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Introduction

We often want some way of estimating what is happening at
unobserved locations given nearby observations. Common ways
of doing so are as follows;

1. Linear Regression: we fit a curve to the data and use that
curve to interpolate/extrapolate. Uses only geometry and
the data values to determine the curve (by minimizing the
sum of squared errors).

2. Best Linear Unbiased Estimation (BLUE): similar to
Linear Regression, except that correlation is used, instead
of geometry, to obtain the best fit.

3. Kriging: similar to BLUE except the mean Is estimated
rather than being assumed known.
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Best Linear Unbiased Estimation (BLUE)

We express our estimate at the unobserved location X, ,,, as a
linear combination of our observations, X,, X,, ..., X;

XAn+1 = Mo +Zﬁk (Xk _:uk)
k=1

Notice that position does not enter into this estimate at all — we
will determine the unknown coefficients, 3, , using 1t and 2
moment information only (i.e. means and covariances).

To determine the “Best” estimator, we look at the estimator
error, defined as the difference between our estimate and the
actual value;

E = Xn+1 o XAn+1 — Xn+1 _/un+1_2ﬂk (Xk _:uk)
k=1
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Best Linear Unbiased Estimation (BLUE)

Aside: If the covariances are known, then they include
Information both about distances between observation points, but
also about the effects of differing geological units.

Linear regression considers only distance between points. Thus,
regression cannot properly account for two observations which
are close together, but lie in largely independent layers. The
covariance between these two points will be small, so BLUE will
properly reflect their effective influence on one another.
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Best Linear Unbiased Estimation (BLUE)

To make the estimator error as small as possible, its mean should
be zero and its variance minimal. The mean is automatically zero
by the selected form of the estimator;

L SR PR WU
k=1
= Mo _1un+1_2ﬁkE[Xk _:uk]
k=1

:_Zri:ﬂk (;Uk
=0

In other words, this estimator 1s unbiased. 117



Best Linear Unbiased Estimation (BLUE)

Now we want to minimize the variance of the estimator error:

var[ X, X, | = E(xm—im)z}

n+1 n+1“ *n+l

= B[ X245 = 2% X + X2, |

— A

=E[ X2, |- 2E[Xn+1xn+l]+ E|:Xn+1:|

To simplify the algebra, we will assume that x = 0 everywhere
(this Is no loss in generality). In this case, our estimator simplifies

to a
— Z /Bk X
k=1
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Best Linear Unbiased Estimation (BLUE)

Our estimator error variance becomes

n n

Val‘[xnﬂ—)’(\nﬂJ |: n+1:| ZZﬂk n+1xk]+zzﬂk'8]E[kaJ

=Var| XZ, |- ZZﬂkCov (X, xk]+iiﬁkﬁ Cov| X, X |

k=1 j=1

We minimize this with respect to our unknown coefficients, g, f,,
., B, Dy setting derivatives to zero;

iVar[x XM] 0 forl=12,...,n
op
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Best Linear Unbiased Estimation (BLUE)

0
6—Vﬂr[xn+1] — O

a n
EKZ;,BKCOV[XM, X, ]=Cov[X
| k=

%iiﬂjﬂkCOV[Xj, Xk] = zzn:ﬂkcov[xl X ]= zzn:ﬁkclk

0 A n
so that a—,BIVar[Xn+l - XM] =20, + ZKZ_; B.C, =0

X|]:b|

n+1?

In other words, £ Is the solution to
CB8=b —> p=C
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BLUE: Example

Suppose that ground penetrating radar suggests that the mean
depth to bedrock, u«, in metres, shows a slow increase with
distance, s, in metres, along the proposed line of a roadway.
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BLUE: Example

However, because of various impediments, we are unable to
measure beyond s = 20 m. The best estimate of the depth to
bedrock at s = 30 m is desired.
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BLUE: Example

Suppose that the following covariance function has been
established regarding the variation of bedrock depth with distance

c(-cioml L]

where o, = 5 m and z Is the separation distance between points.

We want to estimate the bedrock depth, X;, at s = 30 m, given the
following observations of X; and X, at s =10 m and 20 m,
respectively :

ats=10m, x;,=21.3m
ats=20m, x,=23.2m
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BLUE: Example

Solution:
We start by finding the components of the covariance matrix and

vector: 0740
o Cov|[X,, X,] e .-
COV[XZ, X3] e—10/40

COV[Xl, Xl] COV[Xl, X2] , 1 o-10/40
COV[X X ] COV[X X ] ~ Ox a~10/40 1
21771 21732

Note that b contains the covariances between the observation and
prediction points, while C contains the covariances between
observation points only. This means that it is simple to compute

predictions at other points (C only needs to be inverted once).
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BLUE: Example

Now we want to solve Cf =Db for the unknown coefficients g

02 1 e—10/4o 131 _0-2 e—20/4o
X e—10/4o 1 ,32 X e—10/4o

Notice that the variance cancels out — this is typical of stationary
processes. Solving, gives us

B 1 o~10/40 -1 a~20/40 0
1
{132} - Llomo 1 } {610/40} - {610/40}

Thus, ;=0 and S, = e 10140,
Note the Markov property: the “future’ (X;) depends only on the
most recent past (X,) and not on the more distance past (X,).
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BLUE: Example

The optimal linear estimate of X, Is thus

%, = 11(30)+e7"*(x, — 1(20))
= 20+0.3(30) | +e™*(23.2-20-0.3(20))

=29.0-2.8e Y4
—=26.8'm
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BLUE: Estimator Error

Once the best linear unbiased estimate has been determined, it is
of interest to ask how confident are we In our estimate?

If we reconsider our zero mean process, then our estimator is
given by
n
— Z,Bk X
k=1

which has variance

Var[xm] —Va{z B X }
—ZZﬂkﬂ Cov| X,, X |

k=1 j=1
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BLUE: Estimator Error

The estimator variance is often more of academic interest. We are
typically more interested in asking questions such as: What is the
probability that the true value of X ,, exceeds our estimate by a
certain amount? For example, we may want to compute

Pl Xpu > Xpg #b | =P X, =X,y > b

where b 1s some constant. To determine thi§, we need to know the
distribution of the estimator error (X_,—X ;)

If X is normally distributed, then our estimator error is also
normally distributed with mean zero, since unbiased,

He = E[X Xn+1:| 0
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BLUE: Estimator Error

The variance of the estimator error Is

n n

Gé = Var|:xr$+1:|_2iﬁkcov[xn+l’ Xk]+zzﬂkﬁjcov[xk’ XJ:|

=o; +B'CL-28'b
=0, +B'CB-pL'b-B"b
— % + A (CB—b)-BTb
=0y —f'b

where we made use of the fact that £ Is the solution to CS = b, or,
equivalently, C6—b =0
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BLUE: Conditional Distribution

The estimator X . is also the conditional mean of X, given the
observations. That is,

E[ X | Xp Xpreen, X, ] = X

n+1

The condition variance of X, ,, IS just the variance of the
estimator error,

Var[X,..| X, X,,..., X, | =0o¢

In general, questions regarding the probability that X, ., lies In
some region should employ the conditional mean and variance of
X.+1, since this makes use of all of the information.
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BLUE: Example

Consider again the previous example.
1. compute the variance of the estimator and the estimator error
2. estimate the probability that X, exceeds X, by more than 4 m.

ground surface
0 10 20 30 /
| -

/ \ S

21.3 m 732 m bog peat

i
E
.
- N ’, .
) A
A
.
.
IR < _— - v # ~
e —_— s ~
. - —"—-“_ s Y ,I
- e A
h ] /"L"—-._ ~ N ’
1 - = r #
- ’ O - Pl ’/
g - — - gV P
~ 1] e T S
v TS T = 20+4+03s
bedrock ! ’ :
:
AN 5 r
N
AT
.

131



BLUE: Example

Solution: | v
We had C 0')2( |: v :|
o

0 o2/4
and p= {610/40}’ b = o {elm}

so that sz — Var[)@] _ ,BTb _ 52 {O e1/4}{e2/4} _ 52 e_2/4

e—]J4

which gives o, =5e™* =3.894 m
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BLUE: Example

-2/4
| _ e
The covariance vector found previously was b = o { 1/4}

The variance of the estimator error Is then

o :Var[x3 - )23] =0, -B'b

/ e—2/4
2 2 -1/4
=0y — Oy {O e }{91/4}
_ 52 (1_e—2/4)
The standard deviation is thus o, = 5J1-e?* =3.136 m

This is less than the estimator variability and significantly less
than the variability of X (g, = 5). This Is due to the restraining

effect of correlation between points. 133



BLUE: Example
We wish to compute the probability P[X3 — )23 > 4]

We first need to assume a distribution for (X3 — )23)

Let us assume that X is normally distributed. Then since the
estimator X; Is simply a sum of Xs, it too must be normally
distributed. This, in turn implies that the quantity (X3 — X3)
Is normally distributed.

Since X, IS an unbiased estimate of X;, x = E[X ~ X ] 0
and we have just computed oz = 3.136 m. Thus,

P[X3—>23>4]:P{Z>4 “E} 1-@(&3%) 0.1003
o .
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Geostatistics: Kriging

Kriging (named after Danie Krige, South Africa, 1951) is
basically BLUE with the added ability to estimate the mean. The
purpose Is to provide a best estimate of the random field at
unobserved points. The kriged estimate Is, again, a linear
combination of the observations,

X09=Y AX,

where X Is the spatial position of the unobserved value being
estimated. The unknown coefficients, g, are determined by
considering the covariance between the observations and the

prediction point.
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Geostatistics: Kriging

In Kriging, the mean is expressed as a regression
Hy (X) = Zaigi (X)
=1

where gi(X) Is a specified function of spatial position x. Usually
g.(x) =1, 9,(X) =X, g5(X) = %2, and so on in 1-D. Similarly in
higher dimensions. As in a regression analysis, the g;(x) functions
should be (largely) linearly independent over the domain of the
regression (i.e. the site).

The unknown Kriging weights, £, are obtained as the solution to
the matrix equation

KB =M
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Geostatistics: Kriging

where K and M depend on the mean and covariance structure. In
detail, K has the form

Chy Coo - - Gy X)) gax) - g(Xy) |
Cyy Cp A C, 91(X2) (X)) - - g,(X)
K = Cfnl Cfn2 ) ’ ) Cfm; 91 (Xn) ,QQ(XH) ’ ' ) ,qm.(xu)
ax)  gx) - 91X, 0 0 I 0
PX) X)) (X)) 0 0 SR 0
i .qm(xl) .(};:J(XQ) ) ' ) .(}m(xn) 0 0 ’ ’ ) 0 i

where C;; Is the covariance between X; and X;.
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Geostatistics: Kriging

The vectors g and M have the form

O] (O )
.-*';))2 CQX
— =n M — nx
B= =11 > ) g1(X) >
—1h G2(X)
\ —hn / \ .(]m(x) )

where #; are Lagrangian parameters used to solve the variance
minimization problem subject to the non-bias conditions and
C., are the covariances between the i*" observation point and
the prediction location, X.
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Geostatistics: Kriging

The matrix K is purely a function of the observation point
locations and their covariances — it can be inverted once and then
used repeatedly to produce a field of best estimates (at each
prediction point, only the RHS vector M changes).

The Kriging method depends on

1. knowledge of how the mean varies functionally with
position (i.e., g, 9,, ... need to be specified), and

2. knowledge of the covariance structure of the field.

Usually, assuming a mean which is constant (m =1, g,(x) = 1,
a, = uy ), or linearly varying is sufficient.
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Geostatistics: Kriging

Estimator Error:

The estimator error Is the difference between the true (random)
value X(x) and its estimate X (x). The estimator is unbiased, so
that

te =E| X ()= X (x) |=0
and Its variance Is given by
o2 = E[(X (x)- X (x)ﬂ:a; T (K, B —2M.)

where g, and M, are the first n elements of the vectors g and M,
and K., I1s the n x n upper left submatrix of K containing the
covariances. As with BLUE, X (X) is the conditional mean of
X(x). The conditional variance of X(x) is o¢.
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Example: Foundation Consolidation Settlement

Consider the estimation of consolidation settlement under a
footing. Assume that soil samples/tests have been obtained at 4
nearby locations.

o o
O Observation Point
[0 Footing
35m
S0m
—+— H
I5m
o 0

ezomg%— 30m —> 141

50m




Example: Foundation Consolidation Settlement

The samples and local stratigraphy are used to estimate the soil
parameters C, e,, H, and p, appearing in the consolidation
settlement equation

C P, +Ap
S=N * Hlo ¢
[l+eo] g”( P, j

where S = settlement
N = model error random variable (x = 1.0, g, = 0.1)
e, = Initial void ratio
C. = compression index
P, = Initial effective overburden stress
Ap = mid-depth stress increase due to applied footing load
H = depth to bedrock
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Example: Foundation Consolidation Settlement

We will assume that the estimation error in obtaining the soil
parameters from the samples is negligible compared to field
variability, so this source of error will be ignored.

We do, however, include model error through a multiplicative
random variable, N, which is assumed to have mean 1.0 (i.e. the
model correctly predicts the settlement on average) and standard
deviation 0.1 (i.e. the model has a standard error of 10%).

The mid-depth stress increase due to the footing load, Ap, Is
assumed to be random with

E[Ap]=25 kPa
o, = 9SkPa

P
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Example: Foundation Consolidation Settlement

Table 1 Derived soil sample settlement properties.

Sample C. e, H D,
Point (m) (kPa)
1 0.473 1.42 4.19 186.7
2 0.328 1.08 4.04 181.0
3 0.489 1.02 4.55 165.7
4 0.295 1.24 4.29 179.1
T 0.396 1.19 4.27 178.1
U 0.25 0.15 0.05 0.05
o? 0.0098 0.0318 0.04558 79.3

Assume that all four random fields (C,, e,, H, and p,) are stationary
and that the correlation function is estimated from similar sites to be

p(x;.X; ) =exps

3

-

60

. J
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Example: Foundation Consolidation Settlement

Using the correlation function, we get the following correlation
matrix between sample locations:

©1.000 0.189 0.095 0.189 ]
1 0.189 1.000 0.189 0.095
P=10095 0.189 1.000 0.189
| 0.189 0.095 0.189 1.000 |

We will assume that the same correlation length (6 = 60 m)
applies to all 4 soil parameters. Thus, for example, the covariance
matrix between sample points for C is o¢ | o]

We will obtain Kriging estimates from each of the four random
fields independently — if cross-correlations between the parameters
are known, then the method of co-Kriging can be applied (this is
essentially the same, except with a much larger cross-covariance

matrix).
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Example: Foundation Consolidation Settlement

The Kriging matrix associated with the depth to bedrock, H, is

Ky

[ 0.04558

0.00861

= | 0.00432

0.00861
|

0.00861 0.00432 0.00861
0.04558 0.00861 0.00432
0.00861 0.04558 0.00861
0.00432 0.00861 0.04558

1 1 1

O bk ik

where we assumed stationarity, with m = 1 and g,(x) = 1.

If we place the coordinate axis origin at sample location 4, the

footing has coordinates x = (20, 15) m. The RHS vector for H is

M, =

<

r

U%p(z;u 7))
Tap(L2, )
U%P(Q}m )

1 )

((0.04558)(0.2609) )
(0.04558)(0.2151)
(0.04558)(0.3269) , =

(0.04558)(0.4346)
1 J

\

[ 0.01189 )
0.00981

0.01981

0.01490 ;

1
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Example: Foundation Consolidation Settlement

Solving the matrix equation K, 8, =M gives the following

four weights;

(0.192 )
0.150
Br=9 0265 (
. 0.393

We can see from this that samples closest (most highly
correlated) to the footing are weighted the most heavily. (i.e.
sample 4 is closest to the footing)

All four soil parameters will have identical weights.
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Example: Foundation Consolidation Settlement

The best estimates of the soil parameters at the footing location
are thus,

(0.192)(0.473) + (0.150)(0.328) + (0.265)(0.489) + (0.393)(0.295) = 0.386
(0.192)(1.42) + (0.150)(1.08) + (0.265)(1.02) +(0.393)(1.24) = 1.19
(0.192)(4.19) +(0.150)(4.04) + (0.265)(4.55) +(0.393)(4.29) = 4.30
(0.192)(186.7) + (0.150)(181.0) + (0.265)(165.7) + (0.393)(179.1) = 177.3

w) m)o b Q>

The estimation errors are given by
Gé:G)Z(_I_ﬂn( nxnﬁ 2M )

Since K, ., IS Just the correlation matrix, p, times the appropriate
soil parameter variance (which replaces o; ), and similarly M, is
just the correlation vector times the appropriate variance, the
variance can be factored out

ot =0k |1+ B (pB,-2p,)
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Example: Foundation Consolidation Settlement

ot =oy|1+ B} (pB,-2p,) ]

where p, Is the vector of correlation coefficients between the
samples and the footing. For the Kriging weights and given
correlation function, this gives

ot =0.7190;
The individual parameter estimation errors are thus

o&, = (0.009801)(0.719) = 0.00705 — o, = 0.0839
o2 = (0.03204)(0.719) = 00230 — o, = 0.152
0% = (0.04558)(0.719) = 00328 — o, = 0.181
oh = (7931)(0.719) = 57.02 — 0, =155

149



Example: Foundation Consolidation Settlement

In summary, the variables entering the consolidation settlement
formula have the following statistics based on the Kriging
analysis:

Variable Mean SD v
N 1.0 0.1 0.1
C,
e, 1.19 0.152 0.128

H (m) 4.30 0.181 0.042

p, (kPa) 177.3 7.55 0.043

Ap (kPa) 25.0 5.0 0.20

0.386 0.0839 0.217

where v is the coefficient of variation (o/u).
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Example: Foundation Consolidation Settlement

A first-order approximation to the mean settlement is obtained by
substituting the mean parameters into the settlement equation;

0.386 177.3+ 25
=(1.0 4.30) 1o
g = )(1+1.19j( ) gm( j

=0.0434 m

Variable Mean SD v
N 1.0 0.1 0.1
C. 0.386 0.0839 0.217
e, 1.19 0.152 0.128
H (m) 4.30 0.181 0.042
p, (kPa) 177.3 7.55 0.043
Ap (kPa) 25.0 5.0 0.20
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Example: Foundation Consolidation Settlement

A first-order approximation to the variance of settlement is given

by
2
°\[ 0S
2
Og = —
S Z;‘[ax 7% )
J J 1
where X; Is replaced by the 6 random variables, N, C, etc, In
turn. The subscript © means that the derivative Is evaluated at

the mean of all random variables.
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Example: Foundation Consolidation Settlement

Evaluation of the partial derivatives of S with respect to each
random variable gives

2
oK ik

X by . ( v ) Ty . ( 5% )
i Hx 0x; ), X; 0x,;7%i) ,

N 1000 004342 0.1000 1.885x 107
C. 0386 0.11248 0.0889 8.906 x 10’

¢, 119 001983 0.1520 0.908 x 10>

il 4.30 0.01010 0.1810 0334 x 107>
p, 1773 —0.00023 7.5500 0.300 x 10>

Ap  25.0 0.00163 5.0000 6.618 x 10°
so that

2
6
oL = (;780)(]) =18.952x10" m’

o, =0.0138 m
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Example: Foundation Consolidation Settlement

We can use these results to estimate the probability of settlement
failure. If the maximum settlement is 0.075 m, and we assume
that settlement, S, i1s normally distributed with mean 0.0434 m

and standard deviation 0.0138, then the probability of settlement
failure is

0.075-0.0434
0.0138

(S > 0.075] :1_cp( jzl_cp(z.zg) _0.01
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Conclusions

e Best Linear Unbiased Estimation requires prior knowledge of
the mean and the covariance structure of the random field(s)

 If the mean and covariance structure are known, then BLUE is
superior to simple linear regression since it more accurately
reflects the dependence between random variables than does
simply distance

« Kiriging is a variant of BLUE in which the mean is estimated
from the observations as part of the unbiased estimation
Process.
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