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Objectives

= Understand what we call bifurcation of a (dynamical) system.
= Understand the concept of stability.

= Gather different concepts under ONE theoretical framework.
= Perform bifurcation and stability analysis of simple systems.

= Understand strain localization as a bifurcation and stability
problem.



Prerequisites

= Ordinary Differential Equations (ODE’s), notions
= Partial Differential Equations (PDE’s), notions
= A bit of tensor calculus for calculus

= Studying...



Basic concepts



Exercise #1

-> Find all the equilibrium points (angles 8) of the system:

1,0=3M, =Px-Ty
T=kx

X=1/sIind

y=1/cos6




Equilibrium diagram

P>l<
B, B3\
T T 90
5 5 X 5 2 U
_ 1 Bz

It is called also bifurcation diagram because at points B,, B,, B,...
the equilibrium diagram bifurcates!






Bifurcation diagram

The diagram of the steady state (or equilibrium) solutions of a

dynamical system in terms of one or more parameters is usually
called bifurcation diagram.

These parameters are called bifurcation parameters.

It is important because it represents the appearance (or

disappearance) of a qualitatively different (equilibrium) solution for a
nonlinear system as some parameter is varied.



Another example:

[ |

10

s



Population

Bifurcation Diagram
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(logistic map equation)
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Growth Rate

It might be simple or complicated... but the idea is the same.
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How the system decides where to go?

P*
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stable

3

stable
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The notion of (Lyapunov) stability

If we apply a small perturbation (the fly!) and the system
stays close or returns back to its equilibrium

|

Stable equilibrium

If we apply a small perturbation and the system
moves away from its equilibrium

|
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Time... is central even if we forget it or not consider it directly in our
analyses.

Stability theory was formulated in 1892 by A.M.Lyapunov (1857-1917).
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Other stability postulates

GLOBAL CRITERION LOCAL CRITERIA
SUFFICIENT CONDITION LOCAL SUFFICIENT CONDITION
FOR UNIQUENESS FOR UNIQUENESS, LE.
| AG: Bed 0 '@ POSITIVENESS OF SECOND ORDER WORK
a:
Loss of uniqueness ' i 7E>0
q (Hill 1958) equivalent (o positive definiteness
A& of the constitutive tensor D
Second order work 45 FLHT
ct1y . . #g # 0 ‘D’nn}?ngl ..OI
H I I I S sta b I I |ty 5 Strong ellipticity of differential equations
® b governing the local rate equriibrium

(3) ;:VL, 1;;[‘{21

EIGENVALUES OF EVERY ACOUSTIC
TENSOR nDn ARE REAL AND POSITIVE

Mandel’s stability

Loss of ellipticity (vandel 1956)
FL FTw
Loss of controllability ELLIPTCIIY GF DIFF. EGS FOR RATE ECURIoRM, HEAL SPELD OF

PROPAGATION OF ACCELERATION WAVES
(Ml 1962, im the sense of Hadamard (1303}

det nln > 0

(1) for plane isochoric motion.
(2} for associative plasticity.

C O n fu S e d ? (3) only if ail eigenvalues of tensor nDn are real.
° (4) for associative plasticity.

(9) for associative plasticily, constrained kinematics over the

whole boundary of the body and homoganeous conditions
before bifurcation (Rice 1976)

Fig. |. Relationships between eriteri for uniguencess, second order work, strong ellipicity, Manglel's

sability and localization. - Bionni & Hueckel, 1991



A couple of nice papers that clarify the applicability and
(in)adequacy of many other “stability” postulates are:

Chambon, R., D. Caillerie, and G. Viggiani (2004), Loss of uniqueness and bifurcation vs
instability: some remarks, Rev. Francaise Génie Civ., 8(5—6), 517-535.
(ALERT School 2004)

Bigoni, D., and T. Hueckel (1991), Uniqueness and localization—I. Associative and non-
associative elastoplasticity, Int. J. Solids Struct., 28(2), 197-213.
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Loss of uniqueness

= existence of more than one (equilibrium or steady state) solutions

£

Bifurcation

£

Instability
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Theory



... in mathematical terms

A physical system:
y=1)

Y isavector of n components that contains the various quantities
that determine the evolution of the physical system (e.g.
temperature, displacement, velocity...)

The dot represents the time derivative and f is a vector function that

does not depend explicitly on the independent variable which is the
time -> Autonomous system

This is an initial value problem and it has a unique solution y(t)
if: f <C'(D) fora given set of initial conditions.



BUT this does not mean that it has a unique equilibrium Yo
point (fixed point):
E(Xo) =0

Example:

y=1(y)=(y-D(y+1)

Two equilibrium points: Y, =+1 or Yy,=-1



Plotof Y= f(y)=(y-D(y+1) (phase portrait)

y=1(y)

l,

Stable fixed point

Let’s say that y is a displacement. Then Yy is a velocity.
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Lyapunov stability

The important question is if an equilibrium is stable or not.

In other words, if at time t, we are in equilibrium ( v, = T(y,)=0)
and a tiny perturbation Lf takes place suchas Yy =y =Y, -HZ ,

do we return to the initial equilibrium,Y, , or the system

diverges to another position?

Lyapunov introduced the following definitions to answer this

question:
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Definition 1 (stable equilibrium)

The equilibrium solution Y, is said to be stable if for each number
g >0 we can find a numbero > 0 (depending on g) such that if lg(t)
is any solution of ¥ = f(Y) |with Hgg(to) _XOH <0, then the

solution w(t) exists for all '>t, and ng(t) _XOH <g fort>t].

t

the perturbation is
small

the growth of the

perturbation is
bounded
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Definition 2 (asymptotically stable equilibrium)

The equilibrium solution Y, is said to be asymptotically stable is if it
is stable and if there exists a number &; > 0 such that if w(t) is any

solution of ¥ = T(Y) with ng(to) _XOH <oy then | limy (t) =y, .

t—>+o00 —
,T\

the perturbation is
small
asymptotic
convergence
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Definition 3 (unstable equilibrium)

The equilibrium solution Y, is said to be unstable if it is not stable.

time



Nothing was said about f .



a. Linear ODE’s
y=2Yy
A is nxn matrix with real constant coefficients.

Equilibrium (fixed) point: ¥, =0

If the eigenvalues of the system are distinct (no repeated
eigenvalues, called simple eigenvalues) the general solution of this
ODE system is:

. i) s
yt)=2 cnve’"
=1

(i

1" is the it" eigenvector of A
s is the " eigenvalue of A
G are constants determined by the initial conditions.



Y(t) _ eRe[S(i) ]t
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warning:

If A has p distinct eigenvalues s (1<i< P ), with multiplicity m®
each one (if the eigenvalue k is simple, then m* =1), and
associated eigenvectors 77(”, then the general solution of the ODE
system is: B

m(

YO =23, 0t e

i=1 j=1



Example: System with n=3 and two distinct eigenvalues (one of them
of multiplicity 2). Then its general solution is:

_ () st (i) ost?t
X(t)—CLlQ e +Cz,1Q' e

H (2)
+ Cz,zQ(l) tet

(2)
Notice, the term te® ' | is strictly increasing in a region close
tot=0 evenifs” <0 :

2.0;
1.5}
1.0}
0.5?— te

00 05 1.0 1.5 20 25 3.0
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Theorem 1

- If all eigenvalues ofé have non-positive real parts and all those
eigenvalues with zero real parts are simple, then the zero solution
of y=AYy isstable.

- If (and only if) all eigenvalues of A have negative real parts, then
the zero solution of Y = Ay is asymptotically stable.

- If one or more eigenvalues of é have a positive real part, the zero
solutionof y =AY is

-> The stability of the equilibrium state of a linear system is
investigated by simply studying the eigenvalues of the coefficients
matrix.
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b. Non-linear ODE’s
y=1(y)

Let w(t) =Y, +¥(t) the solution of the system, where Y, is one of

the equilibrium solutions. Then if we can linearize around Y, we

obtain: .
w(t)=Ay+py)
where: A:l(yo):<a_f‘ .
- - 8yj Y=Yo




Theorem 2

g_ﬁH <k, where kis a constant,

|p67)

Y

Suppose that P(¥) is continuous,

and P(¥) is smallin the sense that |im
—_— lg—)O

=0and p(0)=0,

Then:

- If all eigenvalues of é have negative real parts, then the solution
7 =0 of i (t) = Ay + p() is asymptotically stable.

- If one or more eigenvalues of A have a positive real part, then the
solution i =0 of y/(t) = Ay + p(7) is

Linear Stability Analysis (LSA) is based on the above theorem.
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Remarks:

> |f the second derivative of T exists then P is the reminder of a
Taylor expansion of f around Yo

> |If all eigenvalues of A have non-positive real parts and there exists
at least one eigenvalue with zero real part then the dynamics of the
linearized system do not represent the dynamics of the non-linear
system and no conclusion can be safely derived for the stability of
the non-linear system (deficiency of linearization).

> In the special case of conservative (systems where a conserved quantity exists,
e.g. the total energy) or reversible systems (systems with time reversal symmetry)
it can be proven that when all the eigenvalues of Ahave non-positive real parts
and there exists at least one eigenvalue with zero real part, then all orbits close
to a fixed point are closed. In this case the (isolated) fixed point is called non-
linear center and it is stable in the Lyapunov sense (but not asymptotically stable).
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Example 1
inverted pendulum



Or in the form y = f(y):

.

1,6 =k(*sin H(i—cos HJ

0=w

¢4

|, &= k( sin H(i—cose

2
I(Lsiné’

IA

k(

3 — COS 6’)
K/

J



- _
Equilibrium point(s): f=|ke? . P =0
— | —SInfd| — —cosd
1, k¢ ]
P [P*—cosg, =0
- ke? P kt
w, =060,=0 and —smé?oﬂk—g—coseojzo = or
A sing, =0




Linear Stability Analysis (LSA):

Perturbing the equilibrium solution we replace y(t) by w(t) =y, +w (1)
Performing a Taylor expansion of f up to the first order around

the point Y =Y, we retrieve a linear equation of the form

lz(t) = Ay +E(‘Z) (see slide 33), where:

( ) 0 1

A=1(Y,)=1— =] ke 2
A=J(¥%) ﬁéy. TIRE(P —C0s 6, cosé’oJrkisinzéfO 0
L JX:XOJ B IA kz IA



The characteristic polynomial of the eigenvalue problem is:

2 2
g XL (IZ —coseojcoseo _KE sin? g, =0

IA A

which leads to 2 distinct eigenvalues:

2 2
s, =% k¢ (P —cos@ojcoseo+kisin290
' 1 ke R




2 )
S, =% kiﬁi—coseojcoseo + X Gine 0,
' 1, (ke N

- k2 (P
-Branch: sing,=0 mmm) s,=1 -1

IA
*If k_€ —1> 0 there exists one positive eigenvalue with positive real

part (imaginary part is zero) =2
*If k_€_1< O both eigenvalues are imaginary with zero real part.

In this case no conclusion can be drawn in general, but the system is

conservative (see slide 35) - STABLE
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2 )
S, =% kiﬁi—coseojcoseo + X Gine 0,
' 1, (ke N

P .
- Branch: Q—COSHO =0 mmm) S, :i|sm6’0|

There exists one positive eigenvalue with positive real part

(imaginary part is zero) if sing, #0 =

44



Summarizing:
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1

stable

3

stable
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Example 2
love affairs



Love is an instability!!

R=m(R,J)
J=w(R,J)

R is the love of Romeo for Juliette and J the love of Juliette for Romeo.

R=aR+bJ

A simpler form: .
J=cR+d]J

(Strogatz, 1988,2004)

a and d express fear to love (<0) or enthusiasm (>0)
b and c express fear of being loved (<0) or enthusiasm (>0)

J, R >0 mean love, while J, R < 0 hate.



The state of mutual indifference is the state of no love or hate: R=J/=0

and it is an equilibrium point (fixed point).

a b
The coefficient matrixis: A= L d}

The characteristic polynomial: s°—75+A=0

_ Z'+\/T2—4A T—\/72—4A
The eigenvalues: S, = > ; S, = 5 ,

r=a+d
A =ad —-bc



Classification of fixed points

T unstable nodes

saddle points

unstable spirals

N

2-4A=0

stable nodes

stable spirals .
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Scenario? a b
A —
= 1c d

Let’s say that Romeo is not afraid to love Juliette a>0 and it is an
enthusiastic lover b>0, but Juliette is cautious c<0.

What will happen?
01 1 r=a+d=0.1>0
-1 0 A=ad-bc=1>0

) 7°—-4A <0

T table nod _AA= AP IR S A -
B T-4A=0 LR BN The more Romeo loves Juliette
: AN . .
MU 700\ the more she is afraid and
ALad [d 4 AN . )
unstable spirals . i f ‘d‘l‘f*‘: \ : ‘1 takes her d|Stance, which
A | |

saddle points

A .
A S R makes Romeo to loose his

A i i . : .
stable spirals \ AT 2y vy interest, but then Juliette finds
centers IWLIRA LR y Yy

A ""”,"r /I him again attractive, Romeo’s
> ¥ . .
N—,"//]]]r love is rekindled and... so on...
stable nodes S\ ey yr/rly
14 e )’ [ 4 r
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Example 2
geotechnical testing



The direct shear test... “earthquakes” in the lab?

(courtesy Aimil Itd.)

Dial indics lx of E
vertical movement

Dial indicator of
lateral displacement

AN

%%
, é TOZOTOTOTTOIO0

d sample B
\0000\\ 3
\\ H

\\ ]

M
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Testing interfaces

Dial indicator of

vertical movement
5 mm marble i

2 mm cement
plates

paste layer

Dial indicator of
lateral displacement

TOZOTOTOTOTOIOT0T i
E sovveeeew N\
.\ \\\\\\ &\ \\\\\\\\\\\\\\\\\\\\\ \\\\\\:

Equivalent model:

lN

O, Ves

F

—_—

77ITTTTTTTTTTTITTT IR 7777

Interface / shearing plane

k is the equivalent stiffness of the apparatus
v., is the applied displacement rate

(I.Stefanou et al., 2010)
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¢N

k
6 m O, Ve
F

—_—

Y

S=v

mé = k(v.t-8)-F(5) o 1"

Steady state (fixed point): WwW=v=0 <

|l

[ >>
1
< =
L

Coef. matrix: {W}
(slide 28&39) v

1 dF
W=—(V_ —-V)———V
m do
V=W
(v— K Vv
< k+d—F )
do
. w=0
. _




1 dF
Characteristic polynomial: s° = ——(k + —j

do do

inaccessible

F A ~_slope: -k




Earthquakes

NARRRRNRRY

=
o
A
=
A
o —
o
U
o
c
=
clll

on a high-friction,
right-lateral

ERENENERN

strike-slip fault

N

)\ A

(IRIS, Incorporated Research
Institution for Seismology)
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k s‘! 1
-5
_F
FTTTTTTTTTTITT i TT i i7777

(a) (b)
coefficient of

Gl frictional
4 friction

, stress

M

| I:/'A‘faultztzl'j'so-n slope:_

O'f Afault

uk,,,

-

0 D¢ Slip 0 \Qc Slip

Figure 16. Static and kinetic friction. (a) The coefficient of friction. In the simple model. u drops
from ps to py instantly, but in general, it drops to pk after a slip De¢. (b) The frictional stress. Dy is
the critical slip. of is the frictional stress.

(Kanamori & Brodsky, 2004)

<—k

dF:ﬂk_,Us|G|A
do D !

C

fault

59



Exercise #2

-> Repeat the same analysis for a rate dependent

¢N
interface: F = F(0,V).

k \
O , Veo
<
_E

Y

What changes?

Are there any similarities with Romeo and Juliette?
When is the system unstable?

Are spirals possible?



Clarifying bifurcation



Stability, bifurcation and uniqueness

v" We talked about stability of equilibria (or steady states)

v" We have seen that for non-linear systems, equilibrium points
are not unique but not necessarily each one unstable

v' We have seen what bifurcation points are

When we are talking about bifurcation, we are interested in the
change of the equilibrium (or steady state) solutions of a
(dynamical) system in terms of a parameter u, which is called
bifurcation parameter:

y=1(y,u)=0



Plot of

y="Ff(y, )=y +u

(phase portrait)

y=1(y,)

63



Saddle-node bifurcation

. 2
Normal form: Y=YV +u
(a) ﬂ\< 0 (b) /,a"= 0 (C) ﬂv> 0
S~ )
(d)
~~~~~~~~~ y
unstable“\h‘ ~
J7;
stable
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Transcritical bifurcation

Normal form: y = uy— y2 =Y(u-Y)

(@) u<0 (b) u=0 ©) u>0
(d) y
stable
stable
,,,,, unstable /u
unstable

-
-
-
-
-
-
»
-
-
»’
-
Ra
-
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Supercritical pitchfork bifurcation

Normal form: Yy =uy-— y3

@ o 0 e ©
(d) Y
stable
stable ~~~~( ~
unstable ILL
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Subcritical pitchfork bifurcation

Normal form: y=uy+ y3

~~~~~ unstable
-~ ~ . .
\\
~
N
A S
\\
\ unstable
]
‘I ______________________
stable ) /,[
,l
7/
,/
/’,
/”
,,,,, unstable
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“Higher order bifurcations”
&
Limit cycles



f:r(l—rz)

=1 r=0

It is easy to identify that the two equations are uncoupled and
that the first one if treated alone, has two fixed points for r >0,
namely I =0 (unstable) and r =1(stable).

The system of two equations (2D) has no fixed points at all
because @ =1+ 0 (constant angular velocity).

All trajectories on the phase plane are approaching the unit circle
(r =1) monotonically.

This can be visualized if we revert again to Cartesian coordinates:



Stable closed orbit.

No fixed points... but periodic behavior.
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van der Pol equation

j+u(y?-1)y+y=0 w20

SN
i

Periodic behavior.

Stable closed orbit.
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Non-linear dynamical systems of order higher than one can
present perfectly periodic solutions.

Such solutions appear on the phase space as isolated closed
orbits, which can attract or repel all neighboring trajectories,
much like the fixed points.

These orbits are called /imit cycles. Limit cycles are an inherent
phenomenon of two or higher dimensional systems that are non-
linear.

When a fixed point looses stability involving the creation or
destruction of a limit cycle around it, we have a Hopf bifurcation.
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Even though, linear systems can present closed orbits, when the
fixed point is a stable center (neutral stability), such solutions are
non-isolated, i.e. if X(t) is a periodic solution, then C X(t) is also
a periodic solution for all C R

Limit-cycles are a non-linear effects.
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Non-linear systems with n23 can have trajectories that might be
in an open, bounded domain, yet, they can move freely inside it
without settling into a fixed point or a closed orbit.

They can be attracted to topological manifolds (called stable
manifolds) or even to complex geometric objects that are called

strange attractors or fractals.

The passage to chaos...



From ODE’s to PDE’s



Continuous systems

All the above concepts and techniques are transferred to the
study of Partial Differential Equations too.

Solid mechanics (infinitesimal deformations):



Localization in solid mechanics

Dynamic equations

of a Cauchy continuum: Cii i = pu.

Equilibrium point: O = 0

Let’s assume that we are in a state of homogeneous
deformation.

We want to investigate the possibility of non-homogeneous
deformations such as compaction, shear and dilation bands.
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Let’s assume that we are in a state of homogeneous deformation.

P
Example:

Successive equilibria
for increasing P:

Are they stable?
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Considering the class of materials that we can linearize o
(hypothesis of equivalent material/linear comparison solid):

Oij = Ojj +Aaij =0y T LijkIAuk,I

(Rice, 1976)

AU. is a perturbation from the reference, homogeneous, equilibrium
configuration such that: Au, =u, —u;

Replacing: L AU 5 = p AU
Separation of variables:

AU = XU > LyX, U ()= pX U ()



Allowing plane wave solutions for X that satisfy the BC’s

we finally obtain the system of ODE'’s:
- 1(2zY
V. =—— 7 njLijkInI U,

P

which can be studied as before!
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Stability analysis leads to the following eigenvalue problem:

2sY
N Lun —p Py O |9 =0

Lijki  depends on the constitutive law of the material.



As Y
_njLijkInl_p z Ok 19, =0

As) N
If the real part of p or = sth > 0 is positive then the
T

homogeneous solution is unstable and the system could
bifurcate to a non-uniform solution (which we do not need to

find). Due to the form of X the non-uniform solution will be a

band, with direction n..

The type of the deformation band (compaction, shear or
dilation band) is determined by the product g;n..

The above condition is independent of the specific constitutive
law, provided that it is rate-independent. .



The perturbation that propagates the

fastest in the medium maximizes S and

therefore minimizes A.

Localization happens on a

mathematical plane (A->0).
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But this is not in accordance with
experiments, which show that
deformation bands have a finite
thickness, controllable by the grain size
(at least).

These experiments are very slow for the
material to show any rate dependent
sensitivity (Zheng et Zhao et al., 2013).
So it seems not to be related to viscous
effects, at least at 1%t order.

The reason seems to be the absence of
internal lengths in Cauchy medium.

Higher order micromorphic continua,

Cosserat (microstructure), temperature %gg)’haus & Vardoulakis,
etc. are some approaches to put more

physics in the problem leading to finite

band thickness. 84



Exercise #3

Repeat the previous analysis for o, =0;(6,,£,,) -

Any differences?
What about the band thickness? Is it again zero?
If not, its thickness depends on?



Onset of localization

As Y
_njLijkInl_p Z Oy 19, =0

At the onset of localization s->07 :

|:nj Lijklnl ] 0y =0

[y =n; LNy is called acoustic tensor.



Travelling wave equation

2T 27 . SA 2T
- I— | N X, —1—1 - —
i —n, X, +st e/,t(pp 2)_ |/1(nx ct)

Au, =Ue * " =

C isthe wave speed of the travelling (assumed planar)
perturbation.

|:nj LN - pCc*S, ] g =0

For c=0 standing waves -> localization (no elastic waves
propagation)



Modeling with Cauchy?

PE, Max. In-Plane Principal
+4.027e-03
+3.691e-03
+3.356e-03
+3.020e-03
+2.685e-03
+2.349e-03
+2.014e-03
+1.678e-03
+1.342e-03
+1.007e-03
+6.712e-04
+3.356e-04
+0.000e+00

¥ ODB: LocalizationZ.odb  Abaqud

Step: Step-1

= X Increment  18: Step Time =
Primary Var: PE, Max. In-Plane Pri
Deformed Var: U Deformation Sca

PE, Max. In-Plane Principal
+2.227e-03
+2.042e-03
+1.856e-03
+1.670e-03
+1.485e-03
+1.299e-03
+1.114e-03
+9.280e-04
+7.424e-04
+5.568e-04
+3.712e-04
+1.856e-04
+0.000e+00 e

¥ ODB: Localization2.odb  Abaqus,

Step: Step-1
== X Increment  50: Step Time = 0
Primary Var: PE, Max. In-Plane Pri

Deformed Var: U Deformation Sca

Paris, Madrid 2016

FIN]

120000000

100000000

8000000¥

115000000

110000000

105000000

100000000

95000000

90000000

85000000

80000000

0.0015 0.0017 0.0019 0.0021 0.0023 0.0025 0.0027

|

T

1

1

1

1

1
E————F————f————d————

]

|

|

|

|

|
e — - —

(6‘ AN

T

A X |

0 0.0005 0.001 0.0015 0.002 0.0025 0.003

6 [m]

e 10%20

s 5x10

20x40

=

88

10x20
5x10
20x40



Modeling with Cosserat
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(Godio et al., 2015,2016)
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Summary

= (larified the concepts of uniqueness # bifurcation # stability
" Set ONE established theoretical framework

= Perform bifurcation and stability analysis

= Show that ODE’s and PDE’s are treated similarly

= Acoustic tensor as a stability problem

= Do the exercises...
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(courtesy: T. Hueckel)

Thank you for your
attention!
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