5
1
1
1,5
2
0,75
1
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5
6
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Most of the recent geo-centrifuges are equipped with an earthquake simulator or a
robot, which is used in flight without stopping the centrifuge.

3.

Cyclic loading

The non-permanent loads applied to a foundation, such as the ones induced by a
storm, wind, waves, currents have no reason to be perfectly cyclic. There may be
variations both in amplitude and frequency. In the sake of simplification, the laboratory cyclic loading test will consider constant stress amplitude and a constant loading frequency. This will be assumed for physical models in a centrifuge too.
A cyclic loading may be defined (Figure 2) on the basis of the mean value (Qmean) of
the cycle and of the half amplitude (Qcyclic). It is often helpful to normalize these
measures by a static capacity Qs.

Figure 2: Cyclic loading definitions [Jar12]. Note Qmean is often referred to as Qaverage,
Qave or Qa, and Qcyclic as Qcyc or Qcy. For horizontal loading Hc and Hm are used here.

4.

Shallow foundation

The effect of earthquakes on small buildings, founded on shallow foundation may be
severe in terms of reuse of the building after an earthquake. Observations on several
in situ cases [Gaz03] have shown that, without overturning, an important tilting may
occur; even if no major failure of the building itself was observed. To understand
this behavior and to try to predict the effect of cyclic and seismic loading on such
structures, centrifuge tests have been performed at LCPC in the framework of the
European program QUAKER [Tho06].
Foundation under combined loading has a 2D geometry but the building’s is 3D.
The building is placed on a saturated kaolin Speswhite clay soil model, which char-
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acteristics are investigated by in-flight Cone Penetrometer Tests and shear vane
tests. Two buildings have been tested in order to consider different ratio
Fv = V/Vmax = (weight) / (ultimate vertical load). Both undrained and drained interfaces between the building and the soil have been studied but only tests on the undrained interface are described in this paper. Centrifuge tests have been performed at
100×g, the centrifuge acceleration being applied at the soil surface level.
Buildings have been designed with the following features: the footing base has a
square shape (B×B); the slenderness ratio is 2; the center of gravity corresponds to
the geometrical center of the parallelepiped building (x=y=0, z=B); the weight induces a vertical stress at the soil surface smaller than the bearing capacity; Instrumentation may be included on or around the model; the horizontal loading is applied
on the center of gravity, whatever the settlement or rotation is.
Two buildings (Figure 3) with different weights have been designed at 1/100 scale: a
light one and a heavy one (Table 4). The light one gives a vertical load (5.69 MN
prototype for M2) which is about 26% of the vertical bearing capacity whereas the
heavy one (13.44MN for M1 and 12.59MN for M1’) gives the vertical load which is
about 60% of vertical bearing capacity.
Table 4: Small scale buildings.
Model
M’1
M1
M2

mass
[kg]
1.2836
1.3695
0.580

B
[mm]
100
100
100

Vertical stress
[kPa]
125.9
134.4
56.90

type of model
building
same as M’1 with PPTs
building with PPT’s

IDV62

IDV63
IDV66

IDH76

-B/3 +B/3

-5B/6

SD79 SD58

IP 112
IP 105

IP 113

IP 115

Load cell
F55

IP122
IP121
IP119
IP120

WaSV1

B/4

+5B/6

Figure 3: Models of buildings M1 (left), M2 (centre) and instrumentation (right).
The model is instrumented with (horizontal and vertical) displacement sensors
placed on the building in order to identify the settlement and the rotation of the
building. Pore pressure transducers (PPT) have been implemented both on the model, to measure the pore pressure distribution at the soil-foundation interface, and in
the soil below the model, in order to obtain the pore pressure variation at several
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depths in clay. The main parameters, deduced from measurements, used in the text
are defined as follows:
Settlement: s = (IDV63 + IDV62) / 2; Rotation: θ = arctan (IDV66-IDV62)/90
Horizontal displacement: yG = WaSV1 ; Overturning moment: M = H.B

4.1 Soil Mass
The soil model is made of saturated kaolin Speswhite clay at a water content of
about 42% and a density of about 17 kN/m3. Each container has been prepared by
consolidation under stress in the lab, with 3 or 4 successive layers of clay, in order to
obtain the expected profile of undrained cohesion Su. Those profiles are determined
using in-flight CPT and well-known correlation between the cone tip resistance qc
and the undrained shear strength Su determined with vane test [Gar01] qc/Su =18.5.
Examples of undrained shear strength Su profiles, obtained through in-flight CPT
tests few minutes before or after the loading test, are shown on figure 4. The undrained shear strength may also be estimated [Gar01] by S u = 0.19σ 'v OCR 0.59 .
CPT Tip resistance (MPa)
0.0

0.4

0.8

1.2

1.6

0

layer 5

-50

Model depth (mm)

2.0

layer 4

-100

layer 3

-150
layer 2
-200

T01
T06
T07

-250

Layer n° 1 : draining sand layer (h = 10mm)

0

20

40

60

80

Undrained shear strength (kPa)

100

Figure 4: Examples of Su profiles deduced from CPT tests.
For example, for clay beds in Tubs 3, 4 and 5 that were prepared in the same way
and under the same consolidation stress, the theoretical undrained shear strength at a
depth of 15m (prototype), derived from this equation is about 54 kPa. An agreement
is found between the theoretical and experimental bearing capacities for static vertical loading.
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4.2 Horizontal loading
An original loading device has been developed in order to apply horizontal cyclic
loading at the building center of mass. As it may be seen in Figure 5, this device
allows the building to move (horizontally and vertically) and to rotate without
changing the point of application of the horizontal load to the building.

Figure 5: Horizontal cyclic loading device and instrumentation of a model.
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Figure 6: Typical horizontal cyclic loading (model scale).
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Cyclic loading is force controlled (Figure 6). The two-ways loading is symmetrical
(Hmean=0). It is applied at the altitude of the center of mass and includes doubled
series of cycles of constant amplitude, varying between Hcyclic=3daN (model scale)
for the first series up to 10daN for the last one. The (model) frequency of 0.16Hz
assumes that the loading is quasi-static (no inertia effect). Those loads represent few
percents of the vertical load V. They simulate the effect of an earthquake that induces “two-ways” tilting of building.
Vertical settlement of the building occurs during the horizontal cyclic loading, and
increases especially with the amplitude of the cycles.
The results show (Figure 7) pressure accumulation both in the soil mass, and at the
soil-structure interface (which is not drained). In both cases, higher positive pressures have been observed on the side where the first loading is applied. The first
amplitude of loading (3daN model) has very few influence on the pore pressure
variation in comparison with the others amplitudes of load. The embedded sensors
just below the building display higher variations than the others. At the interface, a
“suction” effect may be observed.
Pressure variation
at soil interface (kPa)
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20

IP 121
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-10
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Figure 7: Pressure accumulation at the interface (top) and at depth B/4 (bottom)
below the foundation (model scale).
When force-displacement behavior is drawn (Figure 8), it appears that the first sets
of loading display a quite small irreversible behavior in comparison with the last sets
of loading cycles. These results are similar to the moment-rotation curves shown in
Figure 9.
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Figure 8: Dimensionless force displacement cyclic loading.
10

10

5

5

0

0

-5

-5
A

-10

Overturning moment prototype (MN x m)

0.0

0.1
Rotation (degree)

10

B

-10
0.2

0.0

0.2
Rotation (degree)

0.4

2
4
6
Rotation (degree)

8

10

5

5

0

0

-5

-5

C

-10
0

D

-10

1
Rotation (degree)

2

0

Figure 9: Moment-rotation for 4 sets of cycles (prototype scale).
Considering the kinematics at the center of the foundation, the settlement-rotation
curves (Figure 10) show the similar trend in all the cases despite of differences in
the amplitude cycles. But the accumulated settlement and accumulated degree of
rotation changes with the change in the amplitude cycles.
From the V & H loading tests, failure loads have been measured. The failure envelope may be drawn in the V-M plane (Figure 11). Data from the two different values
of the vertical loads (light and heavy building) have been plotted. The experimental
data may be fitted by parabolic curves as shown in Figure 11. The data also shows
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that the loading sequences have slightly enlarged the stability domain showing the
necessity of additional tests to increase the definition of the failure surface.
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Figure 10: Settlement-rotation for four sets of cycles (prototype scale).
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Figure 11: Failure diagram for H monotonic loading before and after cycles.
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4.3 Conclusions and prospects for shallow foundations
Lateral loading applied to buildings founded on shallow foundations shows a nonlinear load-displacement behavior. Strain accumulation is visible both on settlement
and rotation. A large amount of work is being dissipated in the foundation. A classical parabolic failure envelope has been estimated.
Those experimental data has been used for comparison with a 2D finite element
model [Apo07], giving reasonable results and opening a sensitivity study for dynamic loadings.

5 Deep foundation
If the more critical cyclic loading for shallow foundation is certainly the horizontal
one, for deep foundations both vertical and horizontal cyclic loading may have an
important role, depending on the type of structure considered. For instance, in offshore engineering, a jacket founded on piles will display both vertical and horizontal
loading on the foundations under the effect of wind, wave or currents. An off-shore
wind turbine founded on a monopile will be subjected to a quasi-constant vertical
load and to cyclic horizontal loading.
The rate of loading (or the frequency) has significant effects on time-dependent
performances or inertial phenomena. Here, these two parameters are not considered
because dry sand is used and the rate of loading is low enough.

5.1

Vertical cyclic loading

A pile subjected to vertical loading offers a resistance due to the tip and to the skin
friction for compressive loads, and only to skin friction for tensile loads.
The results of a first series of tests [Gue12] are presented. The mode of installation
of the model piles is intended to simulate soil-pile interactions relevant for cast-inplace piles. The tests, conducted in dense Fontainebleau sand, covered the full range
of loading modes (monotonic versus cyclic; compressive versus tensile; and oneway versus two-way).

5.1.1 Experimental Work
The tests were carried out at the IFSTTAR geotechnical centrifuge facility under a
g-level of 23. The model piles are aluminium cylinder rods 18mm in diameter and
560mm in height. These dimensions were chosen in order to simulate at 23×g a
prototype pile similar to the piles used in the field [Ben12]: 0.42m in diameter and
13m embedment depth. The model pile was also designed to avoid scale effect with
soil particles, following the classical scaling laws [Gar07]. The pile surface is rough,
and this roughness was obtained by mechanical machining. It is characterised by a
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normalised roughness Rn [Lin05], defined as the ratio between Rmax and d50 (Figure
12) and is equal to 0.5 for all tested piles.
The piles were installed in Fontainebleau sand, which has a minimum density (ρdmin)
of 1.417g/cm3 and a maximum density (ρdmax) of 1.736g/cm3. The dry sand was
filled in a strongbox using the air pluviation technique (Figure 12) to obtain a density index ID = 92%. The relative sand density was controlled by adjusting the falling
height, the flow rate and the speed of the automatic hopper. The steel strongbox is
rectangular with inner dimensions of 1200mm in length, 800mm in width and
720mm in depth (Figure 13).

Figure 12: Pluviation above the piles pre-installed in the bottom half of the strongbox (left) ; Normalised roughness definition (top right); Piles after positioning the
top half of the strongbox(bottom right)
Eight piles were pre-installed in the container before sand pluviation, with a minimum distance from the walls equal to 10 times the pile diameter. The distance between the pile tip and the bottom of the container was equal to 8.9 times the pile
diameter. This installation technique was intended to simulate the behaviour of nondisplacement, or cast-in-place, piles.
Figure 14 shows the complete test setup. The axial loading was applied to the pile
(labelled 2 in Figure 14) using an electric actuator (1) fixed to rigid steel beams set
on the container (3). A special mechanical knee-joint linked the top of the pile to the
force transducer (4) directly screwed on the tie rod of the actuator. This device
avoids overturning moment in the pile and provides a perfect axial link during the
two-way loadings. The vertical displacement of the pile head was measured by two
laser displacement transducers (5) placed symmetrically on either side of the pile
top. The data was recorded in the control room using an HBM data acquisition module named Spider 8 [Tho08].
Before starting loading tests, each sand deposit was subject to an in-flight ‘preconditionning phase’, which consisted of raising the g-level three times between 0 and

ALERT Doctoral School 2013

Thorel

59

23×g. During this sequence, unique for each container, the piles were totally free.
The centrifuge was stopped to link one pile to the testing device and then restarted to
reach 23×g step by step. The servo-actuator position was adjusted step by step to
keep the measured force equal to zero.

Figure 13: Rectangular strongbox with model pile positions

ALERT Doctoral School 2013

60

Centrifuge Modelling of foundations subjected to cyclic loading

Figure 14: Test setup for centrifuge model pile
Compressive and tension static loading tests were carried out first, as reference tests,
in each container to estimate the ultimate vertical load Vrc and Vrt, respectively. For
these static tests, the servo-actuator was controlled in displacement at a rate of
1mm/min. Vrt is determined when the measured load reaches a peak value and Vrc is
estimated at the slope breaking point of load-displacement curve. The quasi-static
tests provided a control of the repeatability of the sand masses and served to define
the relative amplitude of the cyclic loads.
For the cyclic tests, as soon as the g-level was reached, the force control mode was
used to perform the cyclic sequences. Four parameters are needed to describe the
cyclic sequence: mean load (Vm); load amplitude (Vc); period of the cycle and number of cycles.
First, the load was increased up to the mean value (Vm) at a constant rate of 4daN/s,
corresponding to the similar static loading increment. Then the sinusoïdal cyclic
signal was applied at a frequency of 0.1Hz. The cyclic load components were expressed as a rate of the ultimate bearing capacity deduced from the static loading
tests. Conventionally, positive load and displacement are selected for compressive
tests (static and cyclic). Failure under cyclic loading is assumed when the measured
displacement of the pile head reaches 10% of the pile diameter (1.8mm at model
scale).

5.1.2. Experimental Results
Static pile behaviour
All results are presented in prototype scale. The static tests (pure compression or pure
tension) are used to determine the ultimate load capacity. Figure 15 show the load
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versus the normalised pile head displacement for compressive and tension loading
tests, respectively, performed in different containers.

Figure 15: Load versus displacement for compressive (left) ans tension (right)
static tests (C: container; T: test)
The mean value outcome from seven tests for ultimate compression resistance (Vrc)
is 3.2MN within ±0.13MN deviation. For tension tests, only the shaft friction is
mobilised along the pile. The peak characterises the ultimate resistance of the soil;
2.2MN is the ultimate tensile bearing capacity (Vrt) within ±0.12MN deviation. The
curves show a good repeatability of the pile behaviour under static loading, which
results largely from the good reproducibility of the sand deposit preparation by the
air pluviation technique.
Typical cyclic pile behaviour
Cyclic loading of pile is classically split in two categories: one-way or two-way tests.
The latter is obtained when the cyclic magnitude (Vc) is greater than the mean load
value (Vm) whatever the sign of Vm.
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Figure 16: Load versus pile displacement for a typical one-way tension cyclic
load test
Figure 16 presents the load versus pile head displacement for a typical one-way
tension cyclic test. After 460 cycles the displacement reaches 10% of the pile diameter corresponding to the failure criterion; however, the test is continued up to 1000
cycles and is stopped after a displacement as large as 27% of the pile diameter.
The total load versus the pile displacement for a typical two-way test is presented in
Figure 17. The curve characterises a typical behaviour of the pile with a progressive
settlement as a first phase and a fast extraction in a second phase. The failure occurred at the seventh cycle, while the test was interrupted after 16 cycles with a
displacement equal to 141% of the pile diameter. For other two-way tests (not presented in this paper), failure occurred after a few dozens of cycles and, in each case,
at a much lower number of cycles than for one-way tests.
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Figure 17: Load versus pile displacement for a typical two-way tension cyclic
load test.

Figure 18: Trends in pile head displacements for two-way tests with compressive
mean value.
The pile displacements versus time for two cyclic loading tests characterised by a
positive (compressive) ratio of the mean load and the same cyclic amplitude (Vc/Vrc

ALERT Doctoral School 2013

64

Centrifuge Modelling of foundations subjected to cyclic loading

= 0.4) are shown in Figure 18. In both cases the first cycles generate a downward
movement (settlement) of the pile. Then, depending on the magnitude of the mean
value, sudden or progressive reversal in the displacement direction takes place and
the pile fails in pull out mode.
Effect of cyclic magnitude on pile displacement
Figure 19 compares the evolution of pile head displacements of three tests with
same mean value Vm = 0.6 Vrc and three different cyclic load amplitudes (Vc/Vrc =
0.1, 0.2 and 0.3).

Figure 19: Pile displacement versus time for different load amplitudes.
Pile settlements increase with the number of cycles until failure. For the tests characterised by Vc/Vrc = 0.3 and 0.2, the number of cycles to reach failure (10% of pile
diameter) are 117 and 1394, respectively. The pile loaded by Vc/Vrc = 0.1 accumulates a settlement of about 8.4% of the pile diameter after 2500 cycles. The number
of cycles to failure for this test can be estimated as 4190 cycles by linear extrapolation. The increase of the cyclic load magnitude accelerates the soil failure, and so
reduces the number of cycles to failure.

5.1.3 Conclusions and prospects on piles loaded vertically
As expected, the number of cycles to reach failure decreases with the severity of the
cyclic component. A general observation is that piles have been found to be very
sensitive to cyclic loading. The most visible detrimental effects of cyclic loading on
the axial response of a pile are: (a) a reduction of ultimate capacity, related to reductions in local skin friction; and (b) reductions in pile head stiffness (or increased
displacements). The main final objective of these tests is the obtention of stability

ALERT Doctoral School 2013

Thorel

65

diagrams as introduced by Poulos [Pou81]. A first attempt is shown on the Figure
20. This diagram illustrates the number of cycles for bored piles leading to failure as
a function of the mean and cyclic load components, normalised by the pile capacity
under monotonic loading [Pue12].
New series of tests are planned, including tests in medium dense sand and some tests
involving different modes of installation aimed at simulating the response of displacement piles.

Figure 20: Stability diagram for axial cyclic tests on model piles in the centrifuge –
dense Fontainebleau sand – cast in place piles (from [Pue12]).

5.2 Horizontal cyclic loading
Lateral cyclic loading on vertical piles is generally produced by waves, wind, boat
accosting and mooring to quays, variable overloads or thermal dilatations. All cyclic
loading sequences are characterized by four parameters (the maximum applied load
Fmax, the load variation amplitude DF, the number of cycles n, and the frequency f).
The link with the parameters defined in §4 are the following:
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(1)

Two-way cyclic loading can be considered as a simplified representation of dynamic
loading without inertia nor damping. However, both stresses and strains are more
important under the effect of one-way cyclic loads than two-way ones. Two-way
lateral cyclic service loading, in dry dense sand, improves the soil characteristics.
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However, although alternating loading is symmetrical, the direction of the first loading remains in the pile “memory” [Ros07].

5.2.1. Theoretical background
The consideration of cyclic effects when designing piles is generally deduced from
the soil/pile interactions under applied static loads using the Winkler model
[Win67]. In the case of a linear elastic response of the soil/pile system, the soil reaction P(z), at a depth z, depends on the modulus of soil reaction Es, and on the lateral
displacement Y(z):
(2)
P (z ) = E s ( z ) Y (z )
Based on the theory of beams, the quasi-static equilibrium of the pile is given by:
∂ 2 M (z )
(3)
+ P (z ) = 0
∂z 2
Where M(z) is the bending moment at a depth z. It it linked to the lateral displacement by:

M(z ) = E p I p

∂ 2 Y(z )

(4)
∂z 2
Where Ep and Ip are respectively the Young’ modulus and the Inertia of the pile.
By a combination of equations (2), (3) and (4), the equilibrium equation may be
written in displacements:
∂ 4 Y(z ) E s
(5)
+
Y(z ) = 0
EpIp
∂z 4
There are analytical solutions (e.g. [Fra99]) if both Es, Ep and Ip are constant with z.
For a pile in soil, Es increases generally with depth, and the method is to split the
soil mass in layers with constant soil reaction.

5.2.2 Instrumentation
In the case of pure flexural bending, the displacement vector depends, in any location of the pile with coordinates (x, y, z), on X,Y and Z (translational displacements):
∂X
∂Y #
&
(6)
ξ(x, y, z ) = $ Z − x
−y
!t + Xn x + Yn y
∂z
∂z "
%
The only strain tensor component different from zero is:

ε zz =

1
∂Z
∂ 2X
∂ 2Y
∇ξ + T ∇ξ z =
−x 2 −y 2
2
∂z
∂z
∂z

(

)
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On the skin of the pile (breadth B), the strain that follows a generatrix of the cylinder pile located in the bending plane will give, depending of tension or compression:

ε zz (x = 0, y = ± B / 2, z ) =

∂Z B ∂ 2 Y

∂z 2 ∂z 2

(8)

The half difference of strains measured respectively at the intrados and extrados
gives a way to reach the pile curvature. This is possible by sticking two strain gages
mounted in half-bridge. Equations (3) and (8) show that a direct relationship may be
obtained between strain gages measurement and the bending moment. A calibration
of the pile allows a direct identification of the bending moment from the electrical
measurement of each strain gage.
The aluminium tube used for modeling the pile in the centrifuge (Figure 21) is
equipped with 20 levels of strain measurement.
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Figure 21: Model pile used in the centrifuge (a), 3D scheme (b), 1D scheme (c).

5.2.3 Model device
The pile, designed at scale 1/50, is loaded horizontally only, the vertical load being
constant (pile dead weight). The load is applied at a prototype elevation of 1.6 m
above the ground surface with a servo jack and transmitted to the pile through a
cable (Figure 22) for a one-way cyclic load.
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Figure 22: One way loading device [Ros07]
The boundary load conditions at the pile head are perfectly known. The pile head
displacement and rotation are measured using two horizontal displacement sensors
located 0.8 m and 2.6 m above the ground level in prototype values (20 and 65 mm
in scale model values), respectively. On the assumption that, above the soil, there is
no deflection of the pile, the displacement at the origin of load is deduced from those
sensors.
Driving the pile into the dry Fontainebleau sand sample before rotating the centrifuge ensures the installation repeatability. Although the stress conditions, in which
the model pile is installed, are different from those of the prototype, the differences
do not affect bending moment results significantly. Similarly, the pile installation
procedure does not significantly affect the comparison tests between monotonous
and cyclic loading [Ros07].

5.2.4 Pile head displacement
The displacements measured in the vicinity of the load application point depends on
the nature of the cyclic loading (figure 23). Those tests show that the relative displacement estimated from the displacement yn identified for the maximum load at
cycle n, may be fitted with a logarithmic law:
yn/y1 1 b ln (n)
(9)
The b parameter may be estimated from the ratio DF/Fmax =2Hc/(Hm+Hc) with:
0.35
&
#
& DF #
! ln(n )!
(10)
y n = y1 $1 + 0.08$$
!
$
!
Fmax "
%
%
"
The same trend is observed for high number of cycle [Rak09], up to 75000 cycles,
but with a change of slope around 100 cycles (figure 24).

ALERT Doctoral School 2013

Thorel

P33 ; DF=960 kN

Relative displacement yn/y1 (.)

1,30

69

P344 ; DF=960 kN

1,25

P347 ; DF=720 kN
P36 ; DF=720 kN

1,20
P32 ; DF=480 kN
1,15

P318 ; DF=240 kN

1,10

P346 ; DF=240 kN
1,05
Dr = 86 %
1,00
0

5

10

15
20
25
Number of cycles n (.)

30

35

40

Figure 23: Relative displacement versus number of cycles for different DF=2Hc,
and the same Hm+Hc=Fmax = 960 kN [Ros07]

Figure 24: Example of pile head displacements for large number of cycles [Rak09].

5.2.5 Bending Moment
The influence of cyclic loading on the maximum bending moment is more important
when DF/Fmax (or Hc/(Hm+Hc)) is small (Figure 25). A log fitting may be done.
The bending moment profile is influenced by the number of cycles, especially for
the first decades of cycles. Nevertheless, as the variations of the maximum values
are included in a range of 15% in the dry sand, the knowledge of the bending moment profile fixes the order of magnitude of the bending moment that the pile has to
face down.
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Figure 25: Relative bending moment versus the number of cycles for several load
amplitudes [Ros07].

Figure 26: Evolution of bending moment profiles in a loose sand [Rak09].

5.2.6 P-Y curve
The soil-structure interaction model is classically used to design laterally loaded
piles. This model, which requires the knowledge of the P-Y curves, is based on the
elastic beam theory to determine the pile lateral displacements, Y(z), and the bend-
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ing moments. A similar method is used for the interpretation of the experimental
results. Here, the bending moments are measured whereas the pile lateral displacement, Y(z), and the soil reaction profile, P(z), are calculated by double integration
(11) and double derivation (12) of the bending moments, respectively.
d2y
M(z ) 2
M(z ) = EI 2 ⇒ y(z ) =
dz
EI
dz
(11)
d 2 M(z )
(12)
P(z ) =
dz 2
It is then possible to reconstitute the reaction curve from experimental data (Figure
27). It can be shown that close to the surface, the dissipated energy is higher and the
soil reaction is subjected to higher degradation. The same trends are observed for a
test of 1000 cycles (Figure 28), where only the points corresponding to maximum
load are drawn.
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Figure 27: Detail of the cyclic P-y reaction curves at different depths (Test P344,
Fmax = 960 kN, DF = 960 kN) [Ros07]

ALERT Doctoral School 2013

72

Centrifuge Modelling of foundations subjected to cyclic loading

Figure 28: Example of reaction curves for static loading and for 1000 cycles [Rak09]

5.2.7 Conclusions and prospects on piles loaded horizontally
Centrifuge modelling is a powerful tool for studying pile subjected to lateral loading, as it is possible to use a highly instrumented pile in a controlled environment.
Several Ph.D. theses have been performed in Nantes considering piles in sand
[Ros07, Rak09] or clay [Khe12]. The interpretation of those results is being introduced in Solcyp’s documents for design of piles subjected to lateral loading. The
experimental data base obtained thanks to centrifuge tests should be used for comparison and validation of numerical models.

6.

Conclusions

The understanding of the behaviour of foundation subjected to cyclic loading is a
non-usual challenge for geotechnical engineers. The experimental approach based
on centrifuge modelling technique is versatile, as it allows several types of foundations, different natures of soil and a large range of cyclic loading conditions.
For the centrifuge tests presented, it appears that most of the phenomena start during
the first cycles for the shallow foundation and the pile subjected to lateral loading.
For the pile axially loaded the loose of friction may be dramatic in some cases of
two-ways loading, conducting to failure.
The tools for numerical modelling are still under development, and a recent benchmark [Tho12] organized within the Solcyp programme has shown that the order of
magnitude were respected, but the prediction of failure is still uncertain. The coupling between physical modelling and numerical modelling is the key methodology
for geotechnical problems from the 21st century.
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de Bouaye, CS4, 44344 Bouguenais cedex, France

In the framework of earthquake engineering, dynamic centrifuge modelling can be a
useful tool to obtained experimental data to calibrate and validate numerical or analytical tools. Seismic centrifuge tests enable to performed parametric study to highlight the effect of several parameters, such as the design of the geotechnical structure,
the input frequency the soil layering, etc. However, centrifuge modelling has its own
limitations. First some of the key features (i.e. design parameters, containers, model
instrumentation, saturation) and their associated limitations are presented. In a second stage, a none exhaustive presentation of seismic tests performed in centrifuge by
several research teams is made. As the design of the experimental set-up (selection of
the geotechnical structure, type and location of the instrumentation) is linked to the
main objectives of a centrifuge study, examples are presented according to the aim of
the study. First two types of studied on shallow foundation are presented: studies that
concern the understanding of failure mechanism and studies which objective is to provide data on the nonlinear behaviour of foundation in the framework of performancebased design approach. The third part concerns the studies of deep foundation when
subjected to seismic loadings. Starting from the fact that many codes do not recommend inclined pile in seismic area, design and results of centrifuge studies devoted
to the performances of inclined pile on the dynamic behaviour of pile group are presented. Finally, as liquefaction is one of the most damaging earthquake induced effect,
centrifuge studies on the performances of pile in liquefiable sand are presented.

1

Introduction

In most of the case histories, information on the foundation failure is only available
before and after the earthquake. There is a lack of information on the mode of failure
itself during the earthquake. Even if some structures have been instrumented, there is
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still insufficient database on well-documented case histories. In this framework, dynamic centrifuge tests are an alternative to provide well instrumented database that can
give insights on the behaviour of foundations during an earthquake. In the last twenty
years many researches have been performed on the seismic behaviour of shallow and
deep foundations through centrifuge tests. A majority of these concerned foundations
resting, or embedded, in sand. Among these series of tests, a significant percentage
addresses the problem of the behaviour of foundation when the soil liquefies. In the
following, a non exhaustive review of dynamic centrifuge tests devoted to the analysis
of foundations response under earthquake loading is presented. The objective is to
give some insights on the type of studies that can be performed in a centrifuge.
In this framework, some technical details related to seismic tests in a centrifuge are
first presented. The second part will focus on studies performed on shallow foundations resting on dry or saturated soils. Finally the last part concerns some series of
tests performed to study the behaviour of deep foundations under earthquake loadings
and more especially the studies performed on two main configurations: the behaviour
of inclined pile and the behaviour of piles in liquefiable soil (levelled ground).

2
2.1

Technical aspects of dynamic centrifuge tests
Design parameters

Such as for static or cyclic centrifuge tests, to obtained relevant studies it is always
necessary to simplify the reality in order to put in relevance parameters that can play a
significant role in the geotechnical system behaviour. As the objective is not to model
an existing structure, the geometry of the system (soil column layering, distribution
of soil properties, foundation and superstructure designs) are always simplified for
an easier understanding of the mechanisms that take place during the base shaking.
For instance, in dynamic centrifuge tests, such as for cyclic tests, to have plane strain
conditions, geometry of the foundation and superstructure can be long in the direction
perpendicular to the loading [ZS98].
However, in the case of the dynamic centrifuge tests, additional design parameters
should be taken into account such as the dynamic properties of the fixed-base superstructure, of the soil-foundation superstructure system, of the soil column and of the
input. If the bearing pressure applied by the superstructure remains a key parameter,
others parameters should be considered for the design. Among these, the fixed-base
frequency and the associated mode of vibration (rocking mode or shearing mode), the
height of the gravity centre of the lumped mass, the footing/superstructure mass ratio
and the aspect ratio (height of the centre of gravity of the superstructure to the foundation width) play also key roles in the studies.
Moreover, the selection of the base shaking signal can have a significant role on the
results obtained. Its frequency content, its amplitude and its duration have to be carefully selected. Its frequency content should be compared to the a priori frequency
response of the soil column and of the soil-foundation-superstructure system. CombiALERT Doctoral School 2013
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nation of the amplitude and the duration can have an important effect on the obtained
results. Most of research teams performed several earthquakes or sinusoidal inputs
on each model. In the current practice, models are subjected to input with increasing
amplitude. Most of the time the input level is characterized by the peak ground acceleration (PGA) at the base of the soil column and less times by the Arias intensity
which is a representation of the earthquake energy content. If most of the studies do
not consider the effects of previous inputs on the response of the system, some of them
take into account their effects by determining, for instance, an average evolution of the
soil density through settlement measurements [DBP+ 10a] or by considering induced
residual stresses in piles [Esc12].

2.2

Flexible containers

When a soil column is subjected to an earthquake at its base, it will deformed depending on the earthquake amplitude, frequency content and the dynamic properties
of the soil column (geometry and dynamic soil properties). Centrifuge tests induce
a containment of a soil column in a box. The end and lateral walls of the container,
such as its base, can influence the response of the soil column when it is subjected to a
dynamic loading at its base. The stress and the strain states can be modified compared
to the soil column behaviour in free field conditions. When shear waves propagate
vertically in a soil column, the behaviour of the soil column is comparable to that of
a shear beam. The use of a rigid container modifies the soil column response because
of the difference of dynamic stiffness. [WL86] and [ZS96] presented the basis of
the design of a container which enables to reproduce, as much as possible, the same
boundary conditions as the ones of a soil column in the free field. The characteristics
of an ideal container for 1D seismic tests in the centrifuge are:
• Maintain a constant horizontal cross section during shaking,
• develop complementary dynamic shear stresses on the vertical container-soil
interface equal to those occurring on horizontal planes when the soil stratum is
shaken,
• have zero mass to avoid undesirable inertial loadings,
• have zero stiffness to horizontal shear,
• offer no resistance to settlement of the soil during placement, spin-up of the
centrifuge, or as result of shaking,
• keep the water without leakage (except at top surface) and with insignificant
membrane compliance.
In practice some of these requirements are not realistic and the design of a flexible
container should be a compromise between the ideal one and the feasible one.
Several kinds of containers have been designed to limit the boundary effects (Figure
1).

ALERT Doctoral School 2013

80

Centrifuge modeling of foundations subjected to earthquake loadings

Figure 1: Different designs of flexible containers: (a) laminar container of the RPI
([VLTDE94]) (b) ESB container of the IFSTTAR (c) HP container of California University ([FHI+ 94]).
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The ESB (equivalent shear beam) container is made of a staking of rectangular frames
separated by rubber ([BM02], [TM03], [Wil98], [ZS96] , [Mad94]). The principle of
the ESB design is that the dynamic stiffness of the ESB container should be almost
the same as that of the soil column. Others containers, such as the HPC container
(Hinged-Plate Container, [FHI+ 94]), and the laminar container ([VLTDE94]) have
been designed to offer less shearing resistance with a minimum of weight compared to
the soil column weight and shearing resistance. Theoretically these types of containers
are more appropriated to liquefaction studies than the ESB box due to the loose of
shearing stiffness of the soil column. In the case of the laminar container, rectangular
frames are connected together through rollers which minimize the shearing resistance
between two adjacent frames.

2.3

Tests with saturated sand layers

As liquefaction is one of the main cause of earthquake induced damage, numerous
dynamic centrifuge studies are devoted to the analysis of this phenomena on different geotechnical structures (such as shallow or deep foundations). However [Kut95],
starting from the scaling laws, indicated that if identical soil and pore water are used
in model and prototype, the time for consolidation (a phenomenon linked to the pore
pressure dissipation) at the model scale is N 2 times less than at the prototype scale
while the dynamic time (linked to the pore pressure built up due to soil deformation) at
the model scale is only N times less than at the prototype scale. Consequently the use
of water for dynamic test results in time scale factor conflict. However, he indicated
that this is only a serious problem if the time scales for diffusion and dynamics are of
the same order. He added that it is known that the time required for reconsolidation
of liquefied sand is similar to the duration of the shaking in typical centrifuge models
involving earthquake excitation. A significant amount of dissipation often occurs during shaking in the model, while in the prototype, dissipation during shaking may be
unimportant. The current method to slow down the consolidation to obtained a scaling
factor of N for both, dynamic and consolidation times, is the use of a viscous fluid with
a viscosity N times that of the water. If oil silicone has been previously used, the current practice is to use a mixture of HPMC powder (hydroxypropyl-methyl-cellulose)
with water in order to obtain the request viscosity, keeping the density equal to the water density ([SCB98]; [DKTF99]). However [Wil98] has shown experimentally that,
if it is the behaviour during the shaking that should be observed, the use of a viscous
fluid with a viscosity that is lower than N times that of the water can be sufficient to
catch the essential features. Another important point, when centrifuge tests concern
saturated sand layer, is the efficiency of the saturation process. [TKIY06], indicated
that the most suitable technique of preparing saturated model is the carbon dioxide
gas and vacuum technique that is almost the same as the technique used for saturation
of sample for triaxial test.
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Model instrumentations for dynamic tests

Instrumentation of the models should be based on the theoretical approach of the
model configuration takes into account. Instrumentation should enable all the useful parameters to be measured or calculated. Contrary to static-cyclic centrifuge tests,
instrumentations should have an adapted frequency range. In most of the dynamic
studies performed in centrifuge, the displacements of components that are above the
soil surface (superstructure, shallow foundation, pile cap, etc.) are obtained by accelerometers or displacement transducers or by combining both. In the case of deep
foundations, piles can be instrumented with strain gages to measure bending moment
and axial load. The displacement of the pile and the pressure acting on the pile by
unit length can be respectively obtained by double integration process and double
derivation of the bending moment profile obtained ([Che07]). Concerning the soil instrumentation, accelerometers and pore pressure transducers are frequently used.
However, each type of sensors has its own limitation. For instance, most of the miniaturized accelerometers used for centrifuge experiments are unable to measure low frequency component and thus residual displacement can not be obtained. For instance,
at the IFSTTAR centre, the miniaturized Brüel & Kjaer accelerometers have a frequency range from 1Hz to 20 kHz. In addition, direct double integration of the acceleration measurements causes unrealistic drift of the calculated displacement. Several
methods have been proposed based on baseline correction in time domain and processing in the frequency domain ([YLL06]), based on the use of high pass filters combining with integration in the time domain or in the frequency domain ([WBB98]). To
obtain low frequency components, displacement transducers, such as high frequency
laser sensor or linearly variable differential transformers (LVDT), can be used. The
first offers no mechanical friction or bending of the measuring system but the position
of the spot varied while the second has a fixed position of the spot but friction, and
in some cases, curvature of the measuring system can occur. The selection of the displacement sensor should be made to optimize the measurement and thus depends on
the test configuration. In the case of the pore pressure sensor, as the measuring system
is located behind a filter, phase lag between the true and the measured pore pressure,
such as difference of amplitude between the measured and the true pore pressure, can
exist ([Lee90]).

3

Shallow foundations

Several centrifuge studies have been devoted to the behaviour of shallow foundations
under earthquake loading. However it is somewhat difficult to give an overview of
these studies. Several differences exit, among which, the objectives of the series
of tests that have been performed. As a consequence phenomena measured during
the tests, such as the design of the tests, are much different. Among the objectives
there are the characterization of the failure mechanism ([ZS98]), the investigation
of the effectiveness of liquefaction remediation on the liquefaction-induced settleALERT Doctoral School 2013
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ment ([LD97]), the analysis of the energy dissipation by foundation rotation ([EC14],
[UKJG07], [GK09], [GS11], [GKP+ 05]). In addition, these studies on shallow foundations can be addressed to bridge column founded on shallow foundations and shallow foundations of building. In both cases the presence of a liquefiable layer is a major
feature.

3.1

Studies devoted to the understanding of failure mechanism

One of the most common modes of shallow foundation failure during earthquake is
by rotation and vertical settlement due to the loss of stiffness through excess of pore
pressure or large strain. However, [ZS98] indicated that the validation of the methods used in practice need experimental data to highlight the transition from linear to
nonlinear behaviour and the failure onset. In this framework, they performed a series of dynamic centrifuge tests to give experimental evidence on the mechanism of
failure of building on shallow foundation resting on dry or saturated sand under earthquake loading. Their study focused on the measurement of the foundation rotation
and settlement and the onset of bearing failure. Five tests have been performed at the
geotechnical centrifuge centre of Cambridge University ([Sch80]) on the bumpy road
earthquake actuator.
In this study, the design parameters of the buildings were the bearing pressure applied
on the foundation and the aspect ratio (height of the building to width of the foundation
ratio). To simplify the study, rigid buildings were considered and, to have plane-strain
condition, the structures were long in the direction perpendicular to the base shaking.
Figure 2 presents the cross sectional view of the tests performed on saturated sand
layer.
Two buildings have been considered: a heavy one and a light one that applied respectively a bearing pressure of 383kN/m2 and 132kN/m2 . Their aspect ratios were
respectively of 3 and 1. Notice that the height of the buildings was the same (i.e.
height of the gravity centre) and the variation of aspect ratio was obtained by reducing
the width of the foundation. Tests have been performed on dry and saturated sand with
an ESB container. For the saturated model, the sand has been saturated with de-aired
water under vacuum. The use of water was to simplify the model making due to the
fact that model test did not intend to replicate a prototype structure. However pressure
built up were reduced during the base shaking due to diffusion of the pore pressure
as previously mentioned. The location of the instrumentation was established considering that no lateral sliding was expected. The displacement of the model structure
(rotation and vertical settlement) were measured using LVDT and by integrating acceleration records. Response of the soil column was followed through acceleration and
pore pressure measurements. Tests results showed that the displacements were largely
influenced by the intensity of the base shaking, the bearing pressure and the presence
of a water table in the ground. In the case of the lighter building, sliding mechanism in
the foundation soil was not initiated. In the case of the heavier building, large residual
settlement and rotation were observed. For both soil conditions, the vertical settlement
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Figure 2: Cross section view of the saturated centrifuge model test performed by
[ZS98].
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Figure 3: Time history of the vertical velocity, displacement and rotation of the building and the base shaking for the saturated test with heavy building [ZS98].

increased steadily during the base shaking leading to a pronounced increase in the rate
of movement near the end of the input indicating the onset of bearing failure (Figure
3).
On the other hand, the structure rocking on each cycle induced accumulation of permanent rotation. Its amplitude was relative to the cyclic loading amplitude. The rocking mechanism was inhibited by the onset of major vertical settlement that has been
highlighted by the time history of the vertical velocity obtained by derivation of the
displacement measurement. The author explained the occurrence of the failure near
the end of the base shaking, rather than at the peak base acceleration, by the combined
effect of the permanent rotation accumulation and base shaking which both change
the angle of the combined body force of the building (bearing pressure and inertial
loading). A clear implication of this study was that seismic bearing capacity of a
foundation cannot rely only on the PGA. The authors concluded that an earthquake
with more moderate cycles which can induce permanent rotation may be more likely
to cause bearing capacity failure of foundations than an earthquake with just one or
two strong cycles.
In this series of tests [ZS98] did not paid much attention to the analysis of pressure
built up at different location in the soil during the saturated tests contrary to the series of tests that have been made by [LD97]. They conducted two series of centrifuge
model experiments to investigate the mechanism of liquefaction-induced settlement
of a shallow foundation. The first series of tests focused on the effectiveness of liquefaction remediation by sand densification under the footing and the second series of
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Figure 4: Cross section view of the saturated centrifuge model test performed by
[LD97].

test focused on the effect of soil permeability on the pore pressure built up and footing settlement. In this study the design parameters of the building were the bearing
pressure applied and the foundation shape and dimensions. Contrary to the previous
study, all the mass of the building was concentrated at the foundation level, limiting
the overturning moment (Figure 4).
Foundations with a circular shape, with a prototype diameter that varied from 4.56 to
5 m and a bearing pressure of 100 and 122 kPa were considered. Instrumentation did
not enable the measurement of foundation rocking that was supposed to be limited
due to the configuration tested. Vertical settlement of the soil surface and the building
were measured with LVDT. The shaking base, soil surface and horizontal acceleration
of the footing were measured with accelerometers. The pore pressure responses in the
free field and below the foundation were measured with pore pressure sensors. All
these tests were performed in a rectangular rigid box saturated with water. If the use
of water instead of viscous fluid was mentioned, the boundary effects were ignored in
this paper. In the first series of tests, the diameter of the compacted cylindrical soil
mass was about 1.6 times that of the foundation and the relative density was increased
from about 52% to a value of the order of 90%. In all the cases, liquefaction was
achieved in the free field. Results of the tests without soil improvement showed that
there was a slower pore pressure increase below the foundation, compare to that of the
free field, caused mainly by dilative response of the granular soil as a substantial static
driving shear stress existed due to the footing load (and thus the phase transformation
line was less far than in the free field state of stress). At the end of the shaking the
pore pressure a shallow depth below the foundation was of the order of that in the free
field and continue to increase for a while after the shaking had stopped. This result
suggested that there was an upward and a horizontal water flow but it was clear that,
due to the use of water as a pore fluid, the excess of pore pressure during shaking did
not take place under undrained condition. They proposed that the excess of the pore
pressure was the sum of undrained pore pressure generated during the shaking, the
pore pressure increase due to the water flow and the additional pore pressure due to
the total stress redistribution as the soil stiffness changed. In addition, the softening
induced by the rise in pore pressure significantly desamplified the base input accel-
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Figure 5: Time histories of the acceleration: base shaking, near the soil surface, on
the footing.

eration (Figure 5). Such as for the test performed by [ZS98], the footing settlement
developed more or less linearly with time. Liquefaction remediation by vibrocompaction reduced the residual settlement and most of the settlement developed during
the shaking with only a small portion contributed by post shaking soil reconsolidation
due to excess of pore pressure dissipation. The experimental results strongly suggested that densification by vibrocompation of a depth Zc/B ≥ 1.5 (Zc: height of the
densification, B: width of the foundation) can be very effective in reducing settlement.
However soil improvement will increase the efficiency of the transmission of the base
shaking to the structure.
In the second series of tests, variation of soil permeability was implemented by varying
the pore fluid viscosity. Tests were performed at 50g with water and with glyceroldeaire water mixtures to obtained three fluids with a viscosity of 1, 9.3 and 109 cSt.
Pore pressure built up in the free field during the base shaking was almost the same
for the three configurations but dissipate much slower after the shaking with the more
viscous fluid. In highly pervious granular soil deposit (test with water), the pore pressure under the foundation tended to get equalized quickly, even during shaking, and
tended to be controlled by the excess of pore pressure in the free field surrounding
the footing. At the other extreme (test with the more viscous fluid), if the soil is very
impervious, large negative excess of pore pressure may still exist under the footing at
the end of the shaking. The negative pore pressure became positive some time after
the shaking has ended.The authors indicated that this result with viscous fluid may
help to explain the delayed foundation failure that have been observed in the free field
a few minutes after the shaking.
Test with almost the same configuration has been made by [GM03]. In these tests,
a 3mx3m foundation at the prototype scale applying a bearing pressure of 150 kPa
and embedded in saturated medium dense sand was subjected to seismic loading. The
objective was also to understand the mechanism of liquefaction -induced settlement.

ALERT Doctoral School 2013

88

Centrifuge modeling of foundations subjected to earthquake loadings

Figure 6: Founting settlement and pore pressure built up below the footing for loose
and dense sand, [GM03].

They used almost the same instrumentation as for the tests previously presented. The
main differences were the use of an ESB container described by [ZS96] and the soil
column was saturated under vacuum using a 50 cSt silicone oil (test were performed
at 50g). Consequently the pore pressure generation, such as the dissipation rate, was
correctly modelled. Such as for the tests performed by [LD97] there was liquefaction
in the free field. Liquefaction occurred first at shallower depth and after the end of
the base shaking the excess of pore pressure propagated upward. As mentioned by
[LD97], the increase of pore pressure under the raft was lower than in the free field
and it appeared that it concerned a zone up to a depth of two times the foundation
width. There was an increase of the pore pressure after the base shaking due to the
redistribution of the excess of pore water pressure upward and toward the foundation
in a 3D pattern. Such as [LD97], they studied the effectiveness of liquefaction remediation by densification of the whole soil column (the density was increased up to 85%).
Figure 6 illustrates the recorded footing settlement and the pore pressure built up.
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Figure 7: Experimental layout , [DBP+ 10a].

The pore pressure built up were almost the same for both soil. However, in dense sand,
dilative stress strain response dominated inducing spikes in the pore pressure records.
This dilative response temporally restored the effective stress and increased the shear
resistance inducing less settlement than in the medium loose sand configuration. In
the case of the dense sand, contrary to the medium dense sand, most of the settlement
was induced during the base shaking.
A more details study have been performed by [DBP+ 10a] and [DBP+ 10b]. They have
performed centrifuge tests to determined the mechanism of seismically induce settlement of building with shallow foundation on liquefiable soil but their objective was to
estimate the combined effect of the deviatoric and volumetric-induced building settlement due to the cyclic soil softening/stiffening under the static and dynamic loadings
of the building for which no well-calibrated procedure actually exist. Contrary to the
previous studies multilayered soil column were used to focus the study on the effect
of the presence of a thin liquefiable sand layer overlying, or not, by a more impervious
layer. Figure 7 presents the model layout of the experiment performed.
All the tests were performed in an ESB container and the soil column was saturated
with a solution of HPMC, to obtain a viscosity 22 times that of the water, (55g of centrifuge acceleration). The saturation process was the carbon dioxide gas and vacuum
technique. Contrary to the previous study the structural models were single degree
of freedom models (SDOF) with a lump mass supported by two side column made
of steel which were placed on a rigid mat foundation. The static bearing pressures
applied through the rectangular mat foundation were of 80 kPa and 130 kPa. In this
configuration the additional parameter was the fixed-base natural period of the building that range between 0.2 and 0.3s. Different scale earthquakes were selected to
study the dynamic response of the structure with slight and significant degrees of liquefaction in the free field. Based on the comparison of their nine tests, they proposed
a list of the settlement mechanisms that were potentially active in their study. They
listed five mechanisms of volumetric strain and two mechanisms induced by deviatoric strain.
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Other experiments on shallow foundation resting on liquefiable layer have been made
in the framework of the VELAC research program (model 12) showing the interest
of such researches to give some insights for the improvement of current engineering
practice.

3.2

Studies devoted to the nonlinear behaviour of geotechnical component

In the framework of the performance-based approach to seismic design, the effect of
the soil-foundation-superstructure interactions on the capacity of the system is of first
importance. However, in current civil engineering practice, the advantage of taking
into account the soil-structure interactions, that can reduce the ductility demand on
the structure, is not yet integrated. This fact is justified by the lack of well established
and calibrated methods to study the post yielding behaviour of soil-foundation system
under strong seismic loading ([PSY07]). Several researchers have provided experimental results on the non-linear behaviour of shallow foundations subjected to cyclic
loading ([GKP+ 05, GK09]). From these previous cyclic studies two key parameters
have been identified to influence the load-displacement behaviour and the damping,
induced by the soil-structure interactions: the static factor of safety F Sv for a pure
vertical loading and the moment-to-shear ratio applied at the base of the foundation.
The first parameter is the ratio between the ultimate vertical load, Vult , and the bearing pressure, V , applied by the building on the soil. The second parameter is the ratio
between the moment applied on the foundation to the horizontal loading applied on
the superstructure multiplied by the width of the footing in the loading direction.
In the framework of a European research program named SERIES, centrifuge tests
have been performed, at the IFSTTAR centre, on dry sand to provide some experimental data on the nonlinear behaviour of soil-structure interactions. Figure 8 illustrates
the experimental layout.
In this study the design parameters of the building were the bearing pressure ranging
from 100 kPa to 300 kPa, the mass distribution between the lumped mass and the
footing (around 2:1), the ratio of the height of the gravity centre of the lumped mass
to the width of the square raft (between 1.16 and 1.3), and the fixed-base natural frequency (1Hz at the prototype scale). In a first stage, cross validation tests between
with the Schofield centre of the Cambridge University ([CHH+ 12]) have been performed. Cross validation tests have ever been performed in other research programs
such as the VELAC research program. Such as for laboratory tests on small sample
this is a way to give confidence in the results obtained by different research centre.
In a second stage, a parametric study have been made on the effect of soil density,
bearing pressure and input characteristics (amplitude and frequency content), on the
dynamic moment-rotation loops. All the tests have been performed in an ESB container at 50g centrifuge. In the case of the tests performed at the IFSTTAR centre
only the dynamic moment-rotation loops have been studied because the building was
instrumented with accelerometers (Figure 8). The results, obtained with seismic in-

ALERT Doctoral School 2013

Escoffier

91

Figure 8: experimental layout of test on shallow foundation [EC14].

put, highlight that the response frequency of the soil-foundation-superstructure system
and of the soil column were respectively around 0.85-0.95 Hz and 2.75 Hz. The settlement was highly influenced by the relation between the frequency range of the input
and the frequency response of the soil-foundation-superstructure system. Concerning
the analysis of the moment-rotation loops the main features were a limited effect of
the soil density, the noticeable effects of the input amplitude, especially for the lighter
building, and of the bearing pressure. In addition, the effect of the frequency content
of the input was highlighted by subjected the different configurations of building/soil
column density to two different inputs. Such as other earthquake simulators, the one
of the IFSTTAR centre offers the advantage of reproducing real and synthetic earthquake such as sinusoidal inputs ([CEG+ 08]). In this study one of the inputs, T1F1E2,
obtained by the SAM actuator of the Cambridge University, was reproduced by the
IFSTTAR actuator and its effect on the building response was compared to that of
a pure sine. Inputs had the same Arias Intensity, the sinusoidal input had the same
frequency as the principal component of the T1F1E2 input and the amplitude of this
component was the same. Thus Figure 9 illustrates the effect of the presence of a harmonic which frequency was around three times that of the soil-building system. For
all the configurations the presence of the third energetic harmonic did not change the
maximum moment applied to the building foundation, indicating that the acceleration
of the superstructure was not influenced by the third harmonic. However the rotational stiffness of the soil-building system decreased. For both buildings, the presence
of this higher order harmonic induced a noticeable increase of the soil-structure interaction damping. This phenomenon was particularly none negligible in the case of the
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Figure 9: Effect of frequency content of the input on the moment-rotation loops for
different building/soil density configurations. [EC14].

heavier building resting on the dense sand. Thus the presence of energetic frequency
components that correspond to higher order harmonics of the soil-building system can
have an influence on the soil-structure interaction in terms of rotational stiffness and
damping. This phenomenon can have been enhanced for these selected inputs due to
the fact the frequency of the third harmonic is not far from the response frequency of
the soil column.

4
4.1

Deep foundations
Effect of inclined piles on the seismic behaviour of pile groups

In many codes the behaviour of inclined pile is considered as detrimental [af9]. For
the engineering point of view the main drawbacks are the reduction of the bending capacity due to large tensile forces, the bending moments being induced by the possible
settlement, the larger forces at the pile cap interface and the undesirable permanent
rotation of the cap when the inclination of the pile is not symmetric. Dynamic centrifuge tests have ever been performed on battered micropile group [JBDH98] and on
inclined pile group ([ECG08]; [OKKZ02]). Figure 10 illustrates the kind of inclined
pile group configurations that can be used in centrifuge experiments.
In all the cases, there was a rigid connection at the pile head due to the difficulties to control the properties of other pile head connections in dynamic centrifuge
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Figure 10: Dynamic studies on the effect of inclined pile, pile group configurations,
(a)[OKKZ02], (b)[JBDH98].

tests. Floating and end-bearing pile group configuration can be studied with symmetric and none-symmetric configurations. If these studies highlighted that inclined pile
increased the lateral stiffness of the pile group, results of some key points, such as the
bending moment near the pile head connection, were contradictory. In this framework
a series of dynamic centrifuge tests was performed at the IFSTTAR centre ([Esc12]).
The selected experimental approach to highlight the effects of inclined pile was based
on the comparison of the response of two simple pile groups. The first one, the reference one was a 2x1 vertical pile group. The second pile group was an asymmetric
inclined pile group with a pile inclined at 25◦ to the vertical and a vertical pile (Figure
11).
In practice the angle of rake is commonly in the 10◦ − 1◦ range. Centrifuge test offers the possibility to play with the parameter values in order to highlight their effects.
Such as for lot of centrifuge tests model piles were aluminium tubular pile. In this
series of tests they represented prototype flexible piles with an external diameter of
0.72m and a bending stiffness of 505M N.m2 . Several strain gage levels enabled the
bending moment and the axial load to be measured all along the pile length. Kinematic
response of the pile cap was followed through accelerometers and high frequency laser
sensors. In addition, the soil response was analysed based on acceleration measurements. Two series of tests were performed. One of the objectives of the first series
of tests was the determination of the frequency responses of the soil column and of
the pile-cap-soil systems. As previously mentioned, the analysis of the frequency response of the different components of a dynamic centrifuge tests is a key point as it
can largely influenced the response of the geotechnical structures. The second series
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Figure 11: Experimental set up of seismic tests performed to highlight the effects of
inclined pile, [Esc12].
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of tests was a parametric study of the input frequency on the performances of inclined
pile in pile group.
Theoretically, the use of transfer function should be used in the framework of linear
behaviour of a system. However, in practice, determination of the frequency response
of different components in dynamic centrifuge tests is performed by using the transfer function approach even if the elastic domain of the soil behaviour is limited. The
frequency response of the soil column was determined from the transfer function between the acceleration measured at the base of the container and near the soil surface
(Figure 11) and was about 3.7 Hz. In the case of the pile groups, inclined pile increased the frequency response (7.5 Hz and 9.5 Hz instead of 6Hz) and induced a
more complicated behaviour (two frequency responses observed instead of one, based
on the horizontal acceleration of the pile cap). Based on the determined frequency
responses, the parametric study has been performed by considering three sinusoidal
inputs 3, 4 and 5Hz at the prototype scale. The lower selected frequency was smaller
than all the frequency responses, the second frequency was closed to the response frequency of the soil column and, the third, was about 1Hz larger and 1Hz smaller than
respectively the response frequency of the soil column and of the vertical pile group.
However it was noticed that the 4 and 5 Hz sinusoidal inputs were in the frequency
range amplified by the vertical pile group.
The analysis of the horizontal acceleration, displacement and rotation at the pile cap
highlighted that the input frequency largely influenced the performances of the inclined pile. Figure 12 illustrates the horizontal, H1, and the vertical, V2 and V1,
acceleration measured on the pile cap. Comparing the results obtained for the 3Hz
and the 4Hz sinusoidal inputs, the inclined pile induced a decrease of respectively
20% and 60% for the maximum horizontal acceleration and of 35% and 65% for the
horizontal displacement. In addition, double integration of the vertical acceleration of
the pile cap enabled the determination of the dynamic rotation of the pile cap. The
inclined pile increased the dynamic rotation of the cap of 330% for the 3Hz sine input
and of 66% for the 4Hz sine input. However, such as for other kind of tests, confidence
in the results depends on the amplitude level of the measured phenomena. In this case,
as the rotation angles remained lower than 0.1◦ , additional tests were recommended
by the author to confirm this point.
Finally, one key point of this study was that, in the case of the inclined pile, it was of
first importance to take into account the residual bending moment induced by previous
events and, the input frequency largely influenced the performances of the inclined pile
concerning the maximum bending moment profile (Figure 13).

4.2

Pile and pile group behaviour in liquefiable levelled ground

A lot of series of tests have been performed by different centrifuge teams on the behaviour of pile in liquefiable sand layer. Some of them are reported below to illustrate
the experimental researches performed on pile in liquefiable sands. In the follow-
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Figure 12: Kinematic reponse of the pile cap : effect of frequency input on the performances of inclined pile, [Esc12].
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Figure 13: Sinusoidal tests performed at 3 and 4Hz envelop curves of the total bending
moment for the pile of the vertical (P1 and P2) and the inclined (P3 and P4) pile group
[Esc12].
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Figure 14: Schematic layout and instrumentation, [CKD01].

ing only studies that concern levelled ground are presented, some example of studies
performed in sloping ground can be find in [Dob01].
A series of tests have been performed at Davis University by [Wil98] on single pile,
2x2 and 3x3 pile groups in two layers soil profile of fine Nevada sand (Figure 14).
One of the main purpose of this series of dynamic centrifuge tests was to evaluate
the degradation of the p-y curves as the pore pressure built up and the soil liquefied
(comparison with the calculated p-y curves using the API codes ([ap993])for a drained
response under monotonic loading). All the tests have been performed in an ESB container at a centrifuge gravity of 30g. A 10 cSt viscous fluid has been used as the
authors considering that only the response of the pile during the base shaking was of
interest. Structural components were selected to be representative of selected bridge
structures: prototype piles were steel pipes with a diameter of 0.67 m supporting a
superstructure load of 480 kN located 3.81 m above the soil surface. Instrumentation included accelerometers in the soil and on the pile superstructure, pore pressure
sensors, LVDT to measure the soil settlement and the superstructure displacement,
instrumented piles to obtain the bending moment. Each container has been subjected
to several inputs starting from a low level shaking and progressing through strong motions with prototype peak acceleration of up to 0.6g. Full liquefaction appears in the
upper layer (Dr = 35% or 55%) for the higher events.
To obtain the experimental p-y loops, the load p, at a given time during the shaking,
was back calculated by double differentiation with respect to depth of the recorded
bending moments along the pile, while the displacement of the pile, ypile, was obtained by double integration of the same bending moment. The simultaneous dis-
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Figure 15: Observed experimental p-y curves in the upper layer Dr = 55 −
60%,[WBB98].

placement of the soil, ysoil, in the free field at the same depth was obtained by double
integration of the acceleration measured in the soil and y = ypile − ysoil. Once
calculated, the experimental loops on single piles highlighted both, the degradation of
the p-y curves with pore pressure built up, and their stiffening when value of y exceed
a certain value due to the undrained dilative response of the sand in shear (Figure 15).
The results clearly illustrated that p-y curves, coming from the API code, did not catch
the essential features of the dynamic p-y curves in saturated sand.
In another study, [LD95] conducted tests on end-bearing single pile in liquefiable sand
(Figure 16).
The main objective was the same as the previous study (obtain a correlation between
the p-y curves degradation and the pore pressure built up). However the approach
was slightly different: the degradation of the p-y curve was based on results of static
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Figure 16: Setup of the experimental model of single pile in liquefiable sand,[LD95].
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Figure 17: Pore pressure ratio, ru, versus degradation parameter, [LD95].

cyclic lateral load testing of the pile in flight performed immediately after the shaking.
During the seismic event the pile head was fixed and move as the rigid container. Just
after the shaking, it was released and a horizontal cyclic loading was applied at the pile
head. All the tests were performed at 40g with a 10cSt viscous fluid. The authors indicate that this viscous fluid avoids too rapid dissipation of the excess of pore pressure.
The soil response was only follow through pore pressure measurement. The prototype
piles were representative of many highway bridge foundations. Contrary to the previous tests the pile tips were rigidly fixed to the bottom of the container and the obtained
results did not involve structural inertial forces. Figure 17 below illustrates the results
of the analysis that have been performed. A parameter, the dimensionless degradation
coefficient Cu, that represents the degradation of the lateral resistance compare to that
of the pile before any pressure built up is represented versus the pore pressure built up
ratio, ru. When ru increased the Cu decreased indicating a degradation of the lateral
resistance compare to that of the pile before any pressure built up.
[TIR04] performed a series of tests which main objective was to highlight, or not, if
the pile group effects and a p-y curve of a coefficient of subgrade reaction for seismic
design can be evaluated based on the data from static tests. Among the series of tests,
experiment were made on a single pile and on a 3x3 pile group embedded in saturated
sand and subjected to dynamic loadings (Figure 18).
Tests were performed at 40g, using a rigid container and viscous fluid (metolose).
Brass tubes were used for the model piles which represented prototype piles of 10 m
in length 0.3 m to 0.28 m in diameter with a bending stiffness of 1.74107 M N.mm2 to
2.11107 M N.mm2 . End bearing configuration was obtained by rigidly fixed the pile
tip to the bottom of the container through a stainless plate. Contrary to the previous
tests presented the fixity conditions at the pile head was so intended as to be rotation
free, but the author indicated that there might be limitations in achieving the perfect
rotation free condition because of the friction at the edge contact. In the case of the
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Figure 18: Illustration of the model setup for (a) static test and (b) seismic
tests,[TIR04].

saturated sand, the sand water pluviation method was used. This technique is largely
less used than the air pluviation following by a saturation step. The dynamic input
consisted 20 cyclic loadings at a frequency of 1Hz and amplitude of 0.25g at the prototype scale. Instrumentation enabled acceleration and pore pressure measurements in
the soil, measurements of the horizontal acceleration and displacement of the top mass
(laser sensors and accelerometers) and bending moment measurement on the piles.
As shown on Figure 19, which illustrates the pile head load-displacement loops, when
the soil was liquefied the slope of the load-displacement curve of the pile group was
smaller than that of a single pile. Even in a liquefied soil the pile group effect can
have been detected. In addition, the analysis clearly highlighted the degradation of the
p-y loops due to the liquefaction. However the authors indicated that due to difference
that existed between the tests performed on dry and saturated sand, definite conclusion
couldn’t be derived from this test program.
The main objective of the dynamic centrifuge tests performed by [KM09] was completely different form the previous studies. [KM09] started from the observation that if
it is commonly accepted that the lateral displacement can be severely damaging, little
attention has been paid to the vertical settlement which can similarly lead to structure
damage especially in liquefiable sand. Consequently they performed a series of tests
to determine the seismic bearing capacity of 2x2 pile group in saturated two layers
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Figure 19: A changer, [TIR04].

soil profiles. More precisely they wanted to develop more deterministic methods for
predicting the onset of damaging pile settlement.
In this framework centrifuge tests were performed at 80 g in an ESB box on floating
pile groups (Figure 20.
Model pile used corresponded to prototype closed end steel pipe of 0.5m in diameter,
a bending stiffness of 164M N.m and axial compressive stiffness of 0.96M N m−1 . A
top mass was rigidly fixed at the pile head. The pile cap was clear of the surface or
in contact with the sand surface (more common condition for pile foundation). Two
methods have been used for the pile installation: at 1g or under increasing self weight
during the spin up of the centrifuge. Piles were instrumented to measure the loads
carried by pile both at the pile base and along the shaft when the soil around liquefied.
The A PRIORI assumption was that as dense sand located at the pile tip could experience large increase of pore pressure their stiffness could experience a large decrease
during cyclic mobility phenomena and it could have a none negligible influence on
the total settlement of the pile. Viscous fluid was used to avoid scaling conflicts. Instrumentation enables the free field response analysis through acceleration and pore
pressure measurements. Such as for the previous configurations presented the top
mass was rigidly fixed to the pile heads.
Authors highlighted that the settlement has been controlled by the bearing layer settlement higher that 1 diameter and up to 5 diameters and the co-seismic settlement
was largely higher than the post-earthquake settlement. The authors concluded that
settlement occurring during the shaking were found in all the cases to be damagingly
large (in excess of one pile diameter) which was correlated with an increase in excess
pore pressure to full liquefaction conditions in what is conventionally considered to
be non-liquefiable soil. Additionally, non-zero pile shaft loads were observed in fully
liquefied soil in all tests contrary to commonly accepted design assumption. Based on
these findings, an analytical solution was presented which allows for the determination of a suitable static safety factor in pile design to avoid bearing capacity failure for
given liquefaction conditions.
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Figure 20: Experimental layout - dimensions at the model scale in mm, [KM09].

5

Conclusion

The differents studies that have been presented illustrate that the objective of dynamic
centrifuge studies is not to replicate a prototype structure. Compare to real geotechnical structures, centrifuge models are more simpler in order to put in relevance the
effect of some parameters. The experimental studies are based on a parametric approach, or on a compartive or on a combination of both. Use of centrifuge modelling
offers this advantage of performing analysis on the effect of the input frequency that
can largelly influenced the response of the soil-structure interaction. Moreover to enhance the effect of a parmaeters it is possible to increase its value out of the practice
range, such as for pile inclination. The case of studies on shallow foundations that
have been reported illustrate that some simplfications can be made, depending on the
objective (design of the structure : rigid building, heavy foundation, SDOF building).
However in all the cases they enabled to highlit the seismic behaviour. In the cases
of deep foundations, such as for the shallow foundations, limitation still exist such as
the connectivity at the pile head for pile group, limitation in terms of the size of the
pile group. However the key feature can be put in relevance. Nevertheless, even if dynamic centrifuge modelling can provide some data for the calibration and validation
of numerical or analysitical model, it is important to take into account the limitation
of the studies that come from the experimental possibilities (use of a rigid box, use of
a none viscous fluid, limitations of the sensors properties etc).
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Using strong and weak motion to identify the
dynamic characteristics and the response of
buildings considering soil-structure
interaction
Philippe GUEGUEN
ISTerre, Université Joseph Fourier Grenoble 1/CNRS/IFSTTAR

Experimental assessment of existing buildings is of increasing interest for applications
in mechanical engineering, civil engineering and earthquake engineering. For example, elastic fundamental frequency and damping ratio are two key-parameters of simplified seismic design and vulnerability assessment methods. Empirical relationships
exist in codes to estimate this frequency and damping but experimental data could
be used for improving them, accounting for national feature of building design and,
above all, corresponding uncertainties. With advances in data acquisition systems
(number of measurement points, continuous recording, low-noise instrument) and advances in signal processing algorithms, further and better studies can be conducted
on civil engineering structures for evaluating their modal parameters and their physical properties, with a high level of confidence. Moreover, permanent instrumentations
provide also earthquake data helping in the improvement of the building response in
case of severe event. The aim of this course is to show how the experimental data,
providing from temporary or permanent instrumentation, can be used for adjusting
behavior models for each class of structure for vulnerability assessment, for monitoring the wandering effect of the elastic parameters on the fragility curves and their
uncertainties and for analyzing the soil-structure interaction.

1

Introduction

Dynamic building response assessment under moderate-to-strong shaking is a multidisciplinary activity, involving structural engineering, signal processing and earthquake engineering applications. Most of these activities result in searching physical parameters that provide information on the building characteristics, and therefore
its seismic behavior and resistance in case of earthquakes. Since the design forces
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in structures are frequency and damping dependent (based on the seismic coefficient
C(T, ⇠) where T is the period of the building and ⇠ is the damping ratio), these two
parameters are the subject of special attention and focus of many research activities.
This is all the more important that the evaluation of existing structures requires knowledge of the design and quality of materials which is often difficult to obtain.
In response to the growing complexity in building design and construction, new instruments and signal processing techniques are being developed, using earthquake
recordings or ambient vibrations. Most surveys consist in installing accelerometers or
velocimeters in the target building and recording vibrations using digital and handheld
acquisition systems. After the first experiences in 1930’s, in the middle of 80’s numerical modeling gained more and more interest and the activities related to field testing
decreased. Nevertheless, while the first application were focused on the understanding
of the data, some recent applications have emerged again, taking advantages on recent
developments of signal processing theory and more than anything by the accessibility
of the new extensive data and the performance of modern acquisition systems.
Over the last two decades, efforts have been made in moderate seismic regions to
update Eurocode 8 [EC898], by improving the seismic hazard evaluation using probabilistic seismic hazard assessment (PSHA) methods, and by including recent knowledge on structural dynamics theory. Nevertheless, most losses produced by earthquakes throughout the world are due to deficient seismic behavior in existing buildings in spite of improvements made to seismic codes [CS02]. A critical step in seismic risk assessment is therefore to be able to predict the expected damage for a given
earthquake in existing structures. In the literature (see [CMB+ 06] for a complete review), the first vulnerability methods were developed in strong seismic regions, based
on post-seismic inventories used to adjust continuous (Vulnerability Functions VF)
or discrete (Damage Probability Matrices DPM) functions of seismic damage. DPM
give the conditional probability of obtaining a specific damage level for a given level
of hazard severity while VF provide average damage for a given level of ground motion. Since the publication of these methods, they have been widely applied in-extenso
especially in regions without recent destructive earthquakes that allowed to calibrate
the vulnerability curves including the regional specific design. In this way, the vulnerability analysis can be biased and introducing some epistemic uncertainties. Spence
et al. [SBDR+ 03] supported that the adjustment of structural models should assume
a large set of unknown parameters influencing the response of existing buildings and
introducing a large range of errors and epistemic uncertainties for the establishment
of fragility curves, generally due to the lack of structural plans, aging and structural
design. One solution to reduce these epistemic uncertainties is to perform field testing in buildings, providing an estimate of the elastic modal parameters of structures
(resonance frequencies, damping ratios and modal shapes). Weak and strong excitations can be used, their characteristics and recording devices deployed in the structure
having influences on the data processing (output only or input-output methods), the
interpretation (linear or nonlinear behavior, including soil-structure interaction or not),
and their applicability (building specific analysis or by typologies).
The main goal of this course is to show how field testings can be implemented for
earthquake engineering, vulnerability assessment and structural health monitoring acALERT Doctoral School 2013
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Figure 1: Fourier transform of the ambient vibrations recording at the top of the CityHall building of Grenoble during May 2009 (after [Mik11]).

tivities, by contributing to the improvement of the dynamic response of existing buildings. After a brief remain of the first application for earthquake engineering, the stability and accuracy of the experimental modal parameters are discussed.

2
2.1

Experimental assessment of building characteristics
for earthquake engineering
First testings in buildings using ambient vibrations

We very probably owe the first building recordings to the Japanese seismologist F.
Omori at he start of the 20th century whose works are described by Davison [Dav24].
Part of his work consisted in the evaluation of resonance frequency in structures under weak stress before and after an earthquake and linked the observed variations to
damage [Omo22]. We can also note the work of Ishimoto and Takashi [IT29] who
published in French on the recording of ambient vibrations in buildings. Ambient
ALERT Doctoral School 2013
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vibrations are produced by the wind (low frequencies < 1Hz), internal sources (machinery, lift at high frequencies) and seismic noise (broadband) (Figure 1). The use of
AV methods provides relevant information on the elastic characteristics of the building
at reducing cost. In the United States also, as early as the 1930s, with the beginning
of the construction of skyscrapers, researchers focus on the recording of ambient vibrations in high buildings to understand their dynamics, particularly during a seismic
event [BHM31]. A measurement campaign therefore takes place between 1934 and
1935 by the US Coast and Geodetic Survey [Car36], especially in California. This
campaign is a follow-up of the 1933 Long Beach earthquake. The collected data is
at the origin of the first empirical expressions giving the vibration period according
to the height [Spa35]. This study has been carried out in 336 Californian buildings,
which was at the time, considering the available means of recording, storing and processing data, a considerable achievement. Indeed, if the engineering seismologists
are interested in high buildings, it is because of the fact that, to be sensitive, the seismometers require large masses. As a result the portable apparatus can only record
the large amplitudes that we find at the top of buildings. To further increase these
amplitudes, Blume [Blu35] proposes for the first time a rotating device allowing to
force buildings into vibration. Tests under forced vibrations are further developed in
Japan (e.g. [KTS49]) and in the United States (e.g. [HH54]) keeping the objective of
characterizing the structures for seismic analysis.

2.2

Permanent instrumentation for earthquake engineering

From the 1960s, the empirical expression giving the period, obtained in the 1930s and
included in the American earthquake engineering regulations, are discussed [KY61]
[HB63]. They are put in question particularly because the recording devices and tools
of signal processing were very approximate, but also because the recordings were
made in buildings of which the build had changed since then. More modern recording techniques of ambient vibrations are described by Crawford and Ward in 1964
[CW64] who also revoke the expressions obtained in the 1930s. Trifunac [Tri72]
shows that the obtained results under ambient and forced vibrations are identical, but
the former remain hardly used. In Europe, the IZIIS institute (Macedonia) appears
as a precursor with a program of ambient vibration recordings in structures following
the Skopje earthquake in 1963 [KT05]. It appears however with the experiment that
the only indisputable validation of engineering calculations can only come from the
recording of strong motions in buildings. After the Japanese [TYOM69], California
launches in 1972 a vast program of instrumentation of buildings, dams and bridges
(CSMIP) [Hou57] [JK68] [Blu72] [LTW87]. Several researchers (e.g., [GC98]) directly use these recordings to propose empirical expressions giving the period but until
the 2000s, the number of available recordings remains statistically insufficient. Research then focuses on a very small number of instrumented buildings, including the
Millikan Library [CBHF06]. Consequently, the variations in resonance frequencies
due to the amplitude of the applied stress, to climatic conditions, to seismic damage
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Figure 2: Examples of seismic data recorded in one building of the CSMIP database
in California.

and the soil-structure interactions can be studied. Today the CSMIP has 170 buildings,
20 dams and 60 bridges (Figure 2). In Japan, the Building Research Institute (BRI)
in Tsukuba manages a network of accelerometers in place in 74 buildings, the main
objective being the analysis of the dynamical behavior of buildings representative of
Japan (e.g., [Sat96]). Most instrumentation consists in one device at the base and one
device at the top of the building with an additional sensor in the middle according to
the dimensions of the edifice. Finally, a free-field sensor is sometimes installed for the
analysis of the soil-structure interactions. In New-Zealand, the GeoNet Building Instrumentation Program [UKCG11], coordinated by the GNS Geological Neo-Zealand
Service focused on the analysis of buildings and bridges. Several 3 component sensors
are installed, on the different floors, to analyze the seismic response of the structures
and the soil-structure interactions. Deformation sensors (LVDT: linearly variable differential transducers) complete the instrumentation so as to observe the differential
displacements between different points. In Taiwan, the project Taiwan Strong Motion
Instrumentation Program (TSMIP) began in 1992 with the objective of building a network of free field and building accelerometric stations. Currently, around 60 networks
in buildings have been deployed, with configurations of several stations distributed on
different floors or below ground level. The scientific objectives of these instrumentations are the dynamical response of typical edifices in Taiwan and the soil-structure
interaction phenomena. The data is not available and it is difficult to know the importance of these instrumentations, whereas the seismic level of Taiwan suggests a rich
database. In Europe, several punctual operations also exist, for which the available
information is rare and the data non-public.
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In France, the permanent accelerometric network (RAP) launched in 2004 a national
instrumentation of buildings program (RAP-NBAP: National Building Array Program) of which the data is public and available on the web. In France mainland,
three buildings are instrumented in Grenoble, Lourdes and Nice. In the Antilles, with
the participation of the regional council of Martinique, it is two additional buildings
that provide data of strong motion [PGHL08]. After a pilot phase on the Grenoble
city hall, a schematic of standard instrumentation has been proposed , gathering 24
sensors, tri-axial or mono-axial, distributed in the building for the analysis of mode
shapes [MGEA+ 10], of the dynamical response [MG10], of the soil-structure interaction [MGEA+ 10] and serves as pilot site to test numerical models using data from
earthquakes [MGEA+ 10] [MGD11]. The data acquisition is perfectly synchronized,
with a temperature sensor added to the top of the structure. One can also note the
instrumentation of structures in moderate-to-weak seismic prone regions, as for example in Romania [ASEK07]. Actually, the UCLA Factor Building is certainly the
best instrumented building in the world with 72 components continuously recording
the vibrations [KDS05], [KDS05].

2.3

Improving the instrumentation for a better assessment

At the same time as permanent instrumentation programs are being developed, new
technologies appear, allowing to make the mobile recording devices more compact
and able to record simultaneously in different studied parts of the structure. Digital
acquisition system, light and of high resolution (with is to say with dynamic range
of 24 bits), allow to record several synchronized channels onto Flash memory drives,
to visualize the signals, or even to directly make preliminary calculations. The synchronization is done by cable, by GPS or even by remote triggering. For the works
presented here, the choice of robustness has been made with a CitysharkT M 2 station
[CGG+ 00] [CGG+ 12] allowing the recording of 18 simultaneous (cables) channels
(either six 3 component sensors) but without the possibility of visualization. Clinton
et al. [CH02] demonstrated also the evolution of the accelerometric sensors coupled
to modern 24-bit digitizers, increasing the resolution and the range of amplitude of
signal and having also an absolute time reference for each recording.
These 3 characteristics make the quality of a seismological sensor that can be used in
a structure. Amongst them, the 5s Lennartz seismometers are well adapted to the measurements of ambient vibrations in structures. Relatively heavy, they guarantee a good
coupling with the support and are therefore almost insensitive to close movements
(movement of the cable, wind etc.). They have a response flat in velocity between 0.2
and 50 Hz and are more sensitive than the best accelerometers. However, the evolutions are rapid, whether it is for the permanent or temporary instrumentations. For example, the permanent networks develop wireless communication systems [CFP+ 06]
[Lyn07], with continuous real time transmissions, allowing to permanently follow the
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evolution of the characteristics of the structures and therefore of their structural integrity (Structural Health Monitoring), that we imagine with ease, could integrate an
warning device. We can also cite the apparition of tri-axial micro accelerometric sensors. These sensors are made with the MEMS technology (micro-electro-mechanical
system) coupled to numerical control. The sensor is called numerical as the information out of the sensor is directly numerical. This technology offers the advantage
of having a much reduced size, a very reliable consumption, a very good mechanical resistance and a very good immunity to electric/electromagnetic noises (steps of
analogic signals). Their sensitivity, not as good as that of classic digital sensors, is
compensated by the possible deployment of large numbers of sensors. For temporary
experiments, new means for vibration recordings appear, based on the Lidar terrestrial
technology [GJMS10], recordings of vibrations by radar [GB10], or by correlation of
images taken by rapid and high resolution cameras [CRSP85] [MR11]. In all cases,
the objective is to facilitate the acquisition of information without deploying the instruments in the buildings, or by increasing the quantity of information or recording
points, that when we wish to work at the scale of a city, contribute in the selection of
the most efficient and profitable solutions. Moreover, it may be more worthwhile and
safer to record the resonance frequencies of buildings using a remote system. Worthwhile because of the repeatability of measurements without entering the buildings,
making this approach suitable for the analysis of large sets of buildings, and safer
for the post-earthquake assessment of building integrity when aftershocks are able to
cause total collapse of damaged buildings.

3

Signal processing and analysis

The experimental modal analysis has for objective the use of vibration recordings in
structures to determine their modal parameters (frequencies, damping, mode shapes,
or even the participation coefficient). The recordings in structure are processed in a
different manner if the studied signal is transitory (earthquake, shock...) or stationary
(ambient vibrations, forced vibrations...). If we assume that a structure behaves in a
linear manner with viscous damping, its dynamical behavior can be described with the
help of its normal modes: the modal analysis [CP93]. Each mode is characterized by
its normal frequency (or resonance), its damping coefficient, its modal deformation
and its participation coefficient. In structure dynamics, 1D models of beam type are
often used to demonstrate the behavior of regular buildings and allow to estimate the
seismic behavior. And so, with the help of such models, we can show that the three
first modes are generally enough to describe the dynamical behavior, as it mobilizes
more than 90% of the modal mass in most cases. Most of the time, only the first mode
is considered. For the analysis of transitory signals, we use the so-called input-output
analysis methods. They consist in the determination of filter models, linear most of
the time, allowing from the recorded input signal (at the base of the building for the
seismic case) to recreate the output signal (response), also recorded (at different floors
of the building, for example). The characteristics of the filter, that is to say the transfer
ALERT Doctoral School 2013

116 Using strong and weak motion to identify the dynamic characteristics and the
response of buildings considering soil-structure interaction

function of the system, yield estimations of the resonance frequencies, of their damping or eventually of their deformation according to the position of the recordings. The
most simple technique consists in the estimation of the input and output spectrums and
to make a ratio. The determination of the characteristics can then be made by manual
peak picking or by adjustment of a linear filter, for example auto-regressive (AR), or
more generally ARMAX [Saf89]. These techniques do not allow however to indicate
the temporal variation of the modal parameters as the one that, for example, occurs
during an earthquake. Another family of techniques used to study the variations in
resonance frequency with time is the time-frequency analysis (e.g., [MG10]). They
consist in the application of an input-output technique, either successive temporal windows (with limitation on precision), or direct estimation of the energy repartition in
the time/frequency plan with the help of mathematical distributions [AFGL95].
For the analysis of long lasting signals that describe a stationary motion (ambient vibrations), we resort to output only techniques. The hypothesis behind these methods
is that the input shaking is white noise and the measured response of the structure,
average over a sufficiently long period of time, is directly its transfer function. This
hypothesis is valid considering the strong signal-to-noise ratio and the low damping
of the civil engineering structures. Many time or frequency methods exist [PDR01].
For the frequency related methods, the first step consists in the estimation of the spectral power densities. Several signal processing techniques allow this calculation. The
most common [Wel67] consists in making the average of the Fourier transformation
on apodized windows that cover each other. When simultaneous recording are available, the already made correlation of each recording with a reference, for example at
the top a building, allows to remove the non-correlated noise. This technique is sometimes called manual peak picking (Figure 3). Or even better, the Frequency Domain
Decomposition (FDD) [BZA01] performs the decomposition into singular values the
spectrum density matrices (correlation between all recordings). This method, relatively simple, yields significantly better results for civil engineering structures. The
FDD allows to decompose the modes, even at close proximity, under the following
hypotheses that we find in buildings in urban environments: white noise input signal,
weak damping and orthogonal close modes. Finally, the methods of adjustments of
linear filters in described frequencies for the analysis of transitory signals are also applicable to the ambient vibrations.
The time related methods have as objective to recover the impulse responses of each
mode. These responses characterize the mode by their frequency of oscillation (number of crossings to zero) and their damping (logarithmic decrement to find the damping
coefficient). Here again, different strategies exist. With just one recording, the random decrement technique consists in the averaging of filtered temporal windows in
the interval of frequency sought with the same initial conditions [VDCC82] [ABI99]
[MGB+ 13]. This allows to delete the non-correlated noise and therefore to recover
the impulse response. Other methods allow to adjust the variables of dynamic system
state models considered (Stochastic Subspace Identification) [RDR08].
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Figure 3: Peak-picking method applied to the Ophite tower (Lourdes - France) part
of the National Building Array Program of the French Accelerometric Network. The
variation of the amplitude of the Fourier spectra at each floor gives the position of the
nodes and anti-nodes of the mode shapes of the building.

Finally, another family of methods, the seismic interferometry, has recently been applied with success to the experimental modal analysis of buildings [SS06]. The idea of
this technique is not to directly study the modal parameters but the functions of Green
between different points of a structure, functions that describe the way in which the
wave field is transformed between one point and another. To obtain these functions,
Snieder and Safak [SS06] propose to deconvolute the recorded signals by one of them,
a good option being of doing this with the signal at the top of the building to obtain the
simplest functions as possible (Figure 4). These authors have shown that we can observe in this manner the energy traveling in the structure from bottom to top and from
top to bottom. Like this we can easily calculate the velocity of energy propagation in
the structure. Assuming that the structure is equivalent to a shear beam model, the authors have shown that this velocity is linked to the normal mode of the structure, with
a fundamental frequency proportionate to the quarter of the wavelength ⌧ , f0 = 1/4⌧ .
The damping, assumed to be viscous, is deducted from the decay of the amplitude of
the Green functions. Prieto et al. [PLCK10] have extended the method to the analysis of ambient vibrations. The practical interest of this method has been shown in
particular by Todorovska [Tod09] who affirms that in the case of a building experiencing a rocking of its foundations, this method is the only one capable of giving modal
parameters of the structure at fixed base, independently from the ground-structure interactions. Indeed, when rocking occurs, the movement of the foundations and the
building are intimately linked and no processing of signals can distinguish one from
another. The recordings therefore allow, at best, to estimate the modal parameters of
the soil-structure system. On the other hand, seismic interferometry gives in a general
manner the way in which the waves propagate between two points, so also between
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Figure 4: Seismic interferometry of the building computed at the Milikan Library by
Snieder and Safak [SS06]

the base and top of the structure, which corresponds to its characteristics at fixed base.
However, this method requires a model to go from Green’s functions to resonance
frequencies (not for the damping). In other words, the way of finding the modal shapes
has not yet been proposed. The fundamental limitation comes from the hypothesis of
a pure shear beam. Michel et al. [MGL11] have shown that resulting from it would
be a systematic shift of several tens of percents in the estimation of the frequency
for shear-wall buildings. This allows to use this method in a relative but not absolute
manner.

4
4.1

Updating model using field testings
Improving the empirical relationship found in the seismic code

Michel et al. [MGLB10] have regrouped available data of ambient vibrations in France
to study the relationship between the first resonance frequency and building characteristics, as was done in the 1930s by the pioneers in the discipline. These expressions
are used in the earthquake design rules of different countries to allow the engineer to
estimate the frequency of the structure that he dimensions in the calculation of seismic
forces (or of the displacements) to be taken into account, if no model is yet available.
More recently, such expressions have been used in the analysis of vulnerability at a
large scale [LG06] [CP10].
There is an ongoing debate on the definition of the elastic frequency, or of its oppoALERT Doctoral School 2013
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site the elastic period T that therefore need to be used [GMC11]. If in an force-based
approach, recommended in the earthquake codes until the 2000s, it is best to overestimate the frequency to stay conservative, which is the opposite of an displacementbased approach that is now encouraged for the seismic design of new structures. Also,
for an estimation of the vulnerability of the existing building, it is a non-biased value
that must be sought for.
In the US codes, the simplified expressions for buildings with these walls have firstly
taken the form of:
Ct H
T = p
L

(1)

with H the height of the structure, L the length of the building in the considered direction and Ct a constant depending on the construction materials. This expression
originated from a hypothesis of behavior in bending [CP10]. The values of the constant have been obtained experimentally with the help of data with ambient vibrations
by Carder [Car36] and Japanese data [HB63]. We also find this kind of expression
in numerous codes over the world (Korea, Algeria). We note in code PS92, effective
in France until recently, the presence of similar original expressions, but of which the
source is unknown by the authors. Today, the very large majority of the simplified
expressions that we can find in the literature are under the following form:
(2)

T = Ct H

The origin of this expression is a simplified calculation available in the ATC3-06
[ATC78] [CP10] for frames in reinforced concrete (RC) or steel. This calculation
therefore gives = 0.75 for this type of structure, but this value is used again in
Eurocode 8 [EC898] for all types of structures. The values of Ct have been generally obtained empirically, for example with the help of several recordings of strong
motion in structures [CP10]. For this walls in reinforced concrete, Eurocode gives
Ct = 0.05. Michel et al. [MGLB10] defined the relationships in common conception
French buildings, using recordings made in reinforced concrete buildings in Grenoble
(66 structures) and in Nice (28 structures) have been gathered together and studied.
Coefficient is found to be equal to 0.98 and 0.92 for parameters H and N, respectively, and they approximated the relationship for reinforced concrete structures in
France bye:
T = 0.013H =

N
25

(3)

with a standard deviation estimated around 0.08 and 0.09 s, respectively of the expression using H or N.
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4.2

Updating numerical modelling

We have seen that the experimental modal analysis made from recordings with ambient vibrations allowed to access the real dynamical parameters of a structure under
weak motion. From this data it is possible to model the structure response using
a modal model, that is to say by representing the structure solely with the help of
these modal characteristics, and the analytical formulation of the Duhamel’s integral
[MGB08] [MGEA+ 10]. The hypotheses allowing this calculation are: linear behavior, the concentration of the mass at the level of the floors, these supposed to be rigid
(lumped models). This model has been validated with the recordings in a building
in Grenoble following the planned destruction of a bridge close by [MIC 08]. In
this case, the fall of the bridge deck onto the ground has generated a seismic wave,
recorded at several levels of a nearby building. The solicitation was sufficiently weak
to consider the response of the structure as elastic. The recordings at the base of the
construction and the experimental modes previously obtained with ambient vibrations
(FDD method) have allowed to reproduce the displacements at the top of the building
that were also recorded. The comparison of the modal modeling and observation confirm that at the first order this modal model is satisfying.
The city hall of Grenoble has also been tested with ambient vibrations in 35 measuring
points [MGEA+ 10]. The results of the experimental modal analysis by FDD are presented in figure 5. They show that the motion under ambient vibrations is dominated
by the motion according to the fundamental mode of the 3 degrees of freedom of a
building, respectively the longitudinal bending (1.16 Hz), the transverse bending (1.21
Hz) and the torsion (1.46 Hz). The damping coefficient for these three modes is of the
order of 1%. These degrees of freedom are weakly coupled for this building thanks
to the symmetry of its bracing against the wind and have frequencies, and therefore
stiffness, that are very similar. In elevation, on the other hand, we note an important
discontinuity at the level of the pre-stressed concrete slab of the third floor. The stiffness of the structure under this slab is much stronger, as if the foundation began at
this level. The part above behaves like a bending beam because of the thin reinforced
concrete walls that make the stair cases that control the behavior of the structure. The
information extracted from ambient vibrations allowed to valid a numerical modeling
done by Desprez et al. [KDG13] and the comparison of the numerical model with the
simplified modal model shows a very good fit between both approaches.

5

Instrumentation and Structural health monitoring

Structures becoming more and more complex, systems of acquisition more and more
efficient and numerous, and dealing with the aging of infrastructure, the two last
decades have seen the development of many activities around the non-destructive evaluation of entire structures (NDE). Most of them consist in the following of eventual
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Figure 5: Comparaison between the modal frequencies and shapes obtained using
ambient vibrations and FEM methods (after Michel et al. [MGEA+ 10]).

changes of the modal dynamical response of a structure. The main idea is that the
modification of the characteristics of the rigidity, the mass or the energy of a system,
produces with its aging, its voluntary transformation or its accidental damage, is seen
in its response, the latter being defined at the first order by its frequencies, is damping
and its modal forms [DFPS96] [FW07]. The variation of these modal parameters can
be produced by changes of conditions at the limits (for example, due to the groundstructure interaction [TAR06]), to changes in conception (for example, the reinforcing
[Dun05]) or at the degradation of the elastic properties of the material (for example the
Young module). Dunand et al. [DAMG+ 04] have for example linked the degradation
of resonance frequency of a structure to its level of damage, following the Boumerdes
earthquake (Algeria). The measures between before and after the event have allowed
quantifying the loss of integrity of many structures with the help of ambient vibrations. A second level of analysis consists in localizing and quantifying damage. The
existing experimental methods rely in general on the variation of modal forms, these
being linked to the stiffness matrix of the structure. We can cite in particular the mode
flexibility method [PB94], the curvature flexibility method [ZA95], the mode shape
curvature method [PBS91] or even a combination of these methods. Nevertheless, the
experimental assessment of mode shape is not generally enough to detect and locate
slight variations, compared with the sensitivity of modal frequencies having led to the
development of methods using only frequency variation [RT99] [BILW96] [XZE07]
[BGR13]. The third level detects whether changes have occurred, determines the location and estimates the severity of damage. Few applications are available in practice,
in spite of the fact that the estimation of damage severity makes a significant contribution to the action of decision-makers in emergency situations after extreme events
[DAMG+ 04].
Certain variations slow and of weak amplitude, have also been observed over long
time series of ambient vibrations (Figure 6). Recently, Clinton et al. [CBHF06],
Todorovska and Al Rjoub [TAR06] and Mikael et al. [MGB+ 13] have observed
variations of resonance frequency values of buildings. These variations have been
studied, attributed to variations in air temperature to do exposition to the sun, along
with changes in the condition of the ground following precipitation. There is no
ALERT Doctoral School 2013
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Figure 6: Variations of the fundamental frequency for one single stand-alone building
located in Grenoble. The color scale corresponds to the air temperature variations.

doubt that the air temperature is the exterior forcing explaining a large part of the response oscillations around the fundamental frequency of the edifice (e.g., [CBHF06]
[DRDRK08] [HNKW07] [NMGN08] [MGB+ 13]). There remain uncertainties however on the physical origins of these variations, particularly as have shown Mikael
et al. [MGB+ 13] on four tested buildings presenting different tendencies according
to temperature. However, these variations remain reliable, inferior to 0.1% in frequency and 1% is damping, which allows us to confirm the large stability of these
measurements, and consequently their importance for the dynamical analysis of existing buildings.

6
6.1

Nonlinear response and soil-structure interaction of
structures
Observation of nonlinear behavior under strong seismic motion.

Although the dynamical characteristics obtained with ambient vibrations are valuable
over a very large range of amplitudes, an apparent non-negligible decrease in stiffness takes place when the intensity of the solicitation increases but before the yield
limit is reached [DGB+ 06]. We will not discuss at this point the decrease in apparent
frequency due to damage after this yield limit has been reached, necessarily more important. The part of this decrease that is attributable to the damage to non-structural
elements is negligible as their stiffness is itself negligible compared to the global stiffness of the structure.
The drop in apparent frequency is observed in masonry structures [MZL+ 11], with
reinforced concrete [BRJ03] and even with steel [DGB+ 06], even despite the fact that
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Figure 7: Time-Frequency distribution (smoothed reassigned pseudo-Wigner-Ville) of
1971/02/09 ML = 6.6 San Fernando Earthquake recordings at the roof of the Millikan
Library on CalTech campus (California) in E (top) and N (bottom) directions.

steel is a material that behaves in a very linear fashion all the way to its yield limit. We
can show such a drop in frequency with real data using time-frequency techniques on
structure recordings [MG10]. We also observe wandering in frequency, either around
the resonance frequency but confined to the inside of the mode’s envelope [MG10]
(Figure 7) or linked to jumps in behavior from one mode to another, which, when
close, can make us think of a decrease in stiffness [Gue12]. The knowledge of the
modal model then becomes critical to avoid false interpretations. It must be noted that
close to all the numerical models are not capable of reproducing this drop in apparent
stiffness, dependent on the amplitude of the solicitation. If a part probably comes from
the material, that is to say the operation of pre-existent fissures, particularly for concrete, a part of this drop only appears when we look at the structure’s scale: it would
therefore occur in the connection between elements. To overcome this, the modeler
uses an elastic module (concrete for example) said to be fissured that is a determined
fraction of the module of the intact material. It is then necessary with tests in laboratories and numerical models to better understand the evolution of the apparent stiffness
with dynamical solicitation to better model the response of the structures and allow to
predict the behavior under strong motion from recordings under weak amplitudes.
Brun et al. [BLBC11] and Michel et al. [MZL+ 11] have quantified this drop in frequency respectively for reinforced concrete and masonry from laboratory tests and
experimental data, and they proposed simplified laws of behavior, based on the evoALERT Doctoral School 2013
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Figure 8: Schematic view of the process used for obtaining the structural drift Dijk ,
T
B
the rocking acceleration (Rjk ), the torsion (Tjk
and Tjk
) and the horizontal acceleration of the foundation (Hijk ). k means the number of event considered

lution of frequency. For non-reinforced modern masonry structures, Michel et al.
[MZL+ 11] suggest the use of a value of 2/3 of the frequency under ambient vibrations
to perform a classic seismic calculation.
Other phenomena appear, certainly linked to an exterior forcing of the structure or
to variations in conditions at the limits. For example, the analysis of long temporal
series of ambient vibrations in buildings shows weak and reversible fluctuations of
the resonance frequency and at a smaller scale that of damping [MGB+ 13]. These
fluctuations are highly correlated to fluctuations in air temperature and certain authors
[TAR06] also suggest the effects of the condition of the ground, particularly linked to
the variation of the soil-structure interaction with precipitation.

6.2

Soil-structure interaction.

The contribution of each mode of deformation to the total building acceleration is
summarized in Figure 8 in the time domain for transverse and longitudinal directions.
• Torsion. Torsion at the top (TjT ) and at the base (TjB ) are derived from the
difference between horizontal components recorded at each corner, for stations
installed on the same edge of the system, where 2l < 2L and 2b < 2B are
the distances between sensors in the T- and L-directions, respectively. At the
B
base level, TLk
and TTBk must show roughly similar wave shapes, except when
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small inhomogeneities of soil beneath the foundation exist, producing variations
of soil-footing system stiffness in parts of the foundation. This phenomenon
was already experimentally observed for foundation systems consisting of friction piles [TT99], that produced an eccentricity in the center of stiffness of the
foundation system and then variations of rigidity, also expected in case of large
footings.
• Rocking. As mentioned in Bard [Bar88], rocking acceleration Rjk is computed
as being the difference between the vertical components of stations spreading
along the same foundation edge (j = L or T), normalized by the distance between the two vertical sensors (i.e., 2b or 2l) and multiplied by the height of the
building. In reality, this formulation of the rocking represents the horizontal acceleration that the building would experience at its top in case of rigid assumption. Moreover, this rocking corresponds to the total rocking of the basement,
including the rocking of the soil, which is generally considered as negligible.
As reported in various papers (e.g. [Bar88], [Pao93], [MFMV+ 98]), buildings
founded on soft soils usually exhibit significant rocking owing to soil-structure
interactions, even for structures founded on piles.
• Structural drift. The structural drift Dijk , which corresponds to the fixed-base
structure behavior, is computed by subtracting the total acceleration of the foundation (i.e. rocking plus horizontal acceleration including the input acceleration) from the building top acceleration. The coherence Crd between rocking
and structural drift is computed as follows:
Crd =

2
|Sxy
|
Sxx ⇤ Syy

(4)

where Sxx and Syy are the power spectral density of signal x and y, respectively and Sxy is the cross spectral density of x and y. For events giving high
coherences observed at the frequencies of the structure, the coherency gives
information on the strong SSI effects [Bar88].
• Relative motion of the foundation. Horizontal foundation acceleration Hijk relative to the ground is described by subtracting the free-field motion from the
total building base acceleration. Non null Hijk ’s values confirm the suspected
effect of the foundation, which may modify the free-field acceleration through
scattering and/or radiating processes.
The frequency f˜ of the fundamental mode of the soil-structure system is usually obtained from the transfer function between the top of the building and the free-field
motion [Pao93], [MFMV+ 98]. Nevertheless, more relevant transfer functions F Tijk
are obtained by removing the foundation input motion (FIM) effects from the building’s top motion, where i refers to the set of stations, j to the direction and k to the
event, as follows:
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F Tijk =

jT SiT

jT SiB

j T S5

(5)

Todorovska [Tod09] has shown with data that this soil-structure system is perfectly
coupled if the rocking of the foundations intervenes. It currently is not simple to
separate the properties of the structure from the properties of the SSI by simply processing the signal. And so, all the recordings in the structures (ambient vibrations and
earthquakes) are those of the soil-structure system. We can argue that if the SSI is
not negligible in the measurements, it should be taken into account in the analysis of
vulnerability. However, this is difficult in calculations that often ignore it. A model
without the SSI cannot then be compared to measurements including this SSI. It is
therefore a challenge to successfully extract the properties of the fixed base structure
from recordings so as to obtain parameters comparable to the models used in practice.
Todorovska [Tod09], Snieder and Safak [SS06] and Prieto et al. [PLCK10] have proposed such a method, using the apparent propagation velocity in the structure to obtain
the frequency using a simple model. Michel et al. [MZL+ 11] have used this method
and shown that the non linear aspects in the elastic domain could be more powerful in
the SSI than in the structure.

7

Conclusions

The scientific interests of large-scale instrumentation and monitoring of existing buildings are then the monitoring of the structure in time, the assessment in changing the
physical properties of structures between before and after earthquake for seismic damage assessment and the understanding of the building response to external shaking.
Improving the knowledge of the building characteristics reduces the uncertainties of
the fragility curves. Ambient vibrations help to improve seismic vulnerability assessment by reducing the epistemic uncertainties due to the lack of knowledge in building
models. Ambient vibration-based methods help to adjust the building model to realities in the field. The modal model derived therefore allows some design specificities
to be taken into account and is adapted to the recent definition of seismic hazard:
full waveform or response spectra may be employed to estimate whether or not the
building may suffer from damage by the end of shaking.
The quality and relevancy of the modal parameters extracted by this approach are
good. Moreover, recent initiatives started, taking advantages of the reducing cost of
news instruments (such as MEMS sensor, Micro-Electro- Mechanical Systems) for
improving the building monitoring. The Quake Catcher Network (QCN) employs existing laptops to form a dense and distributed computing seismic network installed in
buildings, schools etc... [CLCJ09]. The QCN capitalizes on the main advantage of
distributed computing - achieving large numbers of processors with low infrastructure
costs - to provide a dense, large-scale seismic network. While MEMS accelerometers
are less sensitive than typical broadband or short-period sensors, a larger number of
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stations is advantageous for both the study of earthquakes, structural health monitoring and, potentially, earthquake crisis managing.
The ability of Lidar to measure the modal frequencies of existing buildings has been
shown in [GJMS10]. By comparing the vibration spectra obtained by sensitive velocimeter sensor and coherent Lidar sensor, they observed a good fit of the values of
modal frequencies detected by both approaches. Even if the level of noise is higher
for Laser remote sensing (10 6 m/s) than velocimeter (10 7 m/s), most of the existing
buildings could be checked by this method for whole urban area covering.
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de Boumerdes suite au séisme du 21 mai 2003. Mém. Serv. Géol. Alg.,
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study of site effects and seismic response of an instrumented building in
Mexico City. Journal of Earthquake Engineering, 2(1):89–111, 1998.
[MG10]
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Discontinuous Deformation
Ronaldo I. Borja
Stanford University

Material failure and damage typically result in discontinuous deformation. Discontinuities can be in the form of fractures, cracks, faults, or deformation bands. Discontinuous deformations propagate in a random manner and cannot be recovered
even if the applied loads are removed. To numerically simulate randomly propagating discontinuities, the conventional finite element interpolation must be enhanced.
In this work, we discuss the extended finite element method as a numerical technique
for resolving the discontinuities passing through the interior of finite elements. The
technique entails introducing additional degrees of freedom into existing nodes that
serve to interpolate the slip degree of freedom within a finite element crossed by a discontinuity. With this approach, discontinuities are interpolated continuously across
element boundaries.

1

Introduction

Over the last three decades there has been a steady stream of publications in the computational mechanics literature dealing with the topics of material failure and damage [1]. A class of problems that has attracted enormous attention involves discontinuous deformation occurring over a narrow zone. Deformation bands are narrow zones
of intense shear, compaction, and/or dilation. On a macroscopic scale the displacement field is continuous but the strain field inside the band is intense. Faults are highly
damaged gouge zones where granulized particles roll and slide past each other even
as the material outside this zone remains relatively undamaged. Fractures or cracks
are much narrower zones of intense deformation where two surfaces either separate or
slide past each other. Because of nearly overlapping definitions, qualitative descriptions of failure modes are quite artificial. Actual mechanism of deformation could
involve combinations of several far more complex processes.
Regardless of the type of discontinuity, the main problem concerns the ability of a numerical technique to capture the high deformation gradient arising from the discontinuous deformation field, including the random propagation of this discontinuous field.
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In the context of the finite element method, the discontinuity could pass randomly
through the interior of finite elements, which the method should be able to accommodate. In this work, we discuss the extended finite element technique for capturing
randomly propagating discontinuities. First, we formulate the governing equations in
the presence of a discontinuous deformation. Then, we present numerical examples
involving crack propagation in quasistatic and dynamic loading conditions.

2

Governing equations

Assuming infinitesimal deformation, the balance of linear momentum with inertia load
in domain ⌦ takes the form
r · + b = ⇢ü ,
(1)

where is the Cauchy stress tensor, b is the body force vector, ü is the acceleration
vector, ⇢ is the mass density of the body, and r is the gradient operator. The boundary
of ⌦ is denoted by , which is partitioned into Dirichlet and Neumann boundaries
u and t , where the displacement and traction are prescribed, respectively. The
boundary conditions are as follows
b on
u=u

u

· ⌫ = bt on

(2)

,
t

(3)

,

b and bt are the specified displacement and
where ⌫ is the unit normal vector to t , and u
traction boundary conditions, respectively. We assume that the initial displacement
and velocity of any point x 2 ⌦ are given as
u(x, 0) = u0 (x) ,

(4)

u̇(x, 0) = u̇0 (x) .

(5)

Let S denote a fault contained in ⌦, with faces S and S+ . Following the formulation
presented in [5], the natural boundary conditions on these faces are
· n = tS
· ( n) = tS+

on S ,

(6)

on S+ ,

(7)

where n is the unit normal vector to S , which is assumed to be in direct contact with
S+ . The variational form of dynamic equilibrium may be written as follows. Given
b : u ! Rndim , find u 2 U such that for all
b : ⌦ ! Rndim , bt : t ! Rndim , and u
⌘ 2 V,
Z
Z
Z
rs ⌘ : d⌦ =
⌘ · (b ⇢ü) d⌦ +
⌘ · bt d ,
(8)
⌦

⌦
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where ⌘ is the first variation of u, and rs denotes the symmetric component of the
gradient operator. The space of trial functions is defined as
U := {u : ⌦ ! Rndim |ui 2 H 1 , ui = u
bi on

(9)

ui } ,

while the space of variations is defined as

V := {⌘ : ⌦ ! Rndim |⌘i 2 H 1 , ⌘i = 0 on

(10)

ui } ,

where H 1 is the first Sobolev space and ndim is the number of spatial dimensions.
To allow a discontinuous displacement field on the fault, we enrich the displacement
field with the Heaviside function HS (x) and write
(11)

u = u + HS (x)e
u,

e is the jump in the displacement
where u is the continuous part of displacement and u
field. The weighting function is written in a similar form as

(12)

⌘ = ⌘ + HS (x)⌘e .

e , ⌘, and ⌘
e be regular functions (i.e., single-valued and analytic).
We require that u, u
Although these functions are not required to satisfy any specific boundary condition
on their own, they must combine so that u 2 U and ⌘ 2 V.

Substituting (11) and (12) into (8) results in two independent variational equations,
Z
Z
Z
s
r ⌘ : d⌦ =
⌘ · (b ⇢ü) d⌦ +
⌘ · bt d
(13)
⌦

⌦

for the continuous part, and
Z
e] :
[HS (x)rs ⌘
⌦

d⌦ + Gc (e
⌘ , tS ) =

t

Z

⌦

+

Z

HS (x)⌘e · (b
t

HS (x)⌘e · bt d

⇢ü) d⌦
(14)

for the discontinuous part, where Gc (e
⌘ , tS ) is the so-called contact surface integral
representing the virtual work done by the traction field on the fault S; see Chapter 7
of [1], and also Reference [5], for step-by-step derivations of this contact integral.
In the extended FE approach, the elements intersected by a discontinuity are enhanced
with additional displacement degrees of freedom at the nodes to interpolate the discontinuous displacement field, which is then superimposed to the conforming displacement field. The standard FE approximation for the continuous displacement field u(x)
is given by
uh (x) = N (x)d ,
8x 2 ⌦h ,
(15)

e (x) is given by
while the FE approximation for the discontinuous displacement field u
f (x)e ,
e h (x) = N (x)HS (x)e = N
u
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where ⌦hS is the local support of the surface of discontinuity S, while d and e are
e , respectively. The matrix form
the nodal displacement vectors interpolating u and u
consistent with variational equation (13) is given by
M (d̈ , ë) + F INT (d, e) = F EXT ,

where
M (d̈ , ë) =

⇣Z

⌘

⇢N N d⌦ d̈ +
T

⌦h

Z

F INT (d, e) =
and
F EXT =

Z

⇣Z

⌦h

⌘
f d⌦ ë ,
⇢NT N

B T (d, e) d⌦ ,

(17)
(18)
(19)

⌦h

N T b d⌦ +
⌦h

Z

N Tt d .

(20)

h
t

In the above notations, we have used the same symbol for the Cauchy stress tensor
and for the vector form of this tensor. The matrix equation consistent with variational
equation (14) is given by

where

f (d̈, ë) + F
e INT (d, e) + G c (e) = F
e EXT ,
M

f (d̈, ë) =
M

⇣Z

⌦h
S

⌘
⇣Z
T
f
⇢N N d⌦ d̈ +

e INT (d, e) =
F

Z

G c (e) =
and
e EXT =
F

Z

⌦h
S

⌦h
S

Z

S

⌦h
S

⌘
fT N
f d⌦ ë ,
⇢N

(21)
(22)

e T (d, e) d⌦ ,
B

(23)

N T tS dS ,

(24)

Z

(25)

f T b d⌦ +
N

h
t

f Tbt d .
N

We construct augmented nodal acceleration, velocity, and displacement vectors as
⇢
⇢
⇢
d
d̈
ḋ
A=
,
V =
,
D=
.
(26)
e
ë
ė
The above vectors contain the standard nodal degrees of freedom d, ḋ and d̈, plus
additional global degrees of freedom e, ė and ë at the enriched nodes. We remark that
these vectors will normally have variable dimensions as the discontinuity continues to
propagate and intersect more finite elements. Next, we combine the FE equations (17)
and (21) as follows:
⇢
⇢
F INT
F EXT
MA +
=
,
(27)
e INT + G c
e EXT
F
F
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M 11 M 12
M=
,
M 21 M 22
in which
M 11 =

Z

T

⇢N N d⌦ ,
⌦h

M 21 = M T
12 ,

M 22 =

M 12 =
Z

⌦h
S

Z

⌦h
S
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(28)

f d⌦ ,
⇢N T N

fT N
f d⌦ .
⇢N

(29)
(30)

Given the displacement vector D n at time tn , the acceleration vector An at the same
time instant can be calculated as
⇢
⇢
F EXT
F INT
1
An = M 1
M
,
(31)
e EXT
e INT + G c
F
F
n
n
In an explicit time marching scheme, the augmented velocity and displacement nodal
vectors at time tn+1 are updated from the formulas
V n+1/2 = V n

1/2

D n+1 = D n +

+

tAn ,

tV n+1/2 ,

(32)
(33)

where t = tn+1 tn is the time increment. Clearly, the only computational burden in
the above algorithm is the inversion of the consistent mass matrix M . Mass lumping
procedures are typically employed to form a diagonal mass matrix, and thus, render
the simultaneous equation solving trivial [2, 3, 4].

3

Numerical example

We consider two examples dealing with crack propagation where the geometry of the
crack is not known a priori. The first example is static crack propagation; the second
includes inertia loads.

3.1

Static crack propagation

This problem is presented in [5] and includes a square elastic domain with advancing crack tips. The finite element mesh is shown in Fig. 1(a) and consists of 20,000
constant strain triangular elements defined by 10,201 nodes and arranged in crossdiagonal pattern. The domain has in-plane dimensions of 1⇥1 m (square) and contains
a 0.566 m center crack oriented at ✓ = ⇡/4 relative to the horizontal. In order for the
crack to not intersect the nodes, the tips were specified coordinates (0.29999,0.29998)
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(a)

(b)

(c)

Figure 1: Quasistatic crack propagation in plane strain: (a) finite element mesh; (b)
horizontal displacement contour; (c) vertical displacement contour. Color bar in meters. After Reference [5].

and (0.70002,0.70001) m. The material is linearly elastic with Young’s modulus
E = 10, 000 MPa and Poisson’s ratio ⌫ = 0.30. The crack is fully frictional with
a coefficient of friction µ = 0.10. We use the penalty regularization for the crack,
with normal and tangential penalty parameters equal to 107 MN/m3 . The body was
deformed by applying a uniform vertical displacement at the top nodes while constraining the top and bottom surfaces from moving horizontally. For this example, we
assumed that the crack could undergo frictional sliding while allowing the crack tips
to advance.
We employed linear elastic fracture mechanics (LEFM) and compared the equivalent
stress intensity factor KIeq to the critical stress intensity factor Kc (also called the fracture toughness), and activated crack growth when KIeq
Kc . For convenience, we
assumed an unstable crack growth and propagated the crack according to a predefined
length of 0.04 m at each step. We propagated the crack in the direction of the maximum hoop, or circumferential, stress, which is determined by using the stress intensity
factors KI and KII in LEFM. As a brief background of these stress intensity factors,
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KI and KII may be viewed as finite measures of the singular crack-tip normal and
shear stresses, respectively. Therefore, the direction of the maximum hoop stress can
be determined from these stress intensity factors by treating them as the stresses acting
at the crack tip themselves. The propagation direction in terms of the stress intensity
factors is given by
r
⌘
1 ⇣ KI
KI
✓c = 2 arctan
±
+8 .
(34)
4 KII
KII
For purposes of calculating the mixed-mode stress intensity factors, we assumed a
radius of rd = 0.025 m for the interaction integral. Also, we set Kc = 30 so that the
crack stops growing at the end of step #6.

Table 1 shows the stress intensity factors calculated by the method. Figure 1(b) and
1(c) show the horizontal and vertical displacements calculated by the extended finite
element solution after applying a uniform vertical displacement of 0.10 m at the top
surface. For the penalty method with full Newton iteration, we used an error tolerance
of krk/kr 0 k = 10 10 based on the L2 norm of the residual, and convergence to
machine precision was achieved after only three iterations.

Table 1. Stress intensity factors for modes I and II fracture calculated by the penalty
method. LCT = left crack tip; RCT = right crack tip.
Mode I

Mode II

Step 1

LCT
RCT

42.82
48.99

265.36
249.79

Step 2

LCT
RCT

170.72
171.40

3.94
0.65

Step 3

LCT
RCT

119.58
122.56

23.59
21.97

Step 4

LCT
RCT

84.67
85.46

6.01
6.04

Step 5

LCT
RCT

51.01
50.54

15.29
15.71

Step 6

LCT
RCT

20.08
21.02

14.59
15.05
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3.2

Fault rupture dynamics

This example is also concerned with fault growth in an elastic medium where the
direction of fault propagation is not a priori known; however, this time the fault propagates dynamically. The dimensions of the computational domain are 60 km ⇥ 20 km,
with the lower left-hand corner of the domain located at the origin of a Cartesian
reference frame. An initially horizontal fault 8 km long was centered in the domain
at coordinates (30 km, 10 km). Fault rupture was triggered by reducing the frictional coefficient to a dynamic value over a nucleation length defined by the range
Ln := {x|28.5 km  x  31.5 km}. The initial stresses inside the computational
domain are set to 11 = 22 = 120 MPa and 12 = 70 MPa. In this paper, we
use an explicit perfectly matched layer (PML) on the boundaries to absorb outgoing
waves [3].
In order to predict the growth path of a newly-generated fault, certain fracture and
propagation criteria must be prescribed. In this example, we used the Coulomb criterion for failure in shear (see the textbook by Pollard and Fletcher [6], pp. 357–364).
The angle c between the critical slip plane and the direction of the maximum compressive stress is given as
⇣1⌘
1
arctan
,
(35)
c =
2
µs
where µs is the the static frictional coefficient of the fault surface. The Coulomb stress
is defined as
CC

=

1
(
2

1

3 )(1

1
+ µ2s )1/2 + (
2

1

+

3 )µs

,

(36)

where 1 and 3 are the maximum and minimum principal stresses, respectively (i.e.,
minimum and maximum compressive stresses, respectively). If the Coulomb stress
CC is greater than an inherent shear cohesion c0 , new slip planes are generated. In
general, the Coulomb criterion predicts two sets of slip planes with an equal likelihood
of mobilization. For purposes of analysis, we selected the slip plane that is closer to
the horizontal plane, since the initial fault is defined by a horizontal plane. The shear
cohesion is assumed to be c0 = 3.5 MPa. Every 0.5 s, we evaluate the Coulomb
stresses for each fault tip, and propagate the fault once the Coulomb fracture criterion
is reached. We prescribe a propagation length of L = 0.30 km for newly generated
fault segments, and set the initial traction on newly generated fault faces to be equal
to the bulk stress projected on the fault face.
The computational domain has dimensions 2 km by 20 km. The half-space is discretized into uniform right-angle CST elements with a side length of h = 10 m,
resulting in the creation of 40,2201 nodes and 800,000 CST elements. We use the
PML for all the boundaries except at the top free surface, and the width of the PML is
taken as = 6h. No viscous damping is used in the interior domain.
Figure 2 shows the predicted fault nucleation and random propagation processes considering both the shear rupture propagation along the given initial fault and the random
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Figure 2: Fault rupture dynamics and random propagation of new fault faces. CSTR
= Coulomb stress in MPa. After Reference [3].

generation of new fault faces. The calculated Coulomb stresses are also shown as they
radiate away from the nucleating fault segments. Because of the uniform initial stress
distribution assumed in the simulation, the stress waves show an anti-symmetric pattern where depth effects are not present. More realistic simulations may involve the
effect of non-uniform stress distribution accounting for depth effects, which would
make the stress wave pattern less anti-symmetric. We remark that it would be difficult to use the classical split-node technique for this problem since it cannot readily
accommodate the creation of new fault faces and the random advance of fault tips.

4

Conclusions

An extended finite element technique was used to capture propagating discontinuities
under quasistatic and dynamic loading conditions. This technique does not require
a priori information about the location and geometry of the discontinuities, and does
not suffer from the inaccuracies of adaptive mesh refinement techniques. The two
examples discussed in this paper highlighted the capability of the formulation to accommodate quasistatic crack propagation and spontaneous fault rupture dynamics. It
must be pointed out, however, that the extended finite element technique does not
provide a theory for crack propagation. This is a common misconception, that the
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technique by itself is self-sufficient to propagate a discontinuity. The extended finite
element technique is only a means of enhancing the interpolation capability of a finite
element to accommodate the kinematics of a discontinuity passing through its interior,
but the technique still needs a crack propagation theory to enable the discontinuity to
propagate through the solid.
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In this paper, a series of 3–d, fully coupled dynamic consolidation analyses are used to
investigate the kinematic interaction effects in the classical problem of a single end–
bearing pile immersed in a two–layer soil profile with a significant stiffness discontinuity at the interface between the two layers, The objectives of this work is threefold.
First, to investigate the influence that the use of advanced constitutive models, capable
of reproducing the main features of the observed cyclic behavior of granular soils, may
have on the numerical predictions of the SSI effects, and, in particular, to the values
of the bending moments along the pile axis. Second, to investigate the impact of the
development and dissipation of excess pore pressures during the earthquake event on
soil deformations and pile loads. Third, to use the results of advanced numerical simulations as benchmarks to evaluate the predictive capabilities of the simplified analysis
methods available in current design practice. The results of the numerical simulations
clearly show that significant pore pressure build–up can occur under seismic conditions even in soils with relatively high permeability, and that the associated changes
in the effective stress field can have an important effect in determining the response of
the soil–pile system, both in terms of pile loads and ground surface accelerations. As
far as kinematic bending moments are concerned, the comparison of the FE predictions with the results obtained with a number of simplified design methods indicates
that, although the predictive capabilities of such methods appears relatively satisfactory when no excess pore pressures are expected to develop within the soil, some care
must be taken in applying them in undrained or partially undrained conditions, due to
the limitations inherent in the non–linear elastic soil models used to perform the 1–d
site response analysis, employed by the simplified methods to characterize the effects
of the seismic shaking.
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Introduction

Pile–soil kinematic interaction has been investigated by many researchers in the last
decades and emphasis has been placed on kinematic bending effects. Observations
in the field, laboratory, and computer simulations have demonstrated that kinematic
pile bending may be severe in the case of piled foundations constructed in weak soil
conditions, mostly near interfaces separating soil layers of sharply different stiffness
and on the pile head in presence of a stiff restraining cap.
Only recently technical regulations have given indication on pile design including
kinematic interaction effects. In particular, Eurocode 8 prescribes to compute bending
moments due to kinematic interaction “when all of the following conditions occur
simultaneously”:
i) the ground profile is of type D, S1 or S2, and contains consecutive layers of
sharply differing stiffness;
ii) the zone is of moderate or high seismicity, i.e., the maximum expected acceleration at ground surface, amax = ag S, exceeds 0.10 g;
iii) the structure is of importance class III or IV.
The approaches suggested in the technical literature for the quantitative evaluation of
kinematic interaction effects in the pile–soil system can be grouped in three different
categories, in order of increasing model accuracy and complexity:
1. Approaches based on the results of free–field, 1d wave propagation analyses. In
these approaches, the bending moment distribution along the pile axis is computed by assuming that the pile follows exactly the soil displacements, without
considering SSI (i.e., the stiffening effects of the piles is not taken into account)
[MH77, NEH97]. These methods cannot be used in layered soils, as the horizontal displacement gradient at the interfaces between layers of different stiffness is discontinuous, while the curvature of the pile axis is always finite.
2. Approaches based on simplified numerical methods which consider the pile as
a beam on a dynamic Winkler foundation (BDWF), characterized by a given
distribution of stiffness and damping coefficients with depth. These approaches
allows to account for soil–pile interaction, stiffness discontinuities along the
pile axis (i.e., layered soils), and different boundary conditions at the pile ends
[Myl01, NMGT01].
3. Approaches based on numerical methods which consider the pile as a beam
immersed in a (possibly inhomogeneous and inelastic) continuous medium (the
foundation soils), and use the finite element (FE) or boundary element (BE)
approximations to integrate the dynamic equations of motion [CD07, DCL09,
MdSAM09, DL09, Mar12].
All the aforementioned approaches have been used to derive a number of practical
design methods which are used to estimate the kinematic interaction effects in terms
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of maximum bending moments either at the pile head (in the case of constrained rotations) or at the interface between a rigid and a more deformable layer. However, all
these methods are based, in most cases, on relatively simple linear or non–linear elastic soil models, and completely neglect the possible effects of the solid skeleton–pore
water interaction in saturated soils.
The objectives of this work is threefold. First, to investigate the influence that the
use of advanced constitutive models, capable of reproducing the main features of the
observed cyclic behavior of granular soils, may have on the numerical predictions of
the SSI effects, and, in particular, to the values of the bending moments along the pile
axis. Second, to investigate the impact of the development and dissipation of excess
pore pressures during the earthquake event on soil deformations and pile loads. Third,
to use the results of advanced numerical simulations as benchmarks to evaluate the
predictive capabilities of the simplified analysis methods available in current design
practice.
The paper is organized as follows. Sect. 2 presents a brief review of some of the most
common simplified design methods developed from approaches (2) and (3). Sect. 3
provides the details of the specific benchmark problem considered, summarizes the
main characteristics of the advanced soil model adopted in the FE simulations, and
illustrates some of the main results obtained. The assessment of the predictive capabilities of a number of simplified methods is presented in Sect. 4, while Sect. 5
summarizes the main conclusions of this work.

2

Review of simplified design methods

A simple model to analyze the kinematic pile–soil interaction problem in a two–layer
soil and to determine the kinematic bending moment at the interface between two
layers has been proposed by Dobry & O’Rourke [DO83]. This model is based on the
following assumptions:
1) the soil in each layer is homogeneous, isotropic and linear elastic;
2) both layers are thick enough so that boundary effects do not influence the response at the interface between the two soils;
3) the pile is linear elastic and its axis is vertical;
4) perfect adhesion is assumed at the pile–soil interface;
5) the soil is subjected to a uniform static shear stress, ⌧ , which generates a constant shear strain within each layer;
6) the displacements are small.
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Modeling the pile as a beam on a Winkler foundation (BDWF) with Winkler subgrade
reaction moduli assumed proportional to the shear moduli of the two layers:
k1 = 3 G1

k2 = 3 G2

Dobry & O’Rourke provided the following explicit solution for the pile bending moment at the interface between the two layers:
3/4

M = 1.86 (Ep Jp )

1/4

(G1 )

1 F (G1 , G2 )

(1)

where: Ep is the Young’s modulus of the pile; G1 and G2 are the shear moduli of the
upper (layer 1) and lower (layer 2) soil layers, respectively; F is a non–dimensional
function of the shear moduli G1 and G2 in the two layers, given by:
r
1
G1
2
F (G1 , G2 ) = 3 (c 1) c
c+1
c= 4
(2)
c
G2
and 1 = ⌧max /G1 is the (uniform) shear strain in the upper soil layer, computed from
the maximum shear stress in the soil layer obtained in a 1–d free–field site response
analysis, or, as an alternative, computed from the following simplified expression,
proposed by Dente et al. [Den05]:
1

=

⇢1 h 1
amax
G1

(3)

The function F in eq. (2) assumes values between 0 and 1 and increases with increasing stiffness contrast between the layers. In the case of a homogenous soil (c = 1
and F = 0) eq. (1) yields an unrealistic solution (M = 0), since kinematic bending
moments are generated even in homogeneous soil.
An alternative method has been developed by Nikolaou et al. [NMGT01] based on
the results of a parametric study conducted with the BDWF approach. In their work,
Nikolaou et al. considered a pile embedded in a two–layer soil deposit subjected to
vertically propagating harmonic shear waves, and evaluated the maximum bending
moments at the interface between the two layers based on the steady–state solution of
the dynamic problem, according to the following expression:
✓ ◆0.3 ✓ ◆0.65 ✓
◆0.5
L
Ep
Vs2
Mmax (!) = 0.042 ⌧c d3
(4)
d
E1
Vs1
In the above expression, d is the pile diameter; L is the pile length; E1 is the Young’s
modulus of the upper soil layer; Vs1 and Vs2 are the shear wave velocities of the
upper and the lower soil layers, respectively, and ⌧c is “characteristic” shear stress,
proportional to the maximum free–field surface acceleration (amax ):
⌧c = amax ⇢s h1

(5)

where ⇢s is the soil density, and h1 the thickness of the upper soil layer. According
to eq. (4), the bending moment increases with increasing pile diameter, pile–soil 1
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stiffness ratio and layer stiffness ratio. However, a weakness of this model is that the
bending moment tends to infinity for very large slenderness ratios.
Under a seismic excitation, the above equations are still valid but the peak values of
the transient bending moments are smaller than the steady–state amplitudes. Therefore, Nikolaou et al. proposed to apply a correction factor ⌘ to the value of Mmax (!)
provided by eq. (4) to obtain the actual maximum value of M in the time domain:
(
0.04 Nc + 0.23
for T ' T1
Mmax (t) = ⌘ Mmax (!)
⌘ :=
(6)
0.015 Nc + 0.17 for T 6= T1
where T1 is the fundamental period of the upper layer; T is the predominant period of
the seismic input, and Nc the number of equivalent cycles of the seismic excitation.
For preliminary design purposes, ⌘ can be assumed in the range between 0.2 and
0.3. Recently, Dente et al. [DCSS11] proposed two alternative expressions for the
correction factor ⌘ derived from the results of an extensive parametric study. In the
first of them, considered in Sect. 4, ⌘ is given by the following function of the ratio
T /T1 :
8
✓ ◆ 1.378
T
>
>
<0.624
for T > T1
T
1
✓ ◆
⌘=
(7)
>
T
>
:0.205 + 0.42
for T  T1
T1
Maiorano et al. [MdSAM09] re-arranged the original model of Nikolaou et al., by
replacing eq. (4) with the following expression:
Mmax (t) =

✓ ◆0.3 ✓ ◆0.65 ✓
◆0.5
L
Ep
Vs2
G1 ff d
d
E1
Vs1
3

(8)

where ff stands for the peak shear strain acting at the interface between the two soil
layers calculated from a 1d, free-field wave propagation analysis. The coefficient
in eq. (8), linking the maximum transient bending moment to the peak soil shear
strain at the interface, has been set to 0.07 by Maiorano et al., based on the results
of an extensive parametric study conducted with the FE code VERSAT–P3D. More
recently, Sica et al. [SMS11], based on the results of a different parametric study
using the BDWF approach, proposed to use a slightly lower value for , setting it
equal to 0.053.
Instead of considering the bending moment, Mylonakis [Myl01] suggested to use the
maximum pile bending strain:
Mmax d
✏p =
Ep Jp 2
as the representative quantity to describe the effects of dynamic interaction. In his
work, carried out using the BDWF approach, Mylonakis introduced some significant
improvements with respect to the method proposed by Dobry & O’Rourke [DO83],
namely:
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a) the seismic excitation imposed at the base of the soil profile is an harmonic
displacement with frequency !;
b) both radiation and material damping are taken into account by considering a
viscoelastic Winkler model for the soil reaction to the horizontal pile displacements;
c) the two layers in the soil profile are of finite thickness.
For the maximum bending strains at the interface separating the two soil layers, Mylonakis provides the following “strain transmissibility” function, valid for quasi–static
conditions (! ! 0):
✓ ◆
✓ ◆
✏p
1
d
= 4 c2 c + 1
⇥
2c
h1
1 !=0
(" ✓ ◆ ✓ ◆
#
)
1/4
k1
h1
3
1 c(c 1) 1
(9)
Ep
d
where 1 is the free–field soil shear strain at the interface; k1 is the Winkler modulus of
the upper layer, and c is the layer stiffness contrast, provided by eq. (2)2 . To take into
account for the transient nature of the seismic excitation, the strain transmissibility
function of eq. (9) has to be corrected as follows:
✓ ◆
✓ ◆
✓
◆
✏p
✏p
T Ep G 2 h1
=
,
,
,
(10)
T 1 E1 G 1 d
1 dyn
1 !=0
taking into account the effects of: the predominant period of the seismic excitation;
the relative stiffness of the pile; the stiffness contrast between the two layers and of
the upper layer thickness. For relatively deformable piles and low frequency input
(!d/Vs1 < 0.1) Mylonakis observes that the correction factor varies in the range
1.0–1.25.
As a last example of simplified analysis methods, it is worth mentioning the recent
work of Di Laora et al. [DLMM12], who derived the following simplified relation for
the maximum pile deformation at the interface between the soil layers:
(
)
✓ ◆ 0.25
d
Ep
0.5
✏p = ↵ 1
+
(c 1)
(11)
2h1
E1
with ↵ = 0.93 ' 1.

3

The problem examined: piled raft on a two–layer
soil

As already mentioned in the introduction, all the simplified analysis methods discussed in the previous section are based on the results of parametric studies conducted
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Figure 1: The problem examined: pile geometry and soil profile.

using relatively simple linear (or non–linear) elastic soil models, and neglecting the
effects of the development of excess pore pressures in saturated soils due to the rapid
cyclic deformations imposed by the earthquake excitation.
In order to assess the influence of the constitutive assumptions made on the soil, and
of the development and dissipation of excess pore pressures, the classical problem of
a end–bearing pile immersed in a two–layer soil profile with a significant stiffness discontinuity at the interface between the two layers has been reconsidered, performing
a series of 3d dynamic coupled consolidation analyses with an advanced constitutive model capable of representing the most relevant features of soil behavior under
cyclic/dynamic conditions.

3.1

Problem geometry and seismic input

The problem geometry and the assumed soil profile are detailed in Fig. 1. The cast
in place r.c. pile has a diameter d = 0.6 m and a length L = 20 m. In the FE simulations, the pile is considered as linear elastic, with a Young’s modulus Ep = 24 GPa,
corresponding to a cracked concrete with Rck = 25 MPa.
The soil profile is composed, from the ground surface, by a first layer of silty sand,
with a thickness of 15 m, underlain by a second layer of stiffer coarse sand, also 15 m
thick. The contact with the bedrock is located at the bottom of the second layer.
Fig. 1 shows also the shear wave velocity profile with depth resulting from the assumed soil properties and initial state for each sand layer (discussed in the following
Sect. 3.2). At the stratigraphic contact, the small–strain shear stiffness of the top layer
is more than two times smaller than that of the lower layer. Based on EN 1998–1
(EC8) soil profile classification for the simplified evaluation of local seismic amplification, the subsoil belongs to class D.
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Figure 2: Seismic input at the bedrock: a) time history of horizontal acceleration
for accelerogram ACC4; b) time history of horizontal acceleration for accelerogram
ACC9; c) response spectra of the two accelerograms; d) time history of Arias intensity
for the two accelerograms.

The assumed seismic input is defined in terms of the time history of the horizontal
acceleration at the bedrock. A number of recordings of real accelerograms have been
considered and scaled in order to obtain a series of (on average) spectrum–compatible
accelerograms with the response spectrum provided by EC8 for soil type A. Two of
them (accelerograms ACC4 and ACC9) have been used in the simulations reported in
this work.
The time histories of the horizontal acceleration, the response spectra and the evolution with time of Arias intensity IA for the two accelerograms are shown in Fig. 2.
Their main characteristics are summarized in Tab. 1. In the table, Td is the significant
duration of the event; Tp its predominant period, and Tm its mean period, as defined by
Rathje et al. [RAB98]. The two seismic signals are not significantly different in their
main characteristics. However, the peak acceleration in ACC4 is about 21% higher
than in ACC9, while the duration of this last one is almost double. For this reason, the
Arias intensity in ACC9 is larger than in ACC4.
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Table 1: Main characteristics of accelerograms ACC4 and ACC9.
Property
IA
amax
Td
Tp
Tm

3.2

(m/s)
(g)
(s)
(s)
(s)

ACC4

ACC9

1.148
0.301
10.99
0.26
0.42

1.553
0.248
19.96
0.36
0.56

Constitutive model adopted and soil properties

As the response of the pile–soil system under earthquake loading conditions can be
significantly affected by such aspects of soil behavior as non–linearity, irreversibility,
pressure dependence and contractancy/dilatancy under shear deformations, in the FE
simulations the mechanical behavior of the two soil layers has been described using
an advanced anisotropic hardening elastoplastic model for sand recently proposed by
Dafalias & Manzari [DM04]. The most significant features of this model are briefly
recalled in this section; the reader is referred to [DM04] for further details.
3.2.1

Summary of the constitutive equations

The constitutive equations in rate form for the Dafalias & Manzari model can be summarized as follows. Let ( , ↵, z, e) define the set of state variables for the material,
where ↵ (with ↵ · 1 = 0) is a tensorial internal state variable (deviatoric back–stress)
accounting for stress–induced anisotropy, z is a fabric tensor accounting for the effects of previous stress history on material dilatancy, and e is the void ratio of the
material, accounting for the effects of soil density. The evolution equations for the
state variables read:
˙ = Dep ( , ↵, z, e) ✏˙

˙ = H↵ ( , ↵, z, e) ✏˙
↵

ż = Hz ( , ↵, z, e) ✏˙

(12)

where:
⇣
⌘
H
(De R) ⌦ LT De
Kp
⇣
⌘
⇣
⌘
H
H
H↵ =
h↵ ⌦ LT De
Hz =
hz ⌦ LT De
Kp
Kp
Dep = De

(13)
(14)

are the elastoplastic tangent stiffness tensor and the hardening tensors for the deviatoric back stress and the fabric tensor; De is the elastic tangent stiffness tensor; L is the
loading direction tensor; R is the plastic flow direction tensor; Kp := L·De R+Hp is
the (strictly positive) hardening modulus, and Hp is the plastic modulus, depending on
the hardening functions h↵ and hz . In eqs. (13)–(14), the scalar H is zero for elastic
processes (LT De ✏˙  0), and 1 for plastic processes (LT De ✏˙ > 0).
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The (hypo)elastic behavior of the material is defined in by the following elastic tangent
stiffness tensor:
✓
◆
1
e
D = K 1 ⌦ 1 + 2G I
1⌦1
(15)
3
where:

G = Gref pa

(2.97 e)2
1+e

✓

p
pa

◆0.5

K=

2(1 + ⌫)
G
3(1 2⌫)

(16)

are the tangent shear and bulk moduli, respectively; p = tr( )/3 is the mean stress;
pa the atmospheric pressure; Gref is a reference value for the shear modulus, and ⌫ is
the Poisson’s ratio.
The elastic domain is limited in stress space by a conical yield surface (YS) with
vertex on the origin (see Fig. 3), of equation:
f ( , ↵) = (s

p↵) · (s

p↵)

2
(mp)2 = 0
3

(17)

where s = dev( ), and m is a model constant defining the opening angle of the cone.
Fig. 3b shows that the deviatoric tensor ↵ defines the position of the center of the
(circular) YS in the deviatoric plane.

(a)

(b)

Figure 3: Dafalias & Manzari model: sections of yield, critical, bounding and dilatancy surfaces in q:p plane (a) and normalized deviatoric plane (b), from [DM04].

Plastic deformations induce changes to ↵ according to eq. (12)2 , which correspond to
a rotation of the YS around the origin. For extreme plastic deformations, the material
attains a critical state (CS) in which it deforms at constant stress and constant volume.
At CS, the void ratio is a unique function of the mean stress p:
ec = ec0

✓

p
pa

◆⇠
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with and ⇠ material constants. In the stress space, the CS locus is provided by the
envelope of the YF corresponding to the following limiting values of ↵:
r
r
p
2 c
2
s
c
↵ =
↵ n=
g(✓)↵cc n n =
cos(3✓) = 6 tr(n3 ) (19)
3
3
ksk
In eq. (19), ↵cc is a material constant (value of ↵c for axisymmetric compression),
and g(✓) is a function of the Lode angle ✓ of . In the original formulation of the
model, the Argyris et al. [AFS+ 74] function was used. In this work, the function g(✓)
proposed by van Eekelen [VE80] has been used instead, as it is more accurate for high
values of the stress ratio at CS.
As in classical plasticity, the loading direction L is provided by the gradient of the
YS; on the contrary, the plastic flow direction is not obtained from a scalar plastic
potential, but rather defined a priori, based on an assumed dilatancy function D:
✓
◆
@f
1
1
L=
R = R+ D1
R := B n + C n2
1
(20)
@
3
3
where:
3(1 c)
B =1+
g(✓) cos(3✓)
2c
D := Ad ↵d

↵ ·n

↵d = g(✓)↵cc exp(nd )

r

3 1 c
C=3
g(✓)
2 c
r
2 d
↵d =
↵ n
3
Ad = A0 (1 + hz · ni)

(21)
(22)
(23)

and: := e ec (p) is the state parameter defined in [BJS+ 86]. In the above equations,
c, nd and A0 are material constants. For a given value of the void ratio, the set of
tensors ↵d define a conical surface in stress space (dilatancy surface). For states with
(↵d ↵) · n > 0, D is positive and the material is contractant; otherwise the material
dilates. According to eq. (23)1 , ↵d < ↵c if < 0, and ↵d > ↵c otherwise. In the
first case, the material dilates as soon as the stress–path crosses the dilatancy surface,
before reaching the critical state at a larger void ratio. In the second, the material
contracts continuously until it reaches the critical state. At critical state, = 0 and
↵d = ↵c .
The formulation of the constitutive equation is completed by the following hardening
laws for the two internal variables ↵ and z:
˙ = ˙ h↵
↵

z = ˙ hz

˙ =

1 T e
L D ✏˙ > 0
Kp

(24)

where ˙ is the plastic multiplier, and the hardening functions h↵ and hz are given by:
h↵ =

2
h ↵b
3

↵

hz =

cz h R · 1i (zmax n + z)
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where:
r

2 b
↵ n
3
b0
h=
(↵ ↵in ) · n

↵ =
b

↵b = g(✓)↵cc exp( nb )
r
pa
b0 = Gref h0 (1 ch e)
p

(26)
(27)

and nb , h0 and ch are material constants, and ↵in is the value of ↵ at the beginning of
a new loading process, updated when the scalar (↵ ↵in ) · n becomes negative.

˙ = 0 for ↵ = ↵b . For a dense material, with < 0, the set
According to eq. (25)1 , ↵
b
of ↵ provided by eq. (27) define a conical surface in stress space – called “bounding surface” – which limits the rotation of the YS and thus controls the maximum
attainable value of the stress ratio (i.e., the peak shear strength). As (negative) plastic
volumetric strain accumulate after reaching a peak stress ratio, ! 0, and the final
stress state converges to critical state, with ↵b = ↵d = ↵c .
3.2.2

Soil properties and initial state

The set of material constants used for the two soils in Fig. 1 is reported in Tab. 2. The
constants adopted for the top layer (soil 1) are those determined by Dafalias & Manzari
for Nevada sand. The constants of Toyoura sand provided by the same Authors have
been adopted for the bottom layer, with the only exception of the values of Gref and
↵cc . The reader is referred to [DM04] for the details of the calibration procedure.
A relatively large value has been assumed for the soil permeability k of soil 2 (coarse
sand), so that pore pressure gradients are very small during the seismic excitation. On
the contrary, different values of permeability have been adopted for soil 1 (silty sand),
to investigate the effects of excess pore pressure generation and dissipation.
The initial stress state has been defined by assuming geostatic conditions, with a constant K0 = 1 sin c . The initial stress state has been assumed as centered with

Table 2: Summary of material constants adopted in the FE simulations.
Property
Gref
⌫
↵cc
c
ec0
⇠
m

Soil 1
125
0.05
1.13
0.780
0.027
0.83
0.45
0.01

Soil 2
350
0.05
1.32
0.693
0.019
0.934
0.70
0.01

Property
h0
ch
nb
A0
nd
zmax
cz
k (m/s)
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Soil 1
9.70
1.300
2.56
0.81
1.05
5.0
800
variable

Soil 2
7.05
0.968
1.1
0.704
3.5
4.0
600
1.0e-2
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(b)

Figure 4: Finite element discretization adopted in the simulations: a) general view; b)
detail of the pile–soil contact.

respect to the YS (↵ = s/p). The void ratio in the two layers is such that
soil 1, and = -0.3 in soil 2. The fabric tensor has been set to z = 0

3.3

= -0.22 in

Finite element model and analysis program

The simulations reported in this study have been carried out using the FE code Tochnog
professional v.14 [Rod13]. The Fe discretization adopted for the study of kinematic
interaction effects is shown in Fig. 4. The model is 25⇥2.5 m2 in plan and has a
vertical size of 30 m. Due to symmetry in both geometry and applied loads (seismic
accelerations at the base acting in direction x only), only half of the pile has been
included in the model, The dimension of the model in direction y, orthogonal to the
direction of polarization of the seismic excitation at the base, has been kept relatively
small to reduce the computational cost of each simulation, and has been selected from
the results of a preliminary study which indicate that the influence of the model size
in y direction on the computed structural loads is small.
The soil is discretized with 264 8–noded isoparametric hexahedral elements for coupled consolidation, implementing the UP approximation to the balance equations of
momentum and mass conservation [ZCP+ 90]. Two–noded, linear elastic beam elements have been used to simulate the pile. The pile–soil connection has been modeled
using short orthogonal beam elements, as shown in Fig. 4b.
As for the boundary conditions, the base has been considered as a perfectly rough,
impervious boundary. The seismic input has been applied by imposing at the base of
the model the horizontal displacement history vx (t) consistent with the two accelerograms considered. Horizontal displacements in the normal direction are fixed along
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Table 3: Program of FE simulations.
Analysis
no.
r01
r02
r03

Seismic
input
ACC4
ACC4
ACC4

k (soil 1)
(m/s)
1.0e-2
2.3e-5
2.3e-7

Analysis
no.
r04
r05
r06

Seismic
input
ACC9
ACC9
ACC9

k (soil 1)
(m/s)
1.0e-2
2.3e-5
2.3e-7

the two vertical planes of symmetry (normal to the y direction), while periodic boundary conditions have been assumed for the displacements on the two planes orthogonal
to the x direction. Natural boundary conditions (no flow) have been imposed to the
pore pressure field on all vertical boundaries. Atmospheric pore water pressure have
been imposed at the ground water table level, located 2.5 m below the ground surface.
The program of FE simulations performed in this study is detailed in Tab. 3. Two
different sets of simulations have been performed with different seismic input. In
each series, the permeability k of soil 1 has been changed from 1.0e-2 to 2.3e-7. In the
first case, the permeability is sufficiently large that almost no pore pressure gradients
develop in the soil (drained conditions, DC). In the last case, on the contrary, the
permeability is so low that the upper layer deforms in almost undrained conditions
(UC) during the seismic shaking. Between these two extremes, in analyses r02 and
r05, excess pore pressure generation and dissipation occur during the event (coupled
consolidation, CC).

3.4

Selected results

The results of the numerical simulations can be used to assess the effects of soil–
pile kinematic interaction on pile bending moments and to quantify the modifications
induced in the seismic ground motion at ground surface by the presence of the pile.
Bending moment distributions along the pile axis computed with varying seismic
input motions and with different soil drainage conditions (from fully drained to almost undrained) are shown in Fig. 5. The envelopes of minimum and maximum
bending moments along the pile length computed in analyses r02 (ACC4) and r05
(ACC9) under fully coupled consolidation conditions are plotted in Fig. 5a, together
with the bending moment distributions at the two time stations at which the minimum/maximum moment is attained (t = 19.3 s for r02 and t = 16.93 s for r05; curves
plotted with dotted lines). As the pile head is free to rotate, the moment at the pile head
is zero and the maximum bending moments (in absolute terms) occur at the interface
between the two layers.
As expected, the largest values of the bending moments are found at the interface
between the two soil layers, in correspondence with a strong discontinuity in shear
stiffness. While accelerogram ACC4 is characterized by the largest peak and spectral
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Figure 5: Envelopes of min/max bending moments: a) comparison of coupled consolidation analyses r02 (ACC4) and r05 (ACC9); b) comparision of analyses r01 (DC),
r02 (CC) and r02 (UC), with ACC4 seismic input.

accelerations, the largest kinematic bending moments are associated to ACC9 seismic
input, which is characterized by the largest Arias intensity. Therefore caution should
be exerted in using simplified models to estimate maximum bending moments which
characterize the seismic input in terms of peak acceleration at ground surface only.
The effects of pore water pressure build–up in the saturated soil layers on pile bending
moments can be assessed by comparing the results obtained in analyses r01 (DC), r02
(CC) and r03 (UC) for the same seismic input (ACC4). Fig. 5b shows the envelopes
of minimum and maximum bending moments along the pile length computed in these
three cases, together with the moment distributions along the pile at the different time
stations at which the minimum/maximum moment is attained (curves plotted with
dotted lines). From the figure it is immediately apparent that the same seismic input
can give rise to significantly different bending moment distributions if excess pore
pressure develop as a result of partial or no drainage of pore water during the seismic
shaking. In the particular case examined, the differences between the fully undrained
case (r03) and the coupled consolidation case (r02) are less important from a qualitative point of view, but relevant in terms of maximum computed bending moment at the
stratigraphic contact between the two layers (which is also a drainage boundary). It is
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Figure 6: Excess pore water pressure field at t = 19.3 s, for r02 (CC) with ACC4
seismic input. The bottom part of the figure is a close–up of the region marked with a
red rectangle.

also worth noting that, while in the drained case the peak bending moment is attained
at t = 14.2 s, in the CC and UC cases the peak bending moment on the pile is attained
more than 5 s later, at t 2 [19.31,19.51] s.

A complete picture of the pore pressure field computed in analysis r02 at t = 19.31 s
is given in Fig. 6 in terms of contour lines of excess pore water pressure u over the
initial hydrostatic conditions.
Even if both soil layers are relatively dense, positive excess pore water pressures are
generated in the upper layer due to the high contractancy of Nevada sand. The largest
positive excess pore pressures are found close to the stratigraphic contact. The values
of u decrease upwards, as the distance to the upper draining boundary is reduced.
On the contrary, u remains quite large close to the bottom drainage boundary, at
the contact with the soil layer 2, in spite of its high permeability. This is due to the
fact that the bottom and lateral boundaries of soil 2 are impervious: the pore water
flowing downwards from the upper layer cannot be drained from the other boundaries
and thus the pore pressure in the bottom layer are forced to increase to reduce the
downward hydraulic gradient and maintain the global mass balance. Due to the high
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Figure 7: Pile head and free surface accelerations for analyses r01 (DC) and r02 (CC):
a) response spectra; b) spectral acceleration ratio Sa (P)/Sa (FF).

permeability of soil 2, the excess pore pressure in this layer are constant, to keep
the hydraulic gradient nil. The contour lines of the excess pore pressure are almost
horizontal, as the presence of the pile has only a limited effect on the deformation
pattern of the solid skeleton and thus on excess pore pressure build–up.
The influence of excess pore pressure build–up on the soil–pile system response under
the seismic shaking is clearly visible on the accelerations computed at the pile head
and far from the pile, in (almost) free–field conditions. Fig. 7a shows the acceleration
response spectra computed at the pile head and in free–field conditions in analyses
r01 (ACC4, DC) and r02 (ACC4, CC), respectively; for the same simulations, Fig. 7b
provides the ratio between the spectral ordinates Sa (P) for the pile head and Sa (FF)
in free–field conditions.
From the data it is quite clear that a significant amplification of the spectral ordinates
occurs in drained conditions as compared to the fully coupled consolidation case. The
observed differences can be due partly to the changes in soil stiffness associated to
the variation of mean effective stress with depth, but also on the additional dissipation
occurring as a consequence of the pore water transient seepage. In this respect, it is
interesting to note that the shape of the spectra and the dominant frequencies are quite
similar between fully drained and consolidation cases. On the contrary, no significant
differences are found between the pile head and the free–field spectra in both the cases
considered. Differently from what is typically observed in piles with fixed rotation
at the head, the spectral ratio Sa (P)/Sa (FF) is slightly larger than 1, although the
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maximum difference does not exceed 20% for DC, and about 40% for CC in a period
range from 0.05 to 0.2 s.

4

Performance of simplified methods

The results of the FE simulations have been used as a benchmark to test the predictive
capabilities of some of the simplified methods for evaluating the maximum kinematic
bending moment, discussed in previous Sect. 2. In particular, the methods considered
are reported in Tab. 4, together with the input data required by each of them.
As the pile considered in Sect. 3 is embedded in the bottom layer for a length sufficient to consider it as infinitely long, and the distance of the stratigraphic contact from
the head is such that any interaction between the loads originating from kinematic
interaction at the pile head and at the stratigraphic contact can be excluded, the fundamental assumptions on which the methods listed in Tab. 4 are based can be considered
applicable.
The input data for each method is obtained from a linear equivalent site response analysis performed with the FE code EERA [BIL00]. The stiffness degradation and damping curves required for such an analysis have been obtained by simulating a series of
cyclic simple shear tests with the Dafalias & Manzari model [DM04], as detailed in
Appendix. As far as the stiffness degradation is concerned, different assumptions have
been made for the different drainage condition assumed in the simulated simple shear
tests (Fig. 8). For drained conditions, a single curve interpolating the simulation data
has been chosen (curve D in Fig. 8a). For undrained conditions, the simulated test
result display a tendency of shear stiffness to increase for values larger than 10 3
(0.1%). Therefore, two different modulus decay curves have been considered (indicated as curves U(a) and U(b) in Fig. 8a), to achieve the best fit with the shear test
results in the medium and large strain ranges, respectively.
Since the results of the 1–d site response analyses are used to characterize the effect
of the seismic excitation in the simplified methods, before analyzing the performance
of such methods in terms of maximum pile loads, it is interesting to compare the

Table 4: Simplified methods considered and relevant input data.
Method
Dobry & O’Rourke (1983)
Mylonakis (2001)
Di Laora et al. (2012)
Nikolaou et al. (2001)
Dente et al. (2011)
Sica et al. (2011)

Input data
G1 , G1 /G2 , 1
G1 , G1 /G2 , 1 , h1 , !
G1 , G1 /G2 , 1 , h1
G1 , G1 /G2 , amax , Nc
G1 , G1 /G2 , amax , T1
G1 , G1 /G2 , amax , ff
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Figure 8: Simulation of cyclic simple shear tests in Soil 1: a) stiffness degradation vs.
shear strain amplitude; b) damping ratio vs. shear strain amplitude.

results of the linear equivalent FE simulations with the free field response provided by
the fully coupled 3–d simulations with the advanced elastoplastic model of Dafalias
& Manzari. Such a comparison is presented in Fig. 9 in terms of response spectra
computed at ground surface for fully drained conditions, coupled consolidation (full
3–d FE model) and undrained conditions (EERA).
The data reported in Fig. 9 show that, even if carefully calibrated, the linear equivalent approach implemented in the code EERA provides site response predictions in
terms of ground surface accelerations which are largely different (in this case, in excess) from those obtained in the more accurate 3–d FE analyses performed with an
advanced soil model. In particular, the comparison seems to indicate that the real material response is more dissipative than that provided by the simple non–linear model
implemented in EERA, regardless of the effort taken for the proper calibration of the
constitutive curves. This effect is apparent not only in coupled consolidation analyses
but also in drained conditions.
The maximum shear strain profiles with depth computed in simplified 1–d site response analysis and in the 3–d simulations in free–field conditions are plotted in
Fig. 10, for the two seismic inputs considered. Although the values of calculated
with the two approaches in the bottom layer appear in substantial agreement, this is
not the case for the upper layer, where the simplified EERA simulations tend to underestimate significantly the maximum shear deformations in this layer. The largest
differences are observed between the results of undrained 1–d site response analyses
and the 3–d fully coupled consolidation analysis performed with the ACC9 seismic
input, at depths between 5 and 10 m. The observed differences are smaller, but still
significant, at the stratigraphic contact. It is also interesting to note that the results of
the undrained EERA simulations appear quite sensitive to the adopted shear modulus
decay curve, as large differences can be observed in the shear strain profiles obtained
with the decay curves U(a) and U(b) of Fig. 8a.
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Figure 9: Free–field response spectra at ground surface: a) ACC4, FEM predictions
for DC and CC simulations; b) ACC4, EERA predictions for DC and UC simulations;
a) ACC9, FEM predictions for DC and CC simulations; b) ACC9, EERA predictions
for DC and UC simulations.
Some of the methods in Tab. 4 [NMGT01, DCSS11] evaluate the maximum bending
moment at the stratigraphic contact using the maximum acceleration at ground surface, amax as an indicator of the earthquake intensity, while the others [DO83, Myl01,
SMS11, DLMM12] use a measure of the shear strain in the top layer for the same purpose. In both cases, these quantities are determined from simplified 1–d site response
analyses like the ones considered in this study. The significant differences observed
in the predictions of both quantities from EERA simulations and full 3–d drained or
coupled consolidation FE analyses performed with an advanced constitutive model for
the soil should be taken into account in the evaluation of the predictive capabilities of
the simplified methods.
A quantitative measure of the performance of the different simplified methods in the
prediction of the maximum bending moment at the stratigraphic contact is provided
by the following relative error measure:
ERR =

FEM
|Mmax |
Mmax
⇥ 100
FEM |
|Mmax

(28)

where Mmax is the maximum bending moment predicted by each simplified method
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Figure 10: Maximum shear strain vs. depth profiles obtained from FEM and EERA
simulations: a) ACC4 seismic input; b) ACC9 seismic input.

FEM
and Mmax
is the corresponding maximum bending moment obtained from the 3–d
FE simulations with the Dafalias & Manzari model, assumed as a reference for the
actual response of the pile. The results of the 3–d coupled consolidation simulations
have been compared with the prediction of the simplified methods under undrained
conditions, considering the two different stiffness decay curves, U(a) and U(b), of
Fig. 8a.

The relative error values obtained for the two seismic inputs considered are plotted
in Fig. 11. In drained conditions, the simplified approaches differ from the reference
value of Mmax by a maximum of about 35% (Dobry & O’Rourke method), and the
relative errors are generally smaller than 20%. All the simplified methods tend to underestimate Mmax , except Sica et al., which significantly overestimates it. The method
of Nikolaou et al. provide the best performance for this case. No substantial differences are observed in the performance of the different methods for the two seismic
inputs considered.
For the coupled consolidation case, the simplified models predictions are generally
much less accurate, with differences ranging from -70% (Dobry & O’Rourke, case
U(b)) to +60% (Nikolaou et al., case U(a)). It is interesting to note that, in this case,
the predictions of the simplified models are quite sensitive to both the adopted soil
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Figure 11: Relative error associated to simplified methods: a) ACC4 seismic input; b)
ACC9 seismic input.

model and the seismic input considered. In fact, for ACC9 seismic input, the relative
errors computed assuming undrained behavior are much larger (in absolute values) for
the case U(b) than for the case U(a), for all the methods considered. On the contrary,
for ACC4 seismic input the two undrained predictions are much closer each other
and more accurate, with the only notable exception of Nikolaou et al. and Sica et al.
methods.

5

Concluding remarks

In this work, a series of 3–d, fully coupled dynamic consolidation analyses have been
used to investigate the kinematic interaction effects in the classical problem of a single end–bearing pile immersed in a two–layer soil profile with a significant stiffness
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discontinuity at the interface between the two layers,
In the simulations, an advanced constitutive model, capable of representing the most
relevant features of soil behavior under cyclic/dynamic conditions, has been used with
the specific aim of investigating: i) the influence of the constitutive assumptions on
the predicted system response; and, ii) the effects of the development and dissipation
of excess pore pressures within the soil mass on pile loads and ground deformations.
The results of the numerical simulations clearly show that significant pore pressure
build–up can occur under seismic conditions even in soils with relatively high permeability, and that the associated changes in the effective stress field can have an
important effect in determining the response of the soil–pile system, both in terms of
pile loads and ground surface accelerations.
The results of the numerical simulations have also been used to assess the predictive
capabilities of a number of simplified methods recently proposed for the evaluation of
the maximum kinematic bending moment at the stratigraphic contact between the two
layers. Generally speaking, the best performance overall seems to be associated to
such methods as the one proposed by Di Laora et al., which rely heavily on the informations provided by a detailed site response analysis. However, while the predictive
capabilities of currently available design procedures for the evaluation of kinematic
interaction effects appears relatively satisfactory when no excess pore pressures are
expected to develop within the soil, some care must be taken in applying the same procedures in undrained or partially undrained conditions, due to the limitations inherent
in the non–linear elastic soil models used to perform the 1–d site response analysis,
employed by the simplified methods to characterize the effects of the seismic shaking.
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Starting with the study of different Euler Bernoulli and Timoshenko beam finite element formulations, a displacement based multifiber Timoshenko beam is presented.
The element is free of shear locking problems and it is able to reproduce the non linear behaviour of composite structures. It is validated using the experimental results
of a reinforced concrete viaduct subjected to earthquake loadings. Despite the small
number of degrees of freedom of the finite element model, the non linear behaviour of
the viaduct is predicted satisfactorily. Not only the peaks in both directions are well
reproduced but the frequency content of the response is correctly matched. Multifiber
beams combined with macro-elements [Gra13] can take into account in a efficient,
fast and robust way soil-structure interaction phenomena. This is shown in the last
section of the article where the influence of the soil-structure interaction on the behaviour of the reinforced viaduct is highlighted.

1 Introduction
The objective of this course is to introduce the differences between the Euler Bernoulli
and Timoshenko theories, to present various finite element beam formulations and
to show the equations of displacement based Timoshenko multifiber beam elements.
The paper follows mainly the work and ideas exposed in [Peg94], [GPP94], [KM05],
[MKRC06], [Bit13], [CKCed]. The important subject of force based beam finite elements is not discussed hereafter. The reader can find information on this subject in
the following references [SFT96a], [SFT96b].
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2 Classical beam theories
2.1 Kinematics
We consider hereafter a beam of length L and section S(x) (figure 1). G(x, y, z) is the
center of gravity of the section S(x) and P (x, y, z) a point in the section. We define as
neutral axis the line that links the center of gravities of all the sections. We also suppose that Gx , Gy , Gz are principal axes. For the 2D case studied hereafter (loadings
are in the x − y plane), the displacements uT = {ux , uy } of the point P (x, y, z) can
be expressed as a function of the displacements Ux (x), Uy (x) and the rotation Θz (x)
of the section S(x) (often defined in the literature as generalised displacements, see
also equations (8) and (16)) considering the following two kinematic hypotheses:

Figure 1: Beam [Bit13]
• Euler Bernoulli theory: In this theory, the section remains plane and perpendicular to the neutral axis (figure 2).

Figure 2: Euler Bernoulli theory [Bit13]
A consequence of the previous kinematic assumption is that the rotation of the
section Θz (x) equals Uy′ (x) (the symbol ′ defines hereafter the first derivative
with respect to x and the symbol ′′ the second derivative with respect to x)
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(figure 2). The displacements of the point P (x, y, z) take thus the following
form [GPP94]:
ux (x, y) = Ux (x) − yΘz (x) = Ux (x) − yUy′ (x)
uy (x, y) = Uy (x)

(1)

and the strains are calculated as (infinitesimal strain theory assumption):
∂ux
= Ux′ (x) − yΘ′z (x) = Ux′ (x) − yUy′′ (x)
∂x
∂ux ∂uy
+
= Uy′ (x) − Θz (x) = 0
=
∂y
∂x

εx =
γxy

(2)

One can notice that due to the adopted kinematic hypothesis shear strains are
found equal to zero.
• Timoshenko theory: In this theory, the kinematic assumption is that the section
remains plane but not necessarily perpendicular to the neutral axis. In other
words, Θz ̸= Uy′ (x), see figure 3. Displacements and strains (infinitesimal
strain theory assumption) are now calculated as [GPP94]:

ux (x, y) = Ux (x) − yΘz (x)
uy (x, y) = Uy (x)

∂ux
= Ux′ (x) − yΘ′z (x)
∂x
∂ux ∂uy
=
+
= Uy′ (x) − Θz (x)
∂y
∂x

(3)

εx =
γxy

Figure 3: Timoshenko theory (Wikipedia)
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We define hereafter
βy = Uy′ (x) − Θz (x)

(5)

The variable βy represents the rotation of the section due to shear. From equation (4) one can notice that shear strains are now constant in the section (and
not as in the Euler Bernoulli theory necessarily equal to zero).

2.2 Euler Bernoulli theory: Principal work principle and generalised forces
The virtual work principle is written as (body forces and inertial forces are hereafter
neglected. The symbol σ defines stresses):
! L!
0

δεx σx dSdx − wexter = 0

(6)

S

with wexter the work of the external forces.
Replacing (2) in (6) we get:
! L!
0

δ(Ux′ (x) − yΘ′z (x))σx dSdx − wexter = 0

(7)

S

We define hereafter the generalised forces in the section as:
!
Normal force: Fx =
σx dS
S
!
Bending moment : Mz = − yσx dS

(8)

S

and equation (7) becomes:
!

0

L

(Fx δUx′ + Mz δΘ′z )dx − wexter = 0

(9)

Within a beam theory σy = σz = σyz = 0. Furthermore and because of equation (2)
σxz = σxy = 0. Hooke’s law thus becomes (with E the Young’s modulus and ν the
Poisson’s coefficient):

σx = Eεx
εy = εz = −νεx
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Finally, using equations (2), (8) and (10) the generalised forces become:
!
!
!
EUx′ (x)dS = ESUx′ (x)
Fx =
Eεx dS =
E(Ux′ (x) − yΘ′z (x))dS =
S
S
S
!
!
!
′
′
Mz = − yEεx dS = − yE(Ux (x) − yΘz (x))dS =
y 2 EΘ′z (x)dS = EIz Θ′z (x)
S

S

S

(11)
Remarks:
• The axis z is a principal axis and therefore
• An homogeneous section is considered.

"

S

ydS = 0.

Introducing equation (11) in the virtual work principle (9) we have:
! L
(δUx′ (x)ESUx′ (x) + δΘ′z (x)EIΘ′z (x))dx − wexter = 0

(12)

0

If Fs T = {Fx , Mz } the generalised force vector and Ds T = {Ux′ , Θ′z } the generalised displacement vector we define the stiffness matrix of the section Ks as:
Fs = Ks Ds =

#

Fx
Mz

$

%

ES
=
0

0
EIz

&#

Ux′
Θ′z

$

%

ES
=
0

0
EIz

&#

Ux′
Uy′′

$

(13)

2.3 Timoshenko theory: Principal work principle and generalised
forces
The principle work principle now becomes:
! L!
(δεx σx + 2δεxy σxy )dSdx − wexter = 0
0

(14)

S

Using equation (4) we get:
! L!
(δ(Ux′ (x) − yΘ′z (x))σx + (δUy′ (x) − δΘz (x))σxy dSdx − wexter = 0 (15)
0

S

where the generalised forces are:
!

Normal force: Fx =
σx dS
! S
Shear force: Fy =
σxy dS
S
!
Bending moment : Mz = − yσx dS
S
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Equation (15) becomes:
! L
d
d
d
(Fx δUx + Fy δβy + Mz δΘz )dx − wexter = 0
dx
dx
dx
0

(17)

Using Hooke’s law (σx = Eεx , σxy = Gγxy , with G the shear coefficient) we obtain:
!
!
!
!
dΘz
dUx
Eεx dS =
E(
−y
)dS =
EUx′ ds = ESUx′
Fx =
σx dS =
dx
dx
S
S
S
S
(18)
In a similar way we have:
Fy = GSβy

(19)

Mz = EIz Θ′z

If Fs T = {Fx , Fy , Mz } the generalised force vector and Ds T = {Ux′ , βy , Θ′z } the
generalised strain vector we define the stiffness matrix of the section Ks as:
⎧ ⎫ ⎡
ES
⎨ Fx ⎬
Fs = Ks Ds = Fy = ⎣ 0
⎩ ⎭
Mz
0

0
GS
0

⎤⎧ ⎫
0 ⎨Ux′ ⎬
0 ⎦ βy
⎩ ′⎭
Θz
EIz

(20)

Remark: The Timoshenko beam theory provides constant shear strains and stresses
in the section (see equation (4) and Hooke’s law). This result violates the boundary
conditions of the beam theory (σy = σz = 0) and does not agree with the theoretical
distribution of stresses which is parabolic for a rectangular cross section. A simplified way to deal with this inconsistency is to change the definition of the shear force
by adding a shear corrector factor (or Reissner corrector factor) k that depends on
the cross section geometry and the material characteristics [Cow66]. The modified
expressions take thus the following form:

Shear force: Fy =

!

kσxy dS

(21)

S

⎧ ⎫ ⎡
ES
⎨ Fx ⎬
Fs = Ks Ds = Fy = ⎣ 0
⎩ ⎭
Mz
0

0
kGS
0

⎤⎧ ⎫
0 ⎨Ux′ ⎬
0 ⎦ βy
⎩ ′⎭
EIz
Θz

(22)

2.4 A 2 node beam finite element formulation
Consider a 2D beam finite element with two nodes and three degrees of freedom per
node (figure 4).
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Figure 4: A 2 node finite element beam [Bit13]

Displacements Ux (x), Uy (x) and rotations Θz (x) along the beam are discretized using
the nodal displacements as follows:
U=NΦ
or

⎧
⎫
Ux1 ⎪
⎪
⎪
⎪
⎪
⎪
⎧ ⎫ ⎡
⎤⎪
Uy1 ⎪
⎪
⎪
⎪
⎪
U
N
1
N
2
N
3
N
4
N
5
N
6
⎨ x⎬
⎨
⎬
Θ
z1
Uy = ⎣ N 7 N 8 N 9 N 10 N 11 N 12⎦
⎩ ⎭
⎪Ux2 ⎪
⎪
Θz
N 13 N 14 N 15 N 16 N 17 N 18 ⎪
⎪
⎪
⎪
Uy2 ⎪
⎪
⎪
⎪
⎪
⎩
⎭
Θz2

(23)

(24)

where Ni (x), i = 1, 18 the shape functions and Φ the nodal displacements. The
equation providing the generalised strain vector Ds becomes (a for axial, s for shear
and b for bending):
⎧
⎫
Ux1 ⎪
⎪
⎪
⎪
⎧ ′⎫ ⎡
⎪
⎪Uy1 ⎪
⎤⎪
⎪
⎪
⎪
⎪
B1 B2 B3
B4 B5 B6 ⎨
⎨ Ux ⎬
⎬
Θ
z1
⎣
⎦
Ds = βy = B7 B8 B9 B10 B11 B12
⎩ ′⎭
⎪Ux2 ⎪
⎪
Θz
B13 B14 B15 B16 B17 B18 ⎪
⎪
⎪
⎪Uy2 ⎪
⎪
⎪
⎪
⎪
⎭
⎩
Θz2
⎫
⎧
(25)
Ux1 ⎪
⎪
⎪
⎪
⎪ Uy1 ⎪
⎪
⎡ ⎤⎪
⎪
⎪
⎪
Ba ⎪
⎨
⎬
Θ
z1
⎣
⎦
= Bs
⎪Ux2 ⎪
⎪
Bb ⎪
⎪
⎪ Uy2 ⎪
⎪
⎪
⎪
⎪
⎪
⎩
⎭
Θz2
Using the previous equation in the virtual work principle we get a system of linear
equations that take the following form (with F the vector of nodal forces at the element
level and Ke the element stiffness matrix):
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F = Ke Φ

(26)

The element stiffness matrix Ke is given by (where the symbol + means matrix assembly, adding in an adequate way the different degrees of freedom) :
Ke = Ka + Ks + Kb
Ka =
Ks =
Kb =

!
!
!

(27)

L

BaT ESBa dx

0
L

BsT kGSBs dx

0

(28)

L
0

BbT EIBb dx

2.4.1 An Euler Bernoulli 2 node finite element beam
Consider for example the following classical shape functions for the horizontal, vertical and rotational degrees of freedom [Fre00]:

N1 = 1 −

x
x
and N4 =
l
l

x
x
N8 = 1 − 3( )2 + 2( )3
l
l
x 3
x 2
N11 = 3( ) − 2( )
l
l
N14 = N8′
′
N17 = N11

x2
x3
+ 2
l
l
x2
x3
=− + 2
l
l
= N9′
′
= N12

and N9 = x − 2
and N12
and N15
and N18

(29)

In this formulation the rotational and vertical displacements are made interdependent.
The other shape functions are considered equal to zero and so equation (24) becomes:

⎧ ⎫ ⎡
N1
⎨U x ⎬
Uy = ⎣ 0
⎩ ⎭
θz
0

0
N8
N8′

0
N9
N9′

N4
0
0

0
N11
′
N11

⎫
⎧
Ux1 ⎪
⎪
⎪
⎪
⎪
⎪
⎤⎪
Uy1 ⎪
⎪
⎪
⎪
⎪
0 ⎨
⎬
Θ z1
⎦
N12
Ux2 ⎪
⎪
′
⎪
⎪
N12
⎪
⎪
⎪
Uy2 ⎪
⎪
⎪
⎪
⎪
⎩
⎭
Θ z2
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The different stiffness matrices, for a constant homogeneous section S, take the following form (the matrix due to shear is equal to the zero matrix):
%
&
ES 1 −1
Ka =
l −1 1
⎡
⎤
12
6l −12 6l
(31)
EI ⎢
6l
4l2 −6l 2l2 ⎥
⎢
⎥
Kb = 3 ⎣
−12 −6l 12 −6l⎦
l
6l
2l2 −6l 4l2
⎡

ES/l
⎢ 0
⎢
⎢ 0
Ke = ⎢
⎢−ES/l
⎢
⎣ 0
0

0
12EI/l3
6EI/l2
0
−12EI/l3
6EI/l2

0
6EI/l2
4EI/l
0
−6EI/l2
2EI/l

−ES/l
0
0
ES/l
0
0

0
−12EI/l3
−6EI/l2
0
12EI/l3
−6EI/l2

⎤
0
6EI/l2 ⎥
⎥
2EI/l ⎥
⎥
⎥
0
⎥
2⎦
−6EI/l
4EI/l
(32)

2.4.2 A Timoshenko 2 node finite element beam (1st formulation)
For the case of a Timoshenko beam finite element, the choice of the shape functions is crucial because of the possible shear locking numerical problem [HTK77],
[DL87], [ZT05]. If these functions are not appropriately chosen, the finite element
beam presents a spurious stiffness for the case of elongated beams. A simple adequate
set of shape functions is presented hereafter [Peg94], [GPP94]:
x2 − x
N1 = N8 = N15 =
L
(33)
x − x1
N4 = N11 = N18 =
L
⎧
⎫
Ux1 ⎪
⎪
⎪
⎪
⎪
⎪
⎧ ⎫ ⎡
⎤⎪
Uy1 ⎪
⎪
⎪
⎪
⎪
N1 0
0
N4
0
0 ⎨
⎨U x ⎬
⎬
Θ
z
1
⎣
⎦
Uy = 0 N8
0
0 N11
0
(34)
⎩ ⎭
⎪ Ux2 ⎪
⎪
θz
0
0 N15 0
0
N18 ⎪
⎪
⎪
⎪
⎪
Uy ⎪
⎪
⎪
⎩ 2⎪
⎭
Θ z2

The generalised strains become:
⎡

− 1l

⎡ ⎤
⎢
Ba
⎢
⎣
⎦
Ds = Bs Φ = ⎢
⎢ 0
⎣
Bb
0

0

0

1
l

− 1l

− x2l−x

0

1
l

0

− 1l

0

0

0
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⎫
⎧
⎤ ⎪ Ux1 ⎪
⎪
⎪
0
⎪
⎪
⎪
⎪ Uy1 ⎪
⎪
⎥⎪
⎪
⎨
⎥ Θ z1 ⎬
x−x1 ⎥
− l ⎥
⎪ Ux2 ⎪
⎪
⎦⎪
⎪
⎪
⎪
⎪ Uy2 ⎪
⎪
1
⎪
⎪
⎩
⎭
l
Θ z2

(35)
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In order to avoid shear locking problems, [DL87] propose to eliminate the linear term
in Bs or [HTK77] to sub-integrate the Ks using only 1 Gauss integration point. According to the solution proposed by [DL87], [GPP94], βy is now corrected as:
1
1
1
1
β y = − Uy1 − Θ z1 + Uy2 − Θ z2 = B s Φ
l
2
l
2

(36)

Finally, the element stiffness matrix, for a constant homogeneous section, takes the
following form:

⎡

ES
L

⎢
⎢
⎢ 0
⎢
⎢
⎢
⎢ 0
⎢
Ke = ⎢
⎢ ES
⎢−
⎢ L
⎢
⎢
⎢ 0
⎢
⎣
0

0

0

− ES
L

0

kSG
L

kSG
2

0

− kSG
L

0

− kSG
2

kSG
2

EI
L

+

kSGL
4

0

0

0

ES
L

0

− kSG
L

− kSG
2

0

kSG
L

0

− kSG
2

kSG
2

− EI
L +

kSGL
4

⎤

⎥
⎥
⎥
⎥
⎥
⎥
kSGL ⎥
− EI
+
L
4 ⎥
⎥
⎥
⎥
0
⎥
⎥
⎥
⎥
− kSG
⎥
2
⎦
kSG
2

EI
L

+

(37)

kSGL
4

2.4.3 A Timoshenko 2 node finite element beam (2nd formulation)
Another way to avoid shear locking problems is to use higher order functions and
to integrate exactly the stiffness matrix. For a 2 node finite element this leads to
shape functions that depend on the material properties [DVdG89], [FK93], [KM05],
[MKRC06]. For example, according to [FK93] the shape functions become:
⎡
N1
N=⎣ 0
0

0
N8
N14

0
N9
N15

N4
0
0

0
N11
N17

with:
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0
N12 ⎦
N18
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x
L

x
x
x
1
[2( )3 − 3( )2 − φ( ) + 1 + φ]
1+φ L
L
L
L
x 3
φ x 2
φ x
N9 =
[( ) − (2 + )( ) + (1 + )( )]
1+φ L
2 L
2 L
−1
x 3
x 2
x
N11 =
[2( ) − 3( ) − φ( )]
1+φ L
L
L
L
x 3
φ x 2 φ x
N12 =
[( ) − (1 − )( ) − ( )]
1+φ L
2 L
2 L
6
x 2
x
N14 =
[( ) − ( )]
(1 + φ)L L
L
1
x 2
x
N15 =
[3( ) − (4 + φ)( ) + (1 + φ)]
1+φ L
L
−6
x
x
N17 =
[( )2 − ( )]
(1 + φ)L L
L
x 2
x
L
[3( ) − (2 − φ)( )]
N18 =
1+φ L
L
N8 =

(39)

φ is the ratio between bending and shear stiffnesses. For an homogeneous section we
get:
"
12 EI
12 S Ey 2 dS
= 2
(40)
φ= 2 "
kGdS
L
L
kGS
S
The generalised strains now become:

⎡

N1′
Ds = ⎣ 0
0

N8′

0
− N14
′
N14

N9′

0
− N15
′
N15

N4′
0
0

0
′
N11
− N17
′
N17

⎫
⎧
Ux1 ⎪
⎪
⎪
⎪
⎪
⎪
⎤⎪
Uy1 ⎪
⎪
⎪
⎪
⎪
0
⎬
⎨
Θ
z
′
1
N12 − N18 ⎦
Ux2 ⎪
⎪
′
⎪
⎪
N18
⎪
⎪
⎪
Uy2 ⎪
⎪
⎪
⎪
⎪
⎭
⎩
Θ z2
(41)

Finally, the stiffness matrix of the element takes the following form:
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⎡

ES
L

⎢
⎢
⎢ 0
⎢
⎢
⎢
⎢
⎢ 0
⎢
Ke = ⎢
⎢ ES
⎢−
⎢ L
⎢
⎢
⎢ 0
⎢
⎢
⎣
0

− ES
L

0

6EI
(1+φ)L2

0

12EI
− (1+φ)L
3

6EI
(1+φ)L2

(4+φ)EI
(1+φ)L

0

6EI
− (1+φ)L
2

0

0

ES
L

0

12EI
− (1+φ)L
3

6EI
− (1+φ)L
2

0

12EI
(1+φ)L3

6EI
(1+φ)L2

(2−φ)EI
(1+φ)L

0

6EI
− (1+φ)L
2

0

0

12EI
(1+φ)L3

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
(2−φ)EI ⎥
⎥
(1+φ)L ⎥
⎥
⎥
⎥
0
⎥
⎥
⎥
6EI ⎥
− (1+φ)L
2⎥
⎥
⎦
6EI
(1+φ)L2

(42)

(4+φ)EI
(1+φ)L

For elongated beams, φ is almost zero and the matrix reduces to the classical Euler
Bernoulli stiffness matrix, see equation (32). The main problem of this finite element
formulation is that it is not appropriate for non linear calculations as the shape functions depend on the material properties that evolve with the loading. Nevertheless,
some good results where obtained by keeping the initial shape functions (calculated at
the first step - elasticity) unchanged, [KM05], [MKRC06].
2.4.4 Timoshenko finite elements with internal degrees of freedom
Another way to avoid shear locking problems is to enrich the displacements field
[IW91] and to add internal nodes in the element [IF93], [CKCed]. In that way higher
order shape functions are obtained that do not depend on the material properties. The
numerical integration is exactly performed and the elements are suitable for non linear
calculations.
The finite element presented in [CKCed] (named “FCQ” Timoshenko beam for “Full
Cubic Quadratic”) has additional internal degrees of freedom, cubic shape functions
for the vertical displacements and quadratic for the rotations. The element is free
of shear locking and one element is able to predict the exact tip displacements for
any complex distributed loadings and any suitable boundary conditions. One element
gives the exact solution for the case of bending of a Timoshenko beam free of distributed loadings. It is also proven that the element presented in [FK93] is a particular
case of the more general FCQ Timoshenko beam element. For more information the
reader is invited to read the relevant reference.

3 Multifiber beam formulation
The section of the finite element beam (Euler Bernoulli or Timoshenko) is divided in
different “fibers” [OH80]. In each fiber a constitutive law is introduced (e.g. concrete,
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steel...). Depending on the mesh discretization of the section (e.g. with triangular or
rectangular finite elements) one or more Gauss points are associated in each fiber, see
figure 5.

Figure 5: Multifiber beam modelling [GPP94], [MKRC06]
The different formulations of the finite element beams presented in section 2 (expressed now in 3D) can be used for the multifiber element. Consider equations (1)
and (3) expressing the kinematic assumptions: the y (and z in 3D) are replaced with
yf (and zf ), the coordinates of the fiber f in the section. The generalised forces take
the following forms (where Ef and Gf the Young’s and the shear moduli of the fiber
respectively):
!
!
!
!
dΘz
dUx
′
Ef yf dSΘ′z
− yf
)dS =
Ef dSUx −
Fx =
Ef εx dS =
Ef (
dx
dx
S
S
S
S
(43)
and in a similar way:
⎧ ⎫ ⎡ "
E dS
⎨ Fx ⎬
S f
Fy = ⎣ " 0
⎩ ⎭
− S Ef yf dS
Mz

0
S kGf dS

"

⎤⎧ ⎫
Ef yf dS ⎨Ux′ ⎬
⎦ βy
0
"
⎩ ⎭
2
E y dS
Θz
S f f

−

"

S

(44)

By introducing the previous equation of the virtual work principle we obtain:
!

L

δDs T Ks Ds dx − wexter = 0

0
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Considering that
⎡ ⎤
Ba
Ds = ⎣Bs ⎦ Φ = B Φ
Bb

(46)

the virtual work principle becomes:
!

L

δΦT BT Ks B Φdx − wexter = 0

(47)

0

The section stiffness matrix presented hereafter is valid for homogeneous and non
homogeneous sections even if the chosen axes are not the principal ones [GPP94]:
Ke =

!

L

BT Ks Bdx

(48)

0

The numerical implementation of a multifiber beam is similar to a classical beam with
the main difference that further loops are needed in the section level (scanning all
the fibers) in order to construct the section stiffness matrix Ks [GPP94], [KM05],
[MKRC06].
In the following chapter, a case study is presented on a reinforced concrete viaduct
considering soil-structure interaction [GBKT11]. For this, a multifiber Timosheko
beam is coupled with macro-elements [GKM09a], [GKM09b], [Gra13]. The reader
can find other applications of the multifiber beam concept in the recent literature:
non linear shear [CP94], non linear torsion [MKRC06], shaking table tests [KRM05],
[INK+ 08], [GKM09c], retrofitting with fiber reinforced polymers [DMKP13]. . .

4 Case study: A reinforced concrete viaduct
5 Description of the structure
A 1:2.5 scaled viaduct was tested pseudo-dynamically in ELSA laboratory (JRC Ispra)
(figure 6, [PVP+ 96]). Inertial forces were calculated numerically and imposed to the
model piers through actuators by applying the adequate displacements. Details of the
deck and piers are given (scaled) in figures 7(a) and 7(b). Piers are made of reinforced
concrete and present hollow rectangular section shapes. The characteristics of the
section of the deck are given in Table 1.
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Figure 6: Viaduct: plan view (scale 1:2.5) [PVP+ 96].

(b)

(a)

Figure 7: Viaduct: (a) deck, (b) piers (scale 1:2.5) [PVP+ 96].

Table 1: Viaduct: characteristics of deck cross section.
A(m2 )
1.11

Ix (m4 )
0.13

Iy (m4 )
2.26

J(m4 )
2.39

5.1 Finite element mesh
A finite element model using multifiber beams and concentrated masses is chosen to
reproduce the structure (figure 8). The piers are at first considered fixed at the base.
The mass and rotational inertia details are given in Table 2 [GBKT11].

Figure 8: Viaduct: finite element mesh.
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Table 2: Viaduct: masses and rotational inertia.
MA
MB
MC
MD

Mass M (kg)
27.5
32
34
13.75

Rotational inertia Ix (kg.m2 )
285
287
288
143

Rotat. inertia Iz (kg.m2 )
234
271
322
117

Non linear Timoshenko multifiber beam elements are used to reproduce the behaviour
of the piers [KM05], [MKRC06]. Six (6) elements are used for the piers P1 and P3
and nine (9) elements for the pier P2. Forty (40) concrete fibers and eighty (80) steel
fibers are assumed in the sections, (figure 9). The deck is simulated using elastic linear
beam elements. Calculations are made with FEDEASLab, a finite element MATLAB
toolbox [FC04].
Pier P2
Sections P1-P3

Concrete fibers

Steel fibers

Section P2

Concrete fibers

Steel fibers

1.6m

Piers P1-P3

1.6m

1.6m
1.6m

1.6m

0.8m
0.8m

0.8m
0.8m
0.8m

0.4m

0.4m

0.4m

0.4m

0.4m

Figure 9: Viaduct: details of the multifiber beam element mesh (piers P1, P2 et P3).

5.2 Material parameters
A damage model with two scalar variables, one in compression and one in tension
is adopted for concrete [LB91]. The model is able to reproduce the unilateral effect,
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the permanent strains and the stiffness recovery. A modified version of the classical
Menegotto-Pinto model [MP73] with an isotropic hardening is used for steel. It is
worth noting that as the tests are pseudo-dynamic, the damping coefficient adopted in
the numerical simulations has to be small [GBKT11].

5.3 Loading sequence
The accelerations imposed at the base of the structure derive from a synthetic accelerogram consistent with a 5% damping response specturm selected according to Eurocode
8 for a soil of class B. The peak of accelerations is situated at 0.35g (“weak” earthquake). A second similar accelerogram (dilated) is also imposed at the base of the
structure. Its peak of acceleration is equal to 0.7g (“strong” earthquake) [GBKT11].

5.4 Experimental versus numerical results: dynamic analysis
Figures 10 and 11 show the comparison between the experimental and the numerical
results of the dynamic analysis considering the piers fixed at the base. The two earthquakes (weak and strong) are imposed. The figures show the evolution with time of
the shear forces at the base and the lateral displacements at the top of the piers P1, P2
and P3 [GBKT11].
Horizontal displacement at the top, Piers P1-P3
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0.5

1

1.5

2
2.5
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Figure 10: Viaduct - fixed base: comparison between experimental and numerical
displacements and shear forces for the weak level earthquake [GBKT11].
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Figure 11: Viaduct - fixed base: comparison between experimental and numerical
displacements and shear forces for the strong earthquake [GBKT11].

One can clearly see that despite the small number of degrees of freedom of the finite
element model the non linear behaviour of the viaduct is reproduced quite satisfactorily. Not only the peaks in both directions are well reproduced but the frequency
content of the response is correctly matched.

5.5 Dynamic analysis considering soil-structure interaction
Two modelling strategies are studied hereafter to take into account soil-structure interaction. The first uses the macro-element approach [GKM09a], [GKM09b], [Gra13]
and the second linear elastic springs applied at the base of each pier. The elastic stiffness of the springs is calibrated such as that they accumulate the same energy as the
non-linear macro-element [GBKT11]. The three types of boundary conditions are denominated hereafter as follows: linear springs (EL), macro-element (ME) and fixed
(Fixed).
The results for the weak earthquake are presented in figure 12 for a class C soil. The
predicted numerical behaviour of the viaduct differs depending on the assumed boundary conditions. The displacements are strongly amplified for the case of the structure
resting on the macro-element and on the linear elastic springs. The results are more
pronounced for the internal forces at the base of the piers (moments and shear forces).
Loads on the structure are significantly reduced for the case of the macro-element.
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Results obtained with the elastic linear springs are similar to the ones found for the
fixed piers [GBKT11].
The limits of the classical engineering approach based on elastic linear springs are
thus evident. For the case of the reinforced concrete viaduct internal forces and displacements are higher than the ones obtained using the macro-element, which allows a
more appropriate description of the non linear behaviour of the foundation soil system.
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Figure 12: Viaduct - soil-structure interaction: comparison of the displacements, moments and shear forces for the weak motion and for a class C soil [GBKT11].

6 Conclusions
In this course, the formulation of a multifiber beam element was presented in detail.
Adopting an Euler Bernoulli or a Timoshenko kinematic assumption, the element is
able to reproduce the non linear behaviour of composite structures. A case study on a
reinforced concrete viaduct subjected to earthquake loadings showed the performance
of the approach. Combined with macro-elements [Gra13], it can take into account in
a efficient, fast and robust way soil-structure interaction phenomena.
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thesis, Université Paris 6, 1991.
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Simplified modeling strategies for
soil-structure interaction problems: The
macro-element concept
Stéphane Grange
UJF-Grenoble 1, Grenoble-INP, CNRS UMR 5521, 3SR Lab, Grenoble
F-38041, France

In structural and seismic engineering, soil-structure interaction (SSI) can have significant effects in the global and local behavior of a structure compared to case where
the same structure is considered completely clamped at the base. This paper presents
some key-points to provide a better understanding about why and how the behaviors
of the soil and the structure can be affected during dynamic loading through few simple examples. A 3D non-linear interface element able to compute SSI based on the
”macro-element” concept is also presented. The particularity of the macro-element
lies in the fact that the movement of the foundation is entirely described by a system
of generalized variables (forces and displacements) defined at the foundation centre
which is consistent with the EC8 recommendations and allowing a very simple and
straightforward analysis of SSI problems. The different non-linear behavior at the
interface are reproduced in a global way allowing to drastically save computational
time. Some examples on different structures and their comparisons with experimental results under cyclic and dynamic loadings using the macro-element can show the
effects of SSI.

1 Introduction
Recent developments in the analysis of the seismic response of structures have shown
that the proper consideration of soil deformability is of primary importance for an
accurate prediction of the deformation and loads experienced by the structure during
the earthquake.
In the framework of the ”displacement and performance based designs”, the main
objective of analyzing the SSI phenomena is to get a better estimation of the global
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displacement and of the internal forces in the structure in order to have a more accurate
design.
The 4 main aspects of soil-structure interaction (SSI) can be summarized in figure 1
and by the following items:

Figure 1: The different soil structure interactions.

• ⃝
1 wave amplification due to different properties of soil layers (site effect),
• ⃝
2 inertial and kinematic effects (which have an effect on the solicitations applied to the structure),
• ⃝
3 elastic and non-linear effects of the soil-structure interface,
• ⃝
4 radiative damping (far field effect).
The effects of items 1 and 2 will be not consider into this chapter which will be focused
on items 3 and 4, concerning the effect of the elastic behavior of the soil, the nonlinearities at the soil-foundation interface and radiative damping in the far field to better
estimate the behavior of the structure and principally for evaluating its displacements
(globally indicated with the symbol δ on figure 1) when subjected to an earthquake.
This approach is in total agreement with the methods provided by the EC8-5.
To tackle these issues (and particularly the items 3 and 4), the macro-element concept,
a very suitable tool to simulate SSI, is used.
The following sections give a general overview of the effects of the soil-foundation
interface on the structure considering elasticity, but also non-linearities and radiative
damping. The description of the different phenomena are then introduced in the definition the macro-element. The concept of such modeling is presented and an application to a real structure is provided to show the influence of SSI on the global and local
behavior of the structure.
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2 The effects of semi–infinite soil media (impedance)
and close field non-linearities (plasticity, uplift)
2.1 The elastic linear range: Impedance of the foundation
2.1.1 Effect of the stiffness and damping of the soil
The presence of the soil under the structure does not allow generally to consider the
structure completely fixed and clamped at its base. The foundation can affect significantly the behavior of the structure even in its elastic linear range.
For instance, the effects of SSI can be easily illustrated considering the sway-rocking
1–degree of freedom (dof) model in figure 2. This example is briefly summarized in
this chapter but is presented in detail in [Wol85].

Figure 2: The sway-rocking model.
The structure is composed of an elastic Bernoulli beam of length L, with a lumped
mass attached at its top. The beam is fixed on a foundation characterized by an horizontal stiffness (kh ) and a rotational stiffness (kθ ). Two dashpots are considered in
parallel with the springs (respectively ch and cθ ).
The degrees of freedom of the system are the following: u horizontal displacement
of the concentrated mass with respect to the base of the foundation; ub , horizontal
displacement of the foundation (with respect to the Re reference coordinate axis);
θ, rotation of the foundation (with respect to the Re reference coordinate axis); ue ,
horizontal displacement of the base of the system (with respect to the Rg galilean
reference coordinate axis).
The dynamic equilibrium of this model submitted to an acceleration at the base üe
(with respect to Rg ) can be written easily using the following assumptions: only the
harmonic response of the structure, when this latter is submitted to a solicitation of
angular frequency ω, is considered; the damping ratios for the structure and for the soil
are defined as: ξs = ωcs / (2ks ), ξh = ωch / (2kh ), ξθ = ωcθ / (2kθ ); the fundamental
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angular frequency of structure and the soil are defined as: mωs2 = ks , mωh2 = kh , and
mL2 ωθ2 = kθ .
Then, the dynamic equilibrium equation can be written as follows:
"
ω 2 1 + 4ξs ξh
ω 2 1 + 4ξs ξθ
ω2
u
−
1− 2 − 2
ωs
ωh 1 + 4ξh2
ωθ2 1 + 4ξθ2
#
$
ω 2 ξs − ξh
ω 2 ξs − ξθ
ω2
+2i ξs − 2
u = 2 ue
−
2
2
2
ωh 1 + 4ξh
ωθ 1 + 4ξθ
ωs
!

(1)

If this equations is compared to the dynamic equilibrium of a simple 1–dof system
(with a fundamental angular frequency ω̃; %a damping ratio
at its base and
& ξ̃, clamped
ω2
ω2
˜
¨
submitted to an acceleration ũe ) given by: 1 − ω̃2 + 2iξ u = ω̃2 ũe , then it follows:
⎧
1
1
1 1 + 4ξs ξh
1 1 + 4ξs ξθ
⎪
⎪
= 2+ 2
⎪
2 + ω 2 1 + 4ξ 2
2
⎪
ω̃
ω
ω
1
+
4ξ
⎪
s
h
h
θ
θ
⎪
⎨
ω 2 ξs − ξh
ω 2 ξs − ξθ
ξ̃ = ξs − 2
− 2
⎪
ωh 1 + 4ξh2
ωθ 1 + 4ξθ2
⎪
⎪
2
⎪
ω̃
⎪
⎪
⎩ ũe = 2 ue
ωs

(2)

Moreover, if the general expression of the springs and dashpot parameters are assumed
as follows (where G is the shear modulus of the soil, ρ its density, Vs the shear wave
velocity, and r the characteristic length of the foundation):
⎧
kh = aGr = arρVs2
⎪
⎪
⎨
kθ = bGr3 = br3 ρVs2
(a, b, c, d) ∈ R4
ch = cρVs r2
⎪
⎪
⎩
cθ = dρVs r4

(3)

m
and by considering the following dimensioneless parameters s = ωVssL , m̄ = ρr
3
and h̄ = Lr , writing the equations at the fundamental frequency (ω = ω̃) and finally
assuming (ξs , ξh , ξθ ≪ 1), then we have:
⎧
1
ω̃
⎪
⎪
=+
⎪
,
⎨ ωs
1 + s2 m̄ ah̄1 2 + 1b
(4)
#
$
⎪
s2 m̄ ω̃ c s
ω̃ 2
s2 m̄ ω̃ d s
⎪
⎪
˜
⎩ ξ = 2 ξs +
+
ωs
b ωs 2b h̄
ah̄2 ωs 2a h̄

The representation of these 2 quantities as functions of s is given in figure 3.

The effects of the stiffness of the soil (kh and kθ ) is to reduce the fundamental period.
On the contrary, the material damping of the soil (ch and cθ ) generates an increase of
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Figure 3: (a) Fundamental frequency evolution ωω̃s ; (b) Damping ratio evolution ξ˜
compared to the clamped structure with respect to the adimensional fundamental frem
quency s = ωVssL and for different values of m̄ = ρr
3 and h̄ = 1.

the global damping. The kinematic loading at the base of the foundation ũe follows
the same evolution than ω̃, i.e a decreasing with s (this last point shows the interaction
of the structure with the soil).
This influence of the soil properties on the determination of the fundamental periods is
of primary importance for the design of a structure. A shift in the fundamental period
can strongly affect the global elastic response of the structure. It is particularly obvious
when considering the elastic spectral response of a structure. The maximum spectral
acceleration, and thus the force applied to the mass, can be reduced or increased due
to this shifting in frequency.
2.1.2 Frequency dependency of the linear properties of the soil
The impedance of the foundation can be seen as the transfer function of the foundation
(ω)
system buried into the soil H (ω) = P
U(ω) where P is the resisting force generated
by the soil C U̇ + KU = P . Thus, the transfer function H can be characterized
by applying a unit harmonic force P = 1eiωt to the ”massless” foundation and by
evaluating the generated displacements U . For multi-degree of freedom foundation
system (vertical displacement, horizontal displacement, rotation), the function H is a
matrix with components Hij (ω) = UPji (ω)
(ω) . Usually it can be proven that in the case of
a shallow foundation, Hij is a diagonal matrix without any coupling of the different
directions.
Then, the ratio between the force and the displacement gives a complex number where
the real and the imaginary parts represent respectively the frequency dependent stiffness and the damping of the soil–foundation system.
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The impedance functions are often obtained assuming a rigid foundation on a semi–
infinite space and by using Green’s functions. The stiffness terms for a circular, rectangular and strip shallow foundation are given in the table 1.
Table 1: Stiffness coefficients for disk (radius r0 ), rectangular (a, b) and strip (width
b) footings, on homogenous half-space [Wol88], [PH03], [Gaz91]
K el
Horizontal
Vertical
Rocking
Torsional

Circular [Wol88]
8Gr0
2−ν
4Gr0
1−ν
8Gr03
3(1−ν)
16Gr03
3

Rectangular[PH03]
√
G0
ab
x
1−ν βhx h√
G0
β
ab
1−ν zz
√
G0
2
ab
1−ν βθy θy b

Strip[Gaz91]

–

–

2G0
2−ν
0.73G0
1−ν
, b -2
πG0
2(1−ν) 2

Several authors like Wolf [Wol88] have also provided simple models in order to get
the dynamic response of foundations using simple analogical models made of combinations of springs, dashpots and additional masses. This family of models is called
”Monkey-tail models” and is represented schematically by figure 4. Table 2 gives
values of the parameters for a circular foundation.

Figure 4: The monkey-tail model, this association of spring, dashpot and additional
mass can be done in the 6 directions independently for a shallow foundation.
Theses parameters are associated to the following constants to be introduced into the
Monkey-tail model in every directions:
⎧
r2
⎪
M0 = c02 µ0 K el
⎪
⎪
s
⎪
⎨
r2
M1 = c02 µ1 K el
(5)
s
⎪
⎪
C0 = rcs0 γ0 K el
⎪
⎪
⎩ C = r0 γ K el
1
cs 1

Figure 5 shows the evolution of the real and imaginary part of the transfer function
0
according to the dimensionless frequency a0 = ωr
Vs in the case of a circular footing.
The curves in the figure show that the stiffness and damping parameters depend on the
frequency of the applied loading and consequently do not have the same effect for the
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Table 2: Parameters used in the Monkey-tail model for a disk on homogenous halfspace [Wol88]

Horizontal
Vertical
Rocking
Torsional

Dimensionless Coefficients for
Dashpots
Masses
γ0
γ1
µ0
µ1
0.78 − 0.4ν
–
–
–
1
,
0.4
−
4ν 4
0.8
0.34 − 4.3ν 4
0
if
ν
≤
,
- 3
1
1
0.9 ν − 3 if ν ≥ 3
1
–
0.42 − 0.3ν 2
0.34 − 0.2ν 2
,0 if ν1≤
- 3,
1
0.16 ν − 3 if ν ≥ 3
–
0.29
–
0.2
c(a 0 )
1.2

1

1
Damp er co eﬃci ent c(a 0 )

S p ri n g co eﬃci ent k (a 0 )

k (a 0 )
1.2

0.8

0.6
ν=0
ν=0.16667
ν=0.25
ν=0.33333
ν=0.4
ν=0.5

0.4

0.2

0
0

1

2
3
4
5
6
Di men si on l ess frequ en cy a 0 =

ωr0
cs

7

0.8

0.6
ν=0
ν=0.16667
ν=0.25
ν=0.33333
ν=0.4
ν=0.5

0.4

0.2

8

0
0

(a)

2
4
6
Di men si on l ess frequ en cy a 0 =

ωr0
cs

8

(b)

Figure 5: (a) stiffness; (b) and damping coefficients for a vertical solicitation on a
circular foundation lying on a semi homogenous infinite space for different Poisson’s
ratio ν

different harmonics present in a real seismic input. For more details about Monkey
tail models the reader can see [Wol88].

2.2 The non-linearities effects and loads applied to a structure
Let us assume that the interface between the soil and the foundation does not behave
elastically anymore, but develops some non-linearities with residual displacements.
To illustrate the strong effect of non-linearities at the interface between the soil and
the foundation on the structure’s behavior, the simple Newmark approach can be used.
In the Newmark approach, a rigid body mass of m is moving upon a rigid support.
The interface between the mass and the support is considered purely frictional, with a
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friction angle ϕ. Then the relation existing between the normal and shear stresses (or
forces) at the interface is illustrated in figure 6. Figure 6 gives also the evolution of
the mass displacement with the shear force which behave as a perfect plasticity model
without hardening. The limit shear force for a given normal force is indicated with the
symbol Vy .

Figure 6: Newmark approach, rigid mass moving on a rigid support, Coulomb criteria
characterizing the interface and force-dispacement relationship.
The rigid support is then submitted to acceleration ae (t) (with respect to the Galilean
referential axis Rg ). The total acceleration of the mass at (t) (here again with respect
to the Galilean referential axis Rg ) is then computed assuming its dynamic equilibrium through the equation 6. In this equation u is the relative displacement of the mass
on the support and P (u) is the resisting force from the support applied to the mass.

⇒
⇒

mü(t) − P (u) = −mae (t)
P (u) = m (ae (t) + ü(t))
at (t) =

P (u)
m

(6)

Since P (u) cannot be higher than the yield force Vy (due to the sliding condition
at the interface), the figure 7 and equation 6 simply show that the rigid mass cannot
V
experience a total acceleration at (t) higher than my .
This simple example proves 2 things:
• the dynamic loading submitted to the structure depends on the structure but
also of the interface behavior. That’s why the non-linearities generally generate
a decrease in the loading transmitted to the structure (due to the yield stress
developed at the base),
• on the contrary the non-linear mechanisms can generate high displacements during the transient loading stage but also at the end with residual displacements.
The non-linear effects that are concentrated at the interface between the structure and
the support can be, here again, treated using generalized variable and by condensing
the effect in a single point for defining the interface constitutive law. This concept of
generalized forces is developed in more details in the following.
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Figure 7: (a) Input acceleration ae (t) and total acceleration at (t) of the mass with
respect to the galilean reference coordinate axis Rg ; (b) Relative displacement u(t)
of the mass with respect to the Re coordinate axis.

2.3 The concept of generalized forces, EC8 recommendations
The idea of considering generalized forces is motivated by the well known definition
of the bearing capacity Nu = Sqmax of foundations, where qmax is the ultimate
compression stress of the soil under a vertical centered load (see [DB73], [MS79],
[PH03], and [RJZ04]), and S is the area of the footing.
For shallow foundation under centered vertical loading, the bearing capacity is given
by:
qmax =

as
γDdm Nγ + q0 Nq + bs cNc
2

(7)

where q0 is the vertical effective stress at the bottom of the foundation, while Nγ , Nq
and Nc are bearing capacity factors depending on soil friction angle ϕ. The relations
allowing calculating Nγ ,Nq and Nc are given in [CK66] and [RJZ04]. as and bs are
shape factors defined in table 3:
Table 3: Shape factors for the bearing capacity of circular, rectangular and strip foundation (note: A, B = length and width of the rectangular footing)
as
bs

circular
0.6
1.3

,rectangular
B
A,1 − 0.2 B
1 + 0.2 A

strip (A → ∞)
1
1

More recently, some authors have defined the ultimate bearing capacity failure conditions by means of suitable failure criteria defined in the space of generalized forces
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applied to the foundation (according to the figure 8, where V = NEd is the vertical
force, H = VEd is the horizontal force, and M = MEd the moment applied at the
center of the foundation).

Figure 8: Generalized forces for a shallow foundation.
Nova [NM91] is the first having defined experimentally the shape of such criteria
under a combination of generalized forces for cohesive or frictional soils followed
by few other authors ([BG94], [CBH02], [CMH04], [Mar94], [GHB99]) and also
recently with [Cha07]. The figures 9 give a comparison between these criteria when
projected in different planes.
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Figure 9: Comparisons between the different failure surfaces given by several authors,
plotted with dimensionless variables. Strip foundations for [NM91] and [Pec97], circular footings for [BG94].

Recently, the EC8-5 [EC805] related to SSI problems under seismic loading provide
its own criterion for shallow foundations (equation 8).
,
-cM ,
-cM
-cT , -cT
1 − f F̄
γ M̄
1 − eF̄
β V̄
%,
&b +
%,
&d − 1 ≤ 0
-k′
-k′
N̄ a 1 − mF̄ k
− N̄
N̄ c 1 − mF̄ k
− N̄
,

with the dimensionless variables: N̄ =

γRd NEd
Nmax ,

V̄ =

γRd VEd
Nmax ,

M̄ =

(8)

γRd MEd
BNmax

the different parameters of this equation are provided in appendix F of EC8-5.
In this relationship the parameter F̄ represents the horizontal inertial force of the soil
and a, b, c, d, e, f , m, β, γ, cM , and cT are parameters depending on the cohesive or
frictional character of the soil. Figure 10 represents the equation 8 in both cases.
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Figure 10: Representation of the bearing capacity for a shallow foundation from EC8
for (a) a purely cohesive soil ; (b) a purely frictional soil.

These failure criteria are needed in order to evaluate the resistance of a foundation
under a combination of vertical, horizontal forces or moments. However, if the displacement have to be estimated, the consideration of ultimate failure conditions is not
sufficient. That’s why, during the last decades, non-linear models based on plasticity
mechanisms and on these failure criteria are developed to describe the (reversible and
irreversible) load–displacement behavior of the foundation–soil system, under cyclic
or dynamic loadings. This family of model is called macro-element.

2.4 The macro-element for soil-structure interactions
A substantial progress towards an efficient and reliable approach to the analysis of
soil–structure interaction problems for shallow footings has been recently achieved
by the development of the so–called macroelement models for describing the overall
behavior of the foundation–soils system (see, e.g, [NM91], [MH01], [CPD01]).
The macro-element approach consists in condensing all non-linearities (as plasticity of
the soil and uplift of the foundation) into a finite domain (”close field”) and work with
generalized variables (forces and displacements) at the centre of the foundation (figure
11, where a superimposed dot ˙ denotes a time derivative), allowing thus reducing
considerably the necessary degrees of freedom of the numerical model.
In the macro-element approach, the mechanical response of the foundation–soil system is described by means of a constitutive equation relating the generalized load
vector, to the generalized displacement vector.
In the framework presented before (considering the impedance and the nonlinearities
of the interface) the macro-element approach is very suitable for studying the soilstructure interactions and is completely consistent with the recommendations of the
EC8 standards (as shown with equation 8).
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(a)

(b)

V

F

M
H
Close
field
Far
field

Plasticity

˙
u̇ = u˙el + u˙pl + uup
F = Kpl u˙pl

Plasticity
Uplift

Uplift
Elasticity

Elasticity

˙
F = Kup uup
F = Kel u˙el

F

Figure 11: Presentation of the general structure of the macro-element: (a) decomposition in close field and far field (b) analogical system.

For the 3D macro-element presented in [GKM09a], 5 degrees of freedom are considered (torque moment according to the vertical axis is not taken into account). The
dimensionless force and displacement vectors are given by equations 9 and 10. The
notation is different from the one used in the equation 8 in EC8 because here no safety
factors are used.
For a rectangular footing, the generalized force and associated displacement vectors
are:
.
/
0
F = t V ′ , Hx′ , My′ , Hy′ , Mx′ = ABq1max t [V, Hx , My /B, Hy , Mx /A]
0 √ 2 +B 2 t
/
(9)
u = t u′z , u′x , θy′ , u′y , θx′ = AAB
[uz , ux , Bθy , uy , Aθx ]

For a circular footing:
/
0
1
1
t
F = t V ′ , Hx′ , My′ , Hy′ , Mx′ = Sqmax
[V, Hx , My /Ddm, Hy , Mx /Ddm]
0
/
1 t
t
′
′
′
′
′
u = uz , ux , θy , uy , θx = Ddm [uz , ux , Ddm θy , uy , Ddm θx ]
(10)

In the above definitions, V , Hx , Hy , Mx and My are the resultant forces and moments
acting on the foundation; uz , ux , uy , θx and θy are the displacements and rotations (in
the vertical yz and xz planes) of the foundation, and A, B or Ddm are a characteristic
length (i.e, the foundation widths or diameter), introduced for dimensional consistency
(see figure 12).
To reproduce correctly some important features of the experimentally observed behavior of the foundation–soil system such as nonlinearity, irreversibility and dependence
from past loading history, the constitutive equation for the macroelement must be formulated in rate–form:
,
Ḟ = Kplup F, q u̇
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Figure 12: Generalised variables: (a) forces and (b) displacements for a rectangular
foundation.

where u̇ is the generalized velocity vector, Kplup is the tangent stiffness of the system,
depending on the system state and loading direction, and q is a pseudo–vector of
internal variables accounting for the effects of previous loading history.
The properties of the stiffness matrix Kplup are selected according to the basic features of observed behavior. To reproduce a rate–independent response, Kplup must be
positively homogeneous of degree zero with respect to the generalized velocity vector
u̇. In order to reproduce an inelastic behavior, Kplup must depend on the loading
direction ∥u̇
u̇∥ [Kol91].
In the macroelements developed in the framework of the theory of elastoplasticity
[NM91, MH01, CPD01, GKM08], the constitutive equation is built starting from the
fundamental assumptions of:
• elastic and plastic decomposition of the generalized velocity u̇ = u̇el + u̇pl +
u̇up
2
3
• existence of a yield function fi F, qi for each mechanism i in the generalized
load space;
2
3
• existence of a plastic potential function gi F, qi for each mechanism i providing the plastic flow direction (i = pl or i = up);
• existence of a suitable hardening law for the internal variables,
• enforcement of Prager’s consistency condition.
The resulting constitutive equation in rate form then reads (for M coupled mechanisms):
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⎞
#
$ #
$
∂fj
∂gi
HTij Kel :
⊗
Ḟ = ⎝Kel −
: Kel ⎠ u̇
∂F
∂F
i=1 j=1
9
:;
<
⎛

M 6
M
6

(12)

Kplup

&−1
%
HT = Hplup + Hplup
0

(13)

where Kel is the elastic stiffness matrix, Hplup is the diagonal matrix of plastic moduli:
∂fi
plup
· hplup
Hij
= δij
(14)
j
∂qj
as:
without sum on i; δij is the Kronecker symbol and Hplup
0
H0plup
=
ij

∂fi
∂gj
· Kel
∂F
∂F

(15)

The evolution equations for the internal variables are given by:
q̇i = −λ̇i hi (F, qi )

(16)

where:

⎡
⎢
⎢
⎢
⎣

λ̇1
λ̇2
..
.
λ̇M

⎤

⎡

⎢
⎢
⎥ %
&−1 ⎢
⎢
⎥
⎢
⎥ = Hplup + Hplup
⎢
0
⎦
⎢
⎢
⎣

∂f1
· Kel u̇
∂F
∂f2
· Kel u̇
∂F
..
.
∂fM
· Kel u̇
∂F

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(17)

The particular elastoplastic mechanism considered in this study has kinematic and
isotropic hardening and has been specifically developed for cyclic loading conditions
by [Cre01] and adapted by [GKM09a] for 3D problems. The yield function is an
adaptation of the criteria provided by EC8 (equation 8) by assuming F̄ = 0 and
coefficient β = γ = 1. Then the adaptation includes the hardening parameters in
order to make a consitent evolution of the loading surface according to the experiments
[Cre01]. The model is presented in details in [GKM08] and [GKM09a].
The uplift mechanism describes in a phenomenological way uplift using a unique
state variable δ as the hardening variable. This variable represents the percentage of
the surface of the uplifted footing [Cre01] and [GKM09a],
In the model, the uplift mechanism is described according to the classical plasticity
theory. The particularity however is that the loading surface evolves in loading and in
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unloading (i.e. unloading is not linear elastic, as it is usually the case in a classical
plasticity law) with 2 different hardening rules (one in loading and a different one in
unloading). The uplift mechanisms is extensively described into [GKM09a].
Coupling of the plasticity and the uplift mechanisms is finally done following the
classical theory of the multi-mechanisms (figure 13, [SH98]). A representation of the
failure criteria for both the plasticity and the uplift mechanisms is given in figure 13.
uplift failure

plasticity failure

uplift elastic limit zone

Figure 13: Representation of the failure criterion and of the initial elastic limit zone
for the uplift mechanism (blue) and the failure criterion for the plasticity mechanism
(red) in the spaces My , Hx , V and My , Mx , V .
For non linear hardening mechanisms, the resolution of such a problem is done writing
the two loading surfaces (fpl and fup ) using a first order Taylor development at the
converged current point. This development gives two linear equations depending on
the increment of the two plastic multipliers δ (∆λ)pl and δ (∆λ)up . The resolution
of the two coupled linear equations provides the increments of the plastic multipliers.
The force, the plastic displacements and the hardening variables for each mechanism
are then calculated (see [SH98]).
The principal difficulty in treating this problem is to evaluate the number (M = 0,1 or
2) of activated mechanisms. A numerical test on each mechanism is therefore needed
at each step.

3 Numerical simulation of a seven-story RC building
3.1 Main characteristics of the structure
A full-scale vertical slice of a seven-story reinforced concrete (RC) walls building
(figure 14) has been subjected to increasing intensity of uniaxial earthquake ground
motions on the NEES Large High-Performance Outdoor Shake Table (international
benchmark NEES/UCSD [NEE06]). The structure is composed of 2 main perpendic-
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ular walls: the web wall and the flange wall linked with the slabs. For the experimental
tests, the structure was fixed to the shaking table.
Only the direction Y of loading is considered (parallel to the web wall, see figure 14).
Four input motions at different intensities have been used coming from the Sylmar
Medical Facility free-field record obtained during the 1994 Northridge Earthquake
(EQ1 to EQ4). At the end of the experimental program significant damage (crushing
of concrete and buckling of steel bars) was concentrated at the base of the web wall.
(a)

(b)

West

Web wall

Y

3.66m

South

15 or 20cm

Z

Flange wall

South

4.88m
East

North

15 or 20cm

X

Z

2.74m North

Figure 14: NEES building: (a) North West view of the test specimen and (b) Geometric data of the test specimen, [NEE06].
The capacity of the numerical strategy to reproduce the non linear behavior of the
structure considered fixed at the base has been demonstrated in [GKM09b]. The building is modeled using Timoshenko multifiber beam elements [KM05], [MKRC06].
Constitutive laws for the wall materials are based on damage mechanics for concrete
[LB91] and plasticity for steel [FPB83], [MP73]. The web wall and the flange wall
are decomposed into 19 multifiber Timoshenko beam elements (4 elements for levels
1 and 2, 3 elements for level 3 and 2 elements for levels 5, 6 and 7). The multifiber
elements composing the web wall are divided into 20 concrete fibers whereas those of
the flange wall are divided into 8 concrete fibers.
In section 3.2 the macro-element has been introduced at the base of the structure. The
structure is supposed to rest on a rigid shallow rectangular foundation lying on a soil
of given mechanical properties. By changing the parameters of the macro-element 5
different soils and their influence into the non linear behavior of the RC building have
been simulated. Comparisons with the behavior of the fixed base building are also
presented.
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3.2 Numerical simulations of the structure considering Soil-Structure
Interaction
The geometric characteristics of the footing are given in figure 15. The center of the
foundation is located below the gravity center of the structure (at 2m from the edge of
the flange wall).
West
Y

2.8m

North

South
4.5m

15 or 20cm
15 or 20cm

Z

Flange wall

Web wall

4.88m
East

Figure 15: NEES building (SSI numerical model): Geometric characteristics of the
foundation.
Various types of soils are considered. Their characteristics are defined in table 4.
All soils have a density ρ = 1900kg.m−3 and a Poisson coefficient ν = 0.4. The
classification used in this table is taken from [Dav99] and [EC805]. The criterion for
the classification is the shear wave velocity in the soil (from class A: stiff bed rock to
class S1: soil with very poor characteristics). The elastic stiffness is calculated from
the dynamic impedances given in [Pec84].
We present hereafter, and this for the last loading sequence EQ4, the numerical results
of the 7-story structure considering the 5 different types of soils:
Figure 16(a) shows the maximum overturning moments, story shears, lateral displacements, inter-story drift ratios and floor accelerations for each level. The SSI effect is
assessed by comparing the different results with the numerical behavior of the original
structure fixed to the shaking table. The internal forces presented here (overturning
moments and story shears) are calculated only at the web wall. As expected, numerical results are similar for the fixed structure and for soil 5 (class A: solid bed rock)
in terms of forces and displacements. For the other cases, SSI seems to “isolate” the
structure in terms of forces. Looking at figures 16(a), (b) one can observe that overturning moments and story shears are reduced. This reduction is more significant for
soils with poor characteristics.
Different conclusions are are reached as far as displacements are concerned: Figure
16(c) shows that for soil 1, the lateral displacements at the top are lower than for
soils 2 and 3. The reason is that not only the first but also the second order mode
has a predominant role, modifying thus significantly the global and the local behavior
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Table 4: NEES building (SSI numerical model): Characteristics of the soils.
Number

Shear
modulus G0
velocity Vs

Cohesion c
friction
angle φ

Stiffness and
damping
[Gaz91]

Ultimate
bearing
stress qmax

Soil 1
(S1 class)

Vs = 70m/s
G0 = 9.31M P a

cu = 35kP a
φu = 0

qmax = 0.20M P a

Soil 2
(D class)

Vs = 100m/s
G0 = 19M P a

cu = 70kP a
φu = 0

Soil 3
(C class)

Vs = 180m/s
G0 = 61.5M P a

cu = 250kP a
φu = 0

Soil 4
(B class)

Vs = 360m/s
G0 = 246.2M P a

c = 115kP a
φ = 30

Sol 5
(A class)

Vs > 800m/s

Kθθ = 295.19M N m/rad
Kzz = 101.22M N/m
Khh = 82.35M N/m
Cθθ = 7.49M N ms/rad
Czz = 2.57M N s/m
Chh = 2.09M N s/m
Kθθ = 601.5M N m/rad
Kzz = 206.18M N/m
Khh = 167.8M N/m
Cθθ = 10.70M N ms/rad
Czz = 3.67M N s/m
Chh = 2.98M N s/m
Kθθ = 1951.4M N m/rad
Kzz = 668.9M N/m
Khh = 544.4M N/m
Cθθ = 19.50M N ms/rad
Czz = 6.60M N s/m
Chh = 5.40M N s/m
Kθθ = 7805.1M N m/rad
Kzz = 2675.6M N/m
Khh = 2177.7M N/m
Cθθ = 38.24M N ms/rad
Czz = 13.20M N s/m
Chh = 10.67M N s/m
Kθθ = 18302M N m/rad
Kzz = inf inity
Khh = inf inity
Cθθ = 0M N ms/rad
Czz = 0M N s/m
Chh = 0M N s/m

qmax = 0.40M P a

qmax = 1.43M P a

qmax = 4.013M P a

qmax = inf inity

of the structure. More specifically: (i) in figure 16 it can be observed that the local
behavior of the structure changes depending on the characteristics of the soil: for soil
1 numerical predictions provide the location of the maximum moment near the level
2, not at the base of the structure; (ii) both the first and the second mode influence the
behavior of the structure on soil 1 in terms of the forces. From [GBKT09], it is obvious
that the first two modes contribute to the moments developed in the structure; (iii) Only
the first mode influences the behavior of the structure on soils 2 to 5 [GBKT09].
Figure 16(d) shows that the inter-story drift ratio is almost constant for soils 1 and
2, something typical for a structure that remains elastic during the entire loading sequence. This is also verified through the distribution of the damage variable of the
concrete constitutive law within the multifiber Timoshenko beam elements representing the structure which is found everywhere equal to 0.
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Figure 16: NEES building (SSI numerical model): (a) Maximum overturning moments, (b) story shears, (c) lateral displacements, (d) drifts and (e) floor accelerations
for 5 different soils at the web wall and comparison with the structure fixed to the
shaking table (EQ4).

Finally, it can be shown that no damage occurs in the structure for soil 1. Non linearities are concentrated at the interface between the foundation and the soil (due to
the plasticity and the uplift). For soils 2, 3, 4 and 5, results are different, as the first 3
stories experience some damage.
It is also found that for softer soils damage is not reduced at all levels. For the NEES
structure and for the case of soil 2, it may remain high at the second story. The
influence of the second mode can explain this phenomenon. Another reason is the fact
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that damage in traction grows more rapidly in sections where compression forces due to the weight of the structure - are smaller (the ultimate moment is lower at the
top of the structure than at lower levels).

4 Conclusions
This chapter gives some key points to understand what are the effects of soil-structure
interactions and principally the effects in taking into account a stiffness but also nonlinearities at the soil level on the behavior of the structure. It has been shown that
taking into account the soil into the analysis and the design of the structure can change
significantly the results compared to the fixed structure in terms of: fundamental frequency which is generally decreased, global damping which is generally increased,
internal forces which can be increased by the fundamental frequency shifting but decreased by non-linearities, displacements of the structures which can be increased or
decreased depending of the seismic input. On the example presented in the previous
section, it has also been shown that the global behavior of the structure can completely
change and can experience different modal shape generating strong damage or internal forces at intermediate level of the structure and not necessary at the base. Finally,
no general rules can be deduced. The macro-element concept can give response for
designing the structure. Its architecture is also very interesting because it is consistent
with the design rules provided by the standards (like EC8) and allow saving computational costs.
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