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ELASTIC WAVES 
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Mechanics -  2: Constitutive Equations 
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Mechanics -  2: Constitutive Equations 
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Mechanics -  3: Compatibility 

spring beamu u

in the continuum 

x

u x
x

x

u

y

u yx
xy



zyxt

u zxyxx

2

x
2

Equilibrium 

Constitutive 

2

x
2

2

x
2

2

x
2

z
2

y
2

2

x
2

2

x
2

z

u

y

u

x

u
G

zx

u

yx

u

x

u
GM

t

u

Wave Equation 

Compatibility 
x

u x
x

x

u

y

u yx
xy

zyvolx G2M xy xyG

Wave Equation 



Two Propagation Modes 
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Solution of the Wave Equation 
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Spectrum 
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Finite: 
 Geometry dispersion 

 Other propagation modes 
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Finite: 

Reflection …. resonance 
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Add weight W at time t=0 
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At time t=4H/ V 
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Non-Elastic: Lossy 
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Multiple reflections 
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Diffraction Healing 



Gradual Heterogeneity 

Non-linear: Shock 
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Shock waves 



Wave Phenomena: Complexity  Richness  
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Measurement 



Laboratory Testing 
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STANDING WAVE: 

 Step response 

 Resonant Column 
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Resonant Column 

Resonant column Driving head 
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Induced Counter emf 

• Equivalent circuit • Induced counter emf 
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WAVE PROPAGATION 

S: bender elements 

P: standard piezo-elements 



Bender element types 
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Devices and materials 

1. Soldering iron and accessories 

2. Soldering flux 

3. Coaxial cable  

4. Epoxy 

5. Multimeter 

6. Silver conductive paint 

7. Heat-shrink tubing 

8. Nylon flat point socket screw 

9. Polyurethane 



Preparation 

Remove outer shield from one end of 
coaxial cable.  Separate the inner core from 
the copper mesh. Remove the end of inner 
core shield. If making a parallel BE, divide 
the copper mesh into two branches. 

Coat the ends of the cable and the BE 
with soldering flux.  



Preparation 

If making a series type BE, solder the core to one external plate and the copper mesh to 
the other one.  



Preparation 

If making a parallel BE, solder the core of the cable to the BE internal plate.   
Caution:  The core/soldering metal should not touch the external plates. Solder the two 
copper branches to the external plates. 



Check connections 

Check the circuits with a multimeter.  
The core-to-shield resistance must be infinite (open circuit).  



Coating 

Water-proof the BE by coating the BE and the exposed portion of the cables with low viscosity 
polyurethane. Be sure to coat all BE faces, including the edges.  Allow the polyurethane to dry 
with the BE in the upright position. A second coat may be applied if needed. 



An electric shield is needed to prevent cross talk phenomena  
(critical in wet soils – Parallel bender elements are “self-grounded”).  
Spread a layer of silver conductive paint over the surfaces of the coated bender element.   
The conductive paint must contact the shield in the coaxial cable, i.e., ground.  

Electric shield 



Cable reinforcement 

Reinforce the connections using heat-shrink tubing. Shrink the tube using a hair dryer.  
May use more than one shrink-tube layers. 



Housing in nylon socket screw: 1-drill 

Take a nylon socket screw and make a hole through its center with a drill 

Nylon screw 

Drilled Nylon screw 



Slide the BE into the hole inside the nylon screw.  
Fill in the air gap between the BE assembly and the screw with epoxy. 

Housing in nylon socket screw: 2-fix 



Done ! 

The BE assembly is ready for use once the epoxy has cured.  
The threaded nylon screw housing can be conveniently installed in any geotechnical cell, and 
easily replaced in case of malfunction. 



Cross-talk   

0 0.5 1 1.5 2 2.5 3
1

0

1

Time [ms]

O
u

tp
u

t 
[N

o
rm

a
li

ze
d

]

Series-to-Series 

(without shielding) 

0 0.5 1 1.5 2 2.5 3
1

0

1

Time [ms]

O
u

tp
u

t 
[N

o
rm

a
li

ze
d

]

Series-to-Series 

(with shielding) 

0 0.5 1 1.5 2
1

0

1

Time [ms]

O
u

tp
u

t 
[N

o
rm

a
li

ze
d

]

Series-to-Parallel 

(without shielding) 

0 0.5 1 1.5 2
1

0

1

Time [ms]

O
u

tp
u

t 
[N

o
rm

a
li

ze
d

]

Parallel-to-Parallel 

(without shielding) 



Directivity 
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In-plane directivity 
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Transverse directivity:  Side lobe P-wave 
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Input and output - Convolution 
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Resonant frequency 

Experimental study Analytical formulation 
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Operating Frequency - Comparison 

 Experimental Results  Analytical Results 

Controlling parameter: 

 Short cantilever length  Bender element 

  Long cantilever length  Soil properties 
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First arrival? 
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Multiple Reflection 
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Experimental Study - Results 
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Near Field: Signal matching 

Mathematical Solution 

 Cruse and Rizzo (1968)  

 Stokoe and Sanchez-Salinero (1987) 

 

 

Procedure: Signal Matching 

For given values L and μ 

1: Measure the signal Sm 

2: Estimate fr and Vs 

3: Compute predicted signal 

 Sp= f(Vs, fr) 

4: Change fr and Vs until Sp~ Sm 
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P-Transducer 



Ultrasound Transducer 

Matching layer 

Piezoelectric material 

Backing block 
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Ultrasound Transducer 

 Transducer (A3441): 

 GE Panametrics  

 Immersion type 

    To avoid z mismatch with water. 

  High frequency (fr  500kHz) 

 

 Goals: 

  Assess homogeneity 

      Layer detection 

  Position objectives  

   (e.g., Transducers) 
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Wave Parameters 
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Mechanical Waves 
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Mindlin contact: Inherently non-elastic 
 (Fretting damage after 10000 cycles - steel) 

(Johnson, 1961) 
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Photoelasticity and Thermal IR Imaging 



Photoelasticity and Thermal IR Imaging 



Thermo-mechanical coupling 

IR image Photoelastic image 



Atomic Force Microscopy (AFM) 

• Surface topography 

• Surface properties 

• Forces at nano-

scale 

• Atomic-scale 

experiments 
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Summary 

Gravelly Soils D = 0.008 – 0.018 

Sand  Air-dry D = 0.002 – 0.01 

  Saturated D = 0.003 – 0.021 

Clayey soils  D = 0.01 – 0.052 

Residual soils D = 0.009 – 0.054 

Peat (wg  200%) D  0.025 



The effect of frequency 
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3: Cementation 
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3:  Sampling effects 

V. Rinaldi 
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Velocity and Impedance (S=100%) 
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 Mechanical Waves 

closing…. 



Summary: P- and S-waves 

Waves  Small-strain phenomena 

 May be used to monitor large-strain processes 

 

Vs Skeletal stiffness: G  Geo-mechanical design 

 Effective stress, suction, cementation 

 Sampling: pronounced effect  measure in situ ! 

 Simple lab & field devices and methods  

 

VP  Fluid & skeletal stiffness: B & G 

 Proximity to full saturation 

  

VP &Vs:  Dry    skeletal Poisson's ratio 

 Saturated  porosity 

 Spatial variability 



VP in water 1482 

VP in saturated soils 1450-1900 

VP in unsaturated soils <100-800 

VP in lightly cemented soils 400-1000 

VS in saturated soils <50-400 

VS in unsaturated clayey soils <100-500 

VS in lightly cemented soils 250-700 

VP in air 343 

Summary 
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Some Applications 



P-waves 



Data Fusion 

http://sunsite.tus.ac.jp/multimed/pics/animals/bat.jpg http://www.moorhen.demon.co.uk 

Navigational 
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Mat. Eval. 1999 

Massive data  Processing  Information 



Paracoccus denitrificans  
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F110 + 3%Kaolin  
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P-monitoring: Bio-gas  

V. Rebata 
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P-wave scanning – Before Liquefaction 
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Before Katrina 



Before Katrina 



NSF - D. Fratta 

After Katrina 



NSF - D. Fratta 
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Massive data  Display  Information 
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J. Cartwright - www.3DLab.org.uk 

New Phenomena: Polygonal Faults 



S-waves 
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S-monitoring: Liquefaction 



S-monitoring: Excavation & Retaining Walls 
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Imaging the mean stress 
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Around tunnels 
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Field: Surface Waves  

        (non-invasive) 

G. Rix 

xxActive 
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Sensor Arrays 
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