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Introduction

All materialshavemicrostructure!

Conventional constitutivemodels ignore this fact.

But what if microstructuredominatesthe behaviour?

Motivation

The problem One

way out Outline of

the talk

A Gradient Plasticity

Deformation localization in thin bands.Gradient

Elastoplasticity 
Scaleeffects.

Outlook 
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Motivation

Introduction 

The problem

One way out

Outline of the talk
i.e. materialsthat losestrength astheystrain.

Shearbandsin densesandsandoverconsolidatedclays.A Gradient Plasticity

Gradient

Elastoplasticity Progressivefailure of slopesandembankments.
Outlook 

Localisedfailure in concreteandrocks.

Formation of breakouts in deepboreholes.

Necking in metals.

. . . But is that not straight-forward to do with finite ele-

ments/differences?
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Unfortunatelyit is far from straight-forward.

Motivation Model localisation & scaleeffect in strain-softeningmaterials



Micro-mechanical modelling
Å Failure in geomaterials takes place in localized 

deformation in shear bands

Å Modelling localization of deformation requires 
material softening

Å Softening in classical plasticity models results in 
mesh sensitivity of FE analysis

Å Regularized the problem using higher order 
theories with microstructure, e.g. Cosserat, 
ƎǊŀŘƛŜƴǘ ǇƭŀǎǘƛŎƛǘȅΣ Χ

Å Internal length: determines the shear band 
thickness and scale effect
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Where the Scale effect is important?

ÅMathematical modelling of 
stability of small holes

Å Interpretation of the physical 
experiments on small holes used 
to assess the stability of regular 
(large holes)
ïElasticity was blamed for failure to 

predict the hollow cylinder strength

plane 

strain

pressure

caliber



How bad can it be?

Introduction 

Motivation

One way out

Outline of the talk

A Gradient Plasticity

Gradient

Elastoplasticity 

Outlook 

Figures from: J. Pamin, Gradient-dependentplasticity in numerical simulation of localisation phenomena.
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. . . Numericalsolutions are normally useless.

The problem



One

Mesh

Usea

way out

sensitivity dueto lack of microstructural information. 

continuumtheory with microstructure:

Introduction 

Motivation

The problem

Outline of the talk

Cosserat continuum.A Gradient Plasticity

Gradient

Elastoplasticity Point rotations,aswell asdisplacements.
Outlook 

Elasticity with Microstructure(Micromorphic Elasticity).

Distinct kinematicsof micro- andmacro-volume.

Non-local continua.

Stressdependson average neighbourhood strain.

Gradient Elasticity andGradient Plasticity.

Stressdependson strain gradient aswell asstrain.
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One way out



Outline

Introduction

CosseratContinuum

A GradientPlasticity

Introduction 

Motivation

The problem

One way out

Gradient

Outlook

Elastoplasticity

A Gradient Plasticity

Gradient 

Elastoplasticity

Outlook 
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Outline of the talk



Introduction 

Motivation

Equationsto satisfy 

Consistency 

condition

Solution

Example

Gradient

Elastoplasticity 
CosseratContinuum

Outlook 
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A Gradient Plasticity



Cosserat continuum

¸ Independent rotational degrees of 

freedom

¸ Non-symmetric stress tensor and 

couple stresses

¸ Extended Mohr-Coulomb flow 

theory of plasticity

¸ Parameters for Castlegate 

sandstone, strain softening and 

internal length related to grain size















Material parameters (hardening-softening)

ɛ=ɛɞ+ɛ1



Finite Elements Implementation



Plasticity integration algorithm

Return mapping

elastic to plastic state



Continuation Methods

Modified N-RNewton-Raphson



Arc-Length Method

Volume control

Displacement Control



Softening in classical plasticity
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Borehole Failure

¸ failure in geomaterials takes place 

in localized deformation in shear 

bands



Borehole analysis





Bifurcation analysis



Eigen-value analysis

Papanastasiou and Vardoulakis (1992)



Isotropic stress-field



29 Initials

10/12/2016



Anisotropic stress-field

Papanastasiou and Vardoulakis, 1994



Breakouts prediction

Experimental results

Haimson and Herrick, 1989



Comparison with thick-walled cylinder test

Papanastasiou and Zervos, 2000
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Elliptical Shape Perforations: an engineering 

application based on Cosserat modelling

¸ Introduction

ïsand avoidance from perforated intervals

¸ Computational results

ïelastic analysis

ïCosserat elastoplastic analysis

¸ Conclusion

ïpractical application



Sand production and avoidance

¸ Sanding problem ($2 billion/year)

ïblocks perforations, damages of 

equipment, requires separation from the 

oil and disposal

¸ Avoidance

ïgravel packing and screening, preferential 

perforating, fracturing

¸ Objective

ïdevelop models to predict sanding and 

optimum completion 

Real perforation



Mechanisms of sand production

¸ Hollow Cylinder Tests

ïvarious weak sandstones

ï10-20 mm perforation size

ïhydrostatic pressure

¸ Sand production in two 

stages

ïstresses due to drawdown and 

depletion fail the rock 

ïhigh flow velocities transport 

loose grain

¸ Unconsolidated formation

ïerosion mechanism

Endoscope

Light GuideSandstone

Pressure Vessel

Oil input

Kerosene or gas in

Real perforation

Cook and Nicholson (SCR)
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Production from perforated intervals

Real perforation

Perforating tool
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Sand avoidance

¸ perforation failure caused 

by high compressive 

stresses results in sand 

production

¸ redistribute the stresses on 

perforations by changing 

their shape

ïelliptically shaped 

perforations
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Elastic stress analysis

ïuniform stress 

distribution if axis ratio 

is equal to the insitu 

stress ratio

ïrisk of perforation 

misalignment 23 

degrees 
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¸ compare cylindrical with elliptical 

perforations of the same cross-sectional 

area (flow area) 

¸ strongest perforations: ellipse with the 

highest axis ratio 

a

b

smax

ůmin
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Plastic 

Strain

Displacemen

t

Field
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Conclusion

¸ elliptically shaped perforations are stronger than 

conventional perforations

¸ this result was found using Cosserat modelling

¸ results predicted by classical stress analysis were 

not applicable

¸ Cosserat allows for robust localization analysis

¸ Limited applications in design and practise



Introduction 

Motivation

Equationsto satisfy 
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condition

Solution

Example

Gradient

Elastoplasticity 
A Gradient Plasticity

Outlook 
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A Gradient Plasticity



Motivation

Thereare manygradient plasticity theories in the literature:Introduction 

A Gradient Plasticity

Vardoulakis, Aifantis, de Borst and Pamin, Fleck

non-
Equationsto satisfy

Consistency 

condition

Solution

Example

Gradient

Elastoplasticity 

and Hutchinson, Chambon, Zbib. . . (The list is

exhaustive.)

It is impossibleto review themall here.

We will focuson numericalcomputations.Outlook 
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Motivation



Biaxial test revisited

Introduction 

A Gradient Plasticity

Motivation

Equationsto satisfy 

Consistency 

condition

Solution

Gradient

Elastoplasticity 

Outlook 

(de Borst and Pamin,1996)

But:

Equationschangeorderat theelastoplasticboundary (this 

is inconvenient).
Theway of introducing the internal length is perhaps

counter-intuitive.
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Example



Introduction 

A Gradient Plasticity

Motivation
Constitutive

relations

Internal stress-like

quantities 

Finite element 

formulation

Biaxial test

Thick-cylinder test

Cavity expansion

Gradient Elastoplasticity

Outlook 
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Gradient

Elastoplasticity



Motivation

Introduction 

A Gradient Plasticity

Gradient

Elastoplasticity Significant irreversible(plastic)deformation.

Strain softening leadsto deformation localisation. 

Existenceof scaleeffects.

Constitutive

relations

Internal stress-like

quantities 

Finite element 

formulation

Biaxial test

Thick-cylinder test

Cavity expansion

Outlook 
Build on the ideasof gradient elasticity.

Governingequationsdo not change order.

No boundary conditions on elastoplasticboundary.
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Introducemicrostructurein plasticity.

Motivation

Model deformation andfailure of geomaterials.



Gradient elastoplasticity

C1 finite elements:

triangles with 3 nodes and 36 dof



Finite elementformulation

Usea displacementformulation: u = N ·uIntroduction b
form: C1-continuouselement.A Gradient Plasticity

Strain gradient in theweak
Gradient

Elastoplasticity 

Motivation
Constitutive

relations

Internal stress-like

quantities C1 triangle.

36 degreesof freedom. 

Quintic polynomial.

Node

Biaxial test

Thick-cylinder test

Cavity expansion

Displacement

Both first derivatives

Cubicnormal derivative.All threesecondderivatives
Outlook 
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Finite element

formulation



Modelli ng the biaxial test

The  different meshes used: Introduction 

Name Mesh DOFsA Gradient Plasticity

Gradient

Elastoplasticity 

Loading Coarse

Medium

Fine

10x20

20x40

30x60

2772

10332

22692

Motivation
Constitutive

relations

Internal stress-like

quantities 

Finite element 

formulation

Rigid platen

Very fine 40x80 39852
Confining
pressure

ůconf

40

35

Thick-cylinder test

Cavity expansion
30

25

Outlook Imperfectio
n

0.5x0.5cm
20

5 cm 15

10

5

0
0 1 2 3 4 5 6 7

Vertical Displacement (m) ī4
x 10
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Biaxial test

Homogeneous
Medium mesh

Fine  mesh
Finer mesh
Finest mesh



60.5Á

60.0Á

Introduction 

A Gradient Plasticity

Gradient

Elastoplasticity 

Motivation
Constitutive

relations

Internal stress-like

quantities 

Finite element 

formulation

Thick-cylinder test

Cavity expansion

Outlook 

Displ. increment, plastic strain and material state.ű=ɣ= 320
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Biaxial test

60.5Á

60.0Á


